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Ffnasa Vil
MHTErPAN M AMQOEPEHI.I,HAJIBHHE YPABHEHMA

§ 1. HEONPEARENEHHLIA MHTEIPAN

1. Beenenne. C nomMompbio au¢pepeHIHPOBAHHA MOXKHO, 3HaA 3a-
KOH JIBHXKEHHSI TeJla, HAHTH €r0 MTHOBEHHYIO CKOPOCTb B JII0G0/ MOMEHT
spemenH. YacTo Bo3HHKaeT HeOGXONHMOCTb B pellleHHH o6paTHO# 3a-
JayH: 3Has CKOpPOCTb NMPSIMOJIHHEAHO ABHXKYLIErocsl TeJa B KaXKAbli
MOMEHT BPeMEHH, HaATH 3aKOH ABH)KEHHS TeJa. ITH H aHaJOrHYHble
MM 3aJlayH PEllaloTCs C MOMOUIbIO ONEepalHH UHTe2puposanus QyHk-
uMi, KoTopasi o6paTHa onepauuH AHddepeHUHPOBAHHS.

Pasgen MaTeMaTHKH, B KOTOPOM H3YYalOTCSl CBOMCTBAa ONEpalHH
HHTErPDHPOBAHHS H €€ NMPHJIOXKEHHS K PeLIeHHIO 3alay (H3HKH H reo-
METPHH, Ha3blBAIOT UHTEZPAALHLIM UCHUCAEHUEM.

HanomuuM BuiBefieHHble B raaBax V H VI ¢opMmysnl aasi npous-
BOAHHIX H BbITEKaOLHe H3 HUX (opmyJanl 1A AHddepeHHANOB:

DyHKuHS IMpousBonnas Huddepenunan
x° ax*! ax*~'dx
sin x cos x cos xdx
cos x . —sinx —sin xdx
tgx 1 dx
cos’ x cos® x
ctg x —+ —-,—d,x—
sin® x sin® x
arcsin x ; dx
arctg x —l _de
142 14x

2. NepsooGpasnas.. Beenem crenyoulee onpene/ieHue:

Onpedesrenue 1. Oynkuno F, 3a1aHHYIO Ha HEKOTOPOM IIPO-
MexyTke X, Ha3HIBaOT nepgoobpasnod A GyHKUMHM f, 3aKaHHOM Ha
TOM ke MpOMeXyTKe, ecin ISl BeeX X€ X BHINOJIHSETCS PaBEHCTBO
F’ (x)=f (x), unu, uto To xke camoe, dF (x)=f (x) dx.

3aMeuanue. B KOHUEBHX TOYKAX npoMexyrka X peub HAeT 06 OLHOCTOPOH-
HHX NPOH3BOAHHX.



Hanpumep, u3 pasencrsa (x°)’=3x*> caeayer, uTo QyHKUHS x3
Ha BCed 4YHCJIOBOH OCH ABJISETCS nepBooGpa3Hoil aas GpyHKuuu 3x%
3ameTuM, uyTO (;)yHKU,Hﬂ x —|—4 TOXe sIBAsieTCS nepaooGpaanon st
3x%, Tak Kax( +4)’ =3x%. BooGiue, 1106as1 GpyHKuHS BHAA x *+C,
rae C — HEKOTOpOe YHCJIO, ABJAAETCA NepBoo6pas3Hoit wis 3x2. Takum
o6pa3soM, ¢yHkuus 3x> MMeeT GECKOHEUHO MHOTO nepsooGpaanux
To, uto nepBooGpa3HbX MHOro BHAa, YeM x’+4C, y QyHKuun 3x°
HeT, BhITeKaeT H3 CJeAYIOLIeH TeopeMnl:

Teopema. Ecau gynxyus f umeer na npomexcyrke X nepsoobpas-
wyto F, To 923 aobozo uucaa C ¢pynxyusa F+ C raxaxe asaser-
¢ nepsoobpasnol dan f. Huoix nepsoobpasneix pynxyus [ na X He
umeer. ‘

JdokasateabcTBo. Tak kak F — nepsooGpa3Has ansa f
Ha mpomexyTtke X, To F!(x)=f(x) nas Bcex x€X. Ho Toraa npm
x€X mas noGoro uyucaa C umeem: (F (x)+ C)’—f(x) dto 3HauHT,
uto F (x)+4 C — ToXe mepBooGpa3nas masi | Ha X

[NokaxeM, uTo HHHX MepBOOGPa3HLIX Ha X cpym(una [ He HMeer.
[Mpeanonoxum, 4ro (D—TO)Ke nepBoo6pasuasa aas f Ha X. Torna
O’ (x)= f(x) H noroMy maA Bcex x€X Hmeem: @’ (x) F’ (x)=
=f(x)—F (x)=0

B cany c.ue.u.cmnﬂ u3 Teopemu 1 . 3 § 3 rmasu V m‘crona caenyer,
uyto ¢yHkuua @ — F nocrosinHa Ha X. OGosHauum ee C: @ (x)—
—F (x)=C. Torpa ® (x)=F (x)+C, a 310 3Hauur, ur0 JI0Gas
nepBooGpa3nas QyHkuu# uméer Bug F+C.

Joka3aHHasi TeopeMa NOKa3biBaeT, 4TO BONMpoc 06 OThICKAHHH
BCeX NepBOO6GPa3HbIX PYHKIHH | peliaeTc OTHICKAHHEM KaKOH-HHGYIb
OJIHOH H3 HHX: €CJIH TaKasi nepBooGpa3Has HaileHa, TO Jo6asl nepso-
o6pa3Hasi noJy4aeTcst H3 Hee NpHGaBJIEHHEM HEKOTOPO#A NOCTOSIHHOM.

Onpedeanrenue 2. COBOKYNHOCTb BceX epBOOGPa3HbIX QYHK-
UMH [ Ha3bIBAIOT HeonpedeseHHbIM UHTe2parom 3Toi GyHKUHH H 060-

3HayaloT CHMBOJIOM S f (x)dx. Takum oGpa3som, Sf(x) dx=F (x)+

+C, rae F — onna 43 nepBoo6pa3ubix AJjs f, a C npoGeraet MHO-
XKeCTBO AEeHACTBHTEJNbHHIX YHCEJ.

B sToM paBeHcTBe [ Ha3nBalOT nodeinreeparbrol ¢ynxyued, Bbl-
paxeHHe [ (x)dx — nodvinTezpasbHbiM BbipaNCEHUEM, TePEMEHHYIO
X — nepemennoll unTeepuposanus u caaraemoe C — nocTroannold un-
Te2pupoBanus.

Mpumep 1. Tak Kak x* — nepsooGpasnas aias 3x%, To

S 3x2dx=x*+C.

Onupasicb Ha omnpeaejeHHe NepBoOGpPa3HOH, NOKaXKeM CJeylolHe
CBO/CTBa HeONpeAeJeHHOro HHTerpana (B MPeANOJIOXKEHHH, YTO pac-
cMaTpHUBaeMbie HHTErpaJjibl CymecTBYIOT).

1) Hmeer mecto pasencrso:

d ( F(x) d)y=F (x) dx. (1)

8



(310 paBEHCTBO O3HAayaeT, 4To opMyJia BepHa NPH JIOGOM 3Haye-
HHH TIPOH3BOJIbHOH mocrosinHO# C.)

B camMoM j[eJje, MO ONpEeNeNEHHIO HMEeM: Sf(x) dx=F (x)4C, rae
F’ (x)=F[ (x). TlosTomy
A F) ) =(F ()+CY dx=F" (x) dx=F (x) .
2) Hmeer mecro paseHcrso:
{ Frydx=F(x)+cC. )

OHO HemocpeACTBEHHO BLITeKaeT H3 ONpeeJeHHs1 HHTerpaJa.
3) Hurezpaa or cymmor pynxyuil pasen cymme uHTEZparos caa-
2aeMbix:

§ (@ )+ (x) dx={ ¢ (x) dx 4] ¥ (x) dx. 3)

B camoM pene, mnycTb S(p(x) dx=® (x)+C n Smp (x)dx=
=¥ (x)+C.
Torna @' (x)=¢ (x), ¥’ (x)=1 (x), H noTOMY
f (@ () +% (0) dx=§ (@ () 4+ ¥’ (1) dx=
= (@ )+ ¥ () dx=0 )+ ¥ ()+C=

=f o dx+{ v (v dx.
4) IlocToAHHbBIL MHONCUTEAL MONCHO BbIHECTU 3G 3HAK UNTE2PAAQ:
{Af (x) dx=A(F () ax. (4)

B camom pene, ecan A — nocrosiHHas M F’ (x)=f(x), 1O
(AF (x))’=AF’ (x)=Af (x). 3uaunur,

{ Af (x) dx=AF )+ C=A|f (x) dx.

Tak kak (x*+')’=(a+1) x*, To u3 cBOACTB 2 H 4 BHITEKaer, 4To
npH o % — 1

S x"‘dx=a+'_ls (@+1) x“dx=£-:—ll-+ C. (5)

Honb3aysich 3T0f GopmyJiod u cBOACTBaAMH 3 U 4, MOXKHO NPOHHTET-
PHpoBaTh J06YI0 CyMMy CTeneHed X, YMHOXEHHHIX Ha HeKOTophle
YHCJIa, €CJIM TOJIbKO CpellH NoKa3aTesedl cTeneHed HeT uHcaa —1 (B
Y4CTHOCTH, MOXXHO MPOHHTErpHPOBATh JI06OA MHOrouJEeH OT X).

[Ipumep 2. Haltnem muterpan

| @x*—5x24+6x—7)dx.
9



Pemenune. Ilo croiictBaM 3 H 4 uMmeeMm:
S(Sx‘—5x2+6x—7) dx=
=3S x‘dx—SS x’dx-l-ﬁs xdx-—7S dx.

Ho no dopmyne (5) umeem:
5 2
S x‘dx="?+c, S x2dx=i;—+ C, S xdx=xT+C,
S dx=x+4C.

\

3uauur,
faxt—5x246x—Tdr=2_2 32 TxtC.

(Mut mHIIEM POH3BOJILHYIO MOCTOSIHHYIO JIHIIb OJHH Pa3, MOCKOJIb-
Ky NMpoH3BefeHHe JI0G0ro OTJIHYHOrO OT HyJil MHOXKHTEJSI Ha INpOH3-
BOJIbHYIO NIOCTOSIHHYIO, TaK XK€ KaK H CyMMY NPOH3BOJbHHX NOCTOSIH-
HbIX, MOXKHO 3aMeHHTb ORHOM MPOH3BOJIbHOH MOCTOSIHHOM.)
[Tpumep 3. Buuucaum HHTerpan

S(x ’V;—%) dx.
Pemenne. Umeem:

S(x ;V)—C—%-) dx=§ (x%-ﬁx"Q) dx=S x%dx—ﬁg x " ldx=
%'H 2!

3!

YnpakKHeHHS

1. BuuncanTe HHTETpadH:

1) Sx’dx; 2) Sx“\/;dx; 3) Sﬁ?—;%@dx; 4) S—x,——l—-de

2. TlpoBepbre, uro dyHKUHS F sABAsieTcA nepBooGpa3Hof AaA (yHKUMH [, ecau:

7
1) F (x)=x—+2 cos 2x, f (x)=x%—4 sin 2x; 2) F(x)=arctg®3zr

6 arctg 3 6tg? 2 ,
f)= :’:Qg % . 3) F(x)=tg® 2x—cos 5x, f ()= —Q—COE =5 sin 5y,
4) F(x)=arcsin (%), | (x)= w?—%‘ . 5) F (x)=cos F—sin (%),

sinﬁ . _ . 5
fx)=— 27 —2xcos (x%; 6) F(r)=x*sinxr+_—
f (x)=4%" sin x+x* cosx+5s;n::

10



3. Henocpeacrsennoe unrerpuposanse. HenocpeacrsenHoe uHrer-
pHPOBaHHE OCHOBAHO Ha HCMOJb30OBAHHH Pe3y/bTaToB AH(GdepeHuH-
paHHs1 QYHKUMA. B cHy onpeleneHHsi HHTerpaJa, H3 BCsiKo# ¢op-
myant F’ (x)=f (x) nu¢pdepeHunaIbHOrO HCYHC/IEHHS BBHITEKAaeT CO-

OTBETCTBYIOLLAs q)opmynaS f (x) dx=F (x)+ C uHTETrpaJLHOrO0 HCYHC-
JICHHA.
Mpumep 1. Tak kak (sin x)’ =cos x, T0

S cos xdx=sin x+}C.

TakuM o6pa3oM, ¢ moMolbio TabJjiHub AHddepeHIHaN0B NPOCTEH-
wHX (QYHKUHHA moJydyaeM chaeayiomyio TaGJHLY OCHOBHHIX HHTerpa-
JIOB:

1) S —1;  5) SS:‘x—-—ctg PEN

2) Scos xdx=sin x+C; ' " 6) Sv:ji,=arcsin x+C;
—X

3) Ssm xdx=—cos x+C; 7) S %—arctg x+C.

1) S L —tgx+C;

IMo3nHee Mu 106aBHM K 3TOH TadJmue ele HECKOJIbKO (pOpMYJ HH-
TErpHPOBaHHS.
Mpumep 2. BuuHCIHM HHTErpani:

1) S(%-—-T) dx; 2) { (6 cos x—7 sin x) dx.

Ccos™ x sin® x
Pemenwne. 1) ITo popmyaam 4) u 5) nmeem:

S(_aT' sin® x x) dx “38 o x 48 —-r=3tgx+4 ctg x4C.

Cos™ x sin
2) Ilo dopmyaam 2) u 3) HMeeM:
S (6 cos x—7 sin x) dx=6$ cos xdx—7S sin xdx=
=6 sin x4-7 cos x4+ C.

[Tpumep 3. Buuncaum WHTErpadj

VI—24 144
S (142 1—=22 d.

Pemenne. Tak kak

\/l—?+l+x2= Vi—=2 + 14«° —
(14+2)V1=x° (14+x)1=x* A+ V1=2

TO

1 1
=t =



arctg x+arcsin x4 C.

S%‘%ﬁd" §1+xz+S m

YnpaxHenuns

3. BbiUHCJHTE HHTErpajin:
1) S(S sin x-——,—) dx; 2) S (V—%+%‘,) dx;

S (CETR P | T S

6)8 dx ] 7)S(x +1)dx 8)8\/1-{-):’
sin® x cos’ x’ °c+1 VI=+*

4. BuuHCaHTE HHTErpaJH:
L= x—1 0 S sin xdx .
N S 2+1 dx; 2) S tg” xdx; 3) sin* 2x 42 sin® 2x cos® 2x+cos® 2x’
2—_
8) S x 4x\/;+4xdx
x—2p

4. 3amena nepemennoil. [Ipu BHUMCICHHH HHTErpaJioB, He coaep-
XKallHXC B NPHBEACHHOA Bhime TalbJHLle, OKa3biBaeTcs IoJe3-
HbIM METOJ 3aMenbl nepemeHnod (HMJH, KaK ero HasblBalOT HHaue,
meTo0 nodcranosku). B ocHoBe 3TOro Merofa JexXuT ¢opmyaa auc-
(epeHuHPOBaHHSA CI0KHOR PyHKUHH. MBI 3HaeM, uro ecstn F’ (x)=f (x)
H ecau cyuecrsyer ¢yHkuua F [ (¢)], npuuem ¢yHkuns ¢ audoe-
peHuHpyeMa, To

(Flo @) =F" (x) ¢’ ()=f(x) ¢’ ()= [@ )] ¢’ (&).
Orciopa caepyer, 4TO eCJH

{1 () dx=F (+C, (1)

[ Floe () dt=F [p 1]+ C. 2

[Mockonbky ¢’ (t) dt =deg (), T0 popmyay (2) MOXKHO 3anHcaTh B CJie-
AyloleM BHAE:

{ Flo 01de ()=F [p 1]+C. 2’

PapeHcTBo (2’) nonyuaercs u3 (1) 3ameno# x Ha @ (f). Mul goKa3a-
JIH, TaKHM 0Gpa3oM, ciefyiolliee yTBepXKAeHHe:

Teopema. [Tycro gpynxyusn ¢ ugpgepenyupyema na npomexcyrre X,
a ¢pynxyun F aearserca nepsoobpasnoil daa [ na obpase ¢ (X) npome-
acyria X. Toeda F o ¢ sasanerca nepsoobpasnol 0aa pynxyuu (f o @) ¢’.

Tak kaxk npu ¢ (f)=kt+b umeem ¢’ (f)=*Fk, TO H3 paBeHCTBa
(2’) BulTekaer, uTto

{ kf (kt+b) dt=F (kt+b)+C.
12



[Mo3sTOMY
| F (kt+b) dt == F (kt+b)+C. 3)

Mpumep 1. BouydcauM HHTerpain S cos (4x—5) dx,
S Bx—11)*dx.

PemeHHne. Tak kak S cos x dx=sin x4+ C, 10 no c¢opmyae
(3) monyuaeMm, uTo S cos (4x—>5) dx =% sin (4x—5)+C.

Tak KaK Sx3dx=-’;i+c, 10 S(sx—u)"dx=8—}4(8x—n)*+

1
+C=§2—(8x—ll)‘+C.

[puBenem npumepnl 6oJiee CAOXKHBIX NMOACTAHOBOK.
[Tpumep 2. Buuucaum HHTerpa

S x? sin (x°) dx.

Pemenne 3ameuaem, uto (x°)’=23x>. [lostomy nenaem nox-
craHoBKYy x*=1. UmeeMm:

S £ sin (x%) dx=—;-s sin (x*) (%)’ dx.

Tak kak (x*) dx=dt, To0
S x* sin (x%) dx=%s sin tdt = ——--é— cos t4C= ——-%—cos(x"’)-l-c.
[Tpumep 3. BuuncauM HHTErpa

S sin® x cos x dx.

Pemenune. Tak kak (sinx)’=cosx, TO HanpaliHBaeTcs
noacranoBska sin x==¢. UmeeM: dt= (sin x)’ dx=cos x dx, 1 no3ToMy

S sin? x cos x dx=S t"’dt=%+ C=% sin® x4+ C.
I[Ipumep 4. BuuHcaum HHTErpad S W/az——x!dx, a>0.
Pemenmne. 3aech popmyna (2’) npuMmensiercsi cripaBa HaJjeBo.

Hmenro, monoxum x=g ()=asint, —Z-<t<3. Torna ¢’ (t)=
=acos /, ¥ MOTOMY HMeeM:

S \/a’—xzdx=a2s I —sin® ¢t cos ¢ dt=a2$ cos® ¢ dt.

1
HO COS2 t=w’ H MOTOMY

{ V& —dx =4 (1+cos 20 dt =2 at +£{ cos 2t at.

Mpumensis tdopmyay (3), BHIBOAHM, 4TO S cos 2t dt=% sin 2¢4-C,
H noromy
13



S w/a’_;.;’dx=“%t-|-12—s’;—"2t--{- C_—.“Tz(t-}- sin ¢ cost)+ C.

Yro6Ll 3aBepIINTh HHTErPHPOBaHHE, HaM OCTaJOCh BEPHYThCS OT
apryMeHra ¢ K aprymeHTty x, rae, HamoMHHM, x=asin {. HUmeem:

sin t= T’ cos t—-\/l—sm2 :-—\/_l_—:, t=arcsin = —"» H notomy
S \/a’—x’dx=% arcsin %—+-i;—\/a’—?+c. (4)

YnpaxHeHHA

5. BLuHCJIHTE HHTErpadb:

)Svg—_xj2)s25ﬁx2;3)83x2d-i25;4)8w/l_ixl_ﬁx’;
dx

5) S cos 3x dx; 6) Sm

6. BuuncinTe myreM pa3jioXeHHsl B aareGpaHyecKyio CyMMy HHTErpajhi:

7__ .
”Sx 7x’+x+ldx; 2)Sx+6x3+3x+4%?

xx
3) \ sin? 3x dx; 4) S cos? 4x dx; 5) S sin 2x cos 2x dx;
6) \ cos 8x sin 6x dx; 7) \ siri 12x sin 2x dx; 8) \ cos 6x cos 3x dx.

CriefyloliHe HHTErpain BHYHC/IHTE C NMOMOWIbIO 3aMEHH MnepeMeHHOA (7—9).

7. 1) S (4x—"7"dx; 2) S Véx+11dx; 3)8 ; 4) S cos 5x dx;

‘\/ 8x—15

dx dx
sin V2xdx; 6) S sZ(6x—1)’ 7 S sin” 2x cos? 2x '

d d
8) \ (sin x+cos x? dx; 9) S W—_G’;—f—w; 10) S P

"
S
S xdx S £ dx
S
S

8. 1) ; 3) S x sin (x?) dx;

T+ ) =
in® arctg* 2x d
4) \ @x+1)cos (*+x—1)dx; 5) S %dx; 6) S —T%,—”.

ctg* 3xdx

= 9) S sin 2x cos® 2x dx.

%1 sin® 3x

§ 2. AMOGEPEHUMAJLHLIE YPABHEHMSA

1. Beenenne. MHorve 3akoHbl (H3HKH CBSI3BIBAIOT 3HAUEHHS Be-
JIHYHH CO CKOPOCTSIMH H YCKOpeHHSIMH HX H3MeHeHHs. [TycTb, Hanpu-
Mep, MaTepHaJbHasi TOYKAa MacChl M JBHIKETCS MO NMPAMOH JIHHHH MOJ
neAcTBHeM CHJbl F, HanpaBJjieHHOR no Toft xke npsamoil. [To Bropomy

14



3akoHy HbIOTOHAa yCKOpeHHe TOUKH B MOMEHT BPeMeHH ! paBHO OTHO-
[IEHHIO BEJHYHHB CHJAH F, neAcTByioued B 5TOT MOMEHT Ha TOYKY,

F
m. a=—.
K Macce a p

Taxk KaK yCKOpeHHe paBHO BTOPOH POH3BOLHON KOOpAMHATH TOUKH
Mo BpeMeHH, a=x", TO 3TO paBeHCTBO MOXHO 3amucaTb B BHJE

mx” =F. (1)

PaccMOTPHM HECKOJIBKO NMPHMEPOB.

1) Touka ABHXKeTcH MO HHEPLHH B CONPOTHBJSIOLIEHCS cpele, MPH-
yeM COMPOTHBJIEHHE CPEIbl MPOMOPUHOHANLHO CKOPOCTH JIBHIKEHHs
TOYKH H HaNpaBJieHO B CTOPOHY, MPOTHBOMOJIOXKHYIO 3TOA CKOPOCTH.
Torna F= —kv, 1 notoMy paBeHcTBO (1) mpumer BHA:

mx"” = —kv.
[MockoybKy v=1x’, TO noJiyyaeM ypaBHeHHE

mx” = —kx’. (2)
dto ypaBHEHHe MOXXHO 3amHcaThb HHaue, eCJNH BCIIOMHHTb, YTO x'=10
Hx"'=(x")=0v"

my’ = —ko. 2)

B ypaBHenusix (2) u (2’), kak u B ypaBHeHHH (1), audde-
peHUHPOBAHHE MPOH3BOIAMTCS MO BPEMEHH.

2) Touka mMaccoii m nafaer Ha 3eMJII0 MOJ AEACTBHEM CHJIN TAro-
TeHHs. [1o 3akoRy BceMHpHOI"O TArOTeHHA cuiaa F B 3TOM cJyuae 3a-

naetcsi popmynoii F= —v—,— rae y — rpaBHTalHOHHAfl NMOCTOSIH-

Hasi, M — Macca 3eMJIH, x — pPacCTOSIHHE OT TOYKH [0 LEeHTpa 3eMJH
(3HaK «MHHYC» MOCTaBJ/IeH MOTOMY, YTO CHJIa TArOTEHHs HamnpasJieHa
B CTOPOHY, NMPOTHBONOJIOXKHYIO MOJIOXKHTEJIbHOMY HamnpaBJIeHHIO OCH,
cM. puc. 1). INosromy pasencreo (1) NpHHAMaeT

B 3TOM CJy4yae BHI:

b X
Mm
mx’=—y—%- P (3) _
YpaBHenuwe (3) MoXHO 3amucaTb B HHOM BHIE, %F
€CJIM MNPHHATbL BO BHHMaHHe, 4YTO NpH x=R,

rae R — paauyc 3emaH, cuna F paBHa —mg.
3uaunr, y A%= mg u notomy yM =R3g. Caeno-
BaTesIbHO, ypaBHeHHe (3) MOXHO 3amHCcaTh Tak:

09 »
2
= _Rg
x2
3) Touka paBMIXKeTCH MOA JAEHCTBHEM CHJAM,
NPONOpPLUHOHANbLHOA OTKJOHEHHI0O TOYKH OT MOJIO-
KEHHSI paBHOBECHSI H HamMpaBJEHHOA K 3TOMY Puc. 1
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nosioxeHuio. Eciu BHGpaTh Hauano KOOPAHHAT B MOJOXKEHHH PaBHO-
BeCHsl, TO HMeeM: F= —kx, W noromy paBeHcTBO (1) mnpuHH-
MaeTr BHI:

mx” = —kx.

Ecan o6o3naunTb % yepe3 w? TO MONy4YHM ypaBHEHHE

2 + o =0. 4)

Mul noayynnu ypashenus (2), (3), (4), KoTophle coaepxKar apry-
MEHT (B HallleM cjyyae Bpemsi), QYHKLHIO 3TOr0 apryMeHTa. (B Haliem
cjlyyae KOOpJAHHATy TOYKH) H MPOH3BOAHBIE 3TOA PYHKUHH IO HEKOTO-
poro nopsiika BKJIOYUHTEJIbHO (B HallleM cjydyae 0 BTOPOro NMopsiika).
Takne ypaBHeHHs Ha3HBaIOT OugpgpepeHyuarbHoimu, a HaMBBHICIIHIA
NOPSAOK MPOH3BOAHOH, BXOAsIILEH B TaKoe ypaBHEHHE,— NOPAGKOM
3TOro ypasHeHHs. Takum o6pa3oM, ypaBHeHHd (2), (3), (4) umeloT
BTOPOH NOPSAJOK, a ypaBHeHHe (2’) — mepBbfl MOPSAAOK.

Huddepenunanbhbie ypaBHeHHA BCTPEUAIOTCH HE TOJALKO HPH H3Y-
UYEHHH JBHXKEHHS MaTepHaJIbHbIX TOYEK, HO H B HHHIX 06J1acTAX (QH3H-
KH, GHONOTHH, XHMHH H T. A. CocTaBHM, Hanpumep, Aud¢epeH-
UHaJbHOE YpaBHEHHe DAaJHOAKTHBHOrO pacnaja. YCTaHOBJIEHO, 4TO
MrHOBEHHasi CKOPOCTb H3MEHEHHsI MacChl PafiHQAaKTHBHOIO BELIECTBA
NponopuHOHa/ibHA 3TOA Macce B JNaHHBIH MOMEHT :BPEMEHH, T. e.
v=—km (3HaK «MHHYC» JOCTaBJIcH NOTOMY, YTO Macca yMeHbHIaeT-
cs1). [lockosnbKy MrHOBeHHasi CKOpPOCTb H3MEHEHHS] paBHa NMPOH3BOJ-
HOH MaccChl 10 BpeMeHH, TO YpPaBHEHHe U= — km MOXHO MepelnncaTth
B BHIe

m'=—km.

Moayunau nuddepeHunasbHoe ypaBHeHHe NepBOro mopsiaka. 3ame-
THM, YTO OHO OTJIHYaeTcs:i OT ypaBHeHHs (2’) JHib 0603Haye-
HMeM (YHKUHH. TO rOBODHT O TOM, YTO ABHXKEHHE MaTepHaAbHOM
TOYKH B COMPOTHBJIAIOILEACA cpejile ONHChIBaeTCsl TeMH Xe ¢opMyJa-
MH, YTO H paJHOaKTHBHBHIA pacnap.

DyHKUHH, ONMHCHIBalOWHe 06a 3TH sABJAEHHS, GyAyT H3y4yeHH B
raaee VIII. ‘

YnpakueHHSR
10. Cpenn cinenyoumux ypaBHeHHH yKaxute AHddepeHIlHaNbHEE H HAa30BHTE MOPS-
JIOK 3THX ypaBHEHHH:

D @)P=y"+x—1;2) y'=;;2fr.iy7;'3) sin y=x>44;

4) y’”-——4y”+4y’=tg x.

11. Jlasi HEKOTOPHX XHMHYECKHX PeaKLHH MTHOBEHHafi CKOPOCTb PeaKiiHH Mpomop-
LHOHAJbHAa NMPOH3BEJEHHIO KOHIEHTPAUHA ABYX pearHpYIOLIHX BellecTB, MPHYEM

16




B MpOLlecCe PeaklHH OJiHa MOJeKyJa NMepBOTO BellecTBa pearkpyer ¢ OAHOA Mo-
Jekyaoit Broporo Beilectsa. Hannmure nuddepenunanbHoe ypaBHeHHe Ajsi Ko-
JIHYECTBA Y BellleCTBa, BO3HHKILEr0 K MOMEHTY BpeMeHH ! (B MOJIX), eCJIH HauaJlb-
Hasi KOHLEeHTPaLHs MepBOTO peareHTa paBHsAJachb a, a Broporo b (v=1 x).

12. Hannwure nuddepeHiHaNbHOE ypaBHEHHe IJiSl MaJieHHA Tejla B COMPOTHBJSAIO-
mwefics cpefie, €CJH CONPOTHRJIEHHE CPelh MPONOPUHOHANbHO KBaAPATy CKOPOCTH
Tena.

2. Pemenus auddepenunanphbix ypasuenui. Beenem caenyiomee
onpeneieHHe:

Onpedeanrenue 1. Pewenuem nudpdepeHuHanbHOro ypasHe-
HHSl HA3HWBaIOT JI06yl0 (PYHKUHMIO, NPH NMOACTAHOBKE KOTOPDOH B 3TO
ypaBHeHHe MOJIyyaeTcsi TOXKAECTBO.

I'paduk peitenuss AH¢pGepeHUHANLHOTO YPABHEHHI HA3bIBAIOT
unrezpanrbnod Kpusod 3TOro ypaBHEHHS.

[Tpumep 1. Ilokaxem, uto PyHKUHSI y=x SBJAAETCA pelle-

HueM AH(QdepeHUHaNbHOr0 ypaBHEHHSA y'=%.

Pewmenne Hmeem: y'=(x)’=1. [loacraBasia 3HaueHHs y=x
M y’=1 B JaHHOe ypaBHeHHe, MOJy4aeM PaBEHCTBO l=%, KoTopoe

BHINOJIHAETCA AJs Jo6oro x=0.
IMpocredmnmu sBasiorca Aud¢epeHUHANbHBE YDaBHEHHS BHAA

y'=F ) (1)

Yro6Hl pelIHTb HX, HaJI0 HaATH QYHKUHIO Yy MO ee MPOH3BOAHOM f (x):

e y=S f(x) dx.

Ecan F — oxHa u3 nepBoo6pa3HuX AJf f, TO 3TO PaBEHCTBO 3alHCHI-
BaIOT TaK:

y=F(x)+C.

Bupum, uto ypapuenue (1) umeer
GeckoHeyHoe MHOXecTBO pemeHnfl. Hx)
rpagHku (T. e. HHTerpaJbHble KpHBLIE
YpaBHeHusi (1)) nonywaioTcs Apyr H3
Apyra napaJJieJibHbIM NIEPEHOCOM B Ha-
NpaBjeHHH oOcH opaHHAT (pHC. 2).

PH 3TOoM uyepe3d KaXAyl0 TO4Y-
Ky Mo (xo, yo), Takylo, utTo OYHKuHSA f
HenpepuiBHA NMpPH X =X, MPOXOAHT OfHA
H TOJIbKO OJIHA HHTerpajbHasi KpHBasl. |

- AHanornuHbiM  06pa3oM  OGCTOHT
Aeno pas apyrux AupdepeHUHANbHBIX
YPaBHeHH# nepsoro nopsiaka. Hampu-

yA
y=F(X)+C

Mep, Il ypaBHEHHS y’=~'xL pewieHHeM X

ABJIAETCA HE TOJILKO YKa3aHHas B MpH- . Puc. 2
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Puc. 3 Puc. 4

Mepe | PyHKUHA y=x, HO H Ji06ast GpyHKuHA BHIa y=Cx, rae C —
NPOH3BOJIbHOE YHCJIO, HJIH, KaK rOBOPAT, NPOH3BOJbHAsA MOCTOSHHASA.

B camoMm nene, (y)’=C=-%’—‘. HHBiX pelieHHfi naHHOe ypaBHEHHE He
umeet. Uto6Hl 0Ka3aTh 3TO, BBEAEM BMECTO Y HOBYIO HCKOMYIO QYHK-
LHIO U, TOJIOXKHB y==vXx. Tak Kak y’ =v’x+ v, a a;L= U, TO ypaBHEeHHe
y’=-x-'L NpHHHMaeT BHA: v'x+v =0, T. &. v'x=0, uan v’ =0. B cuay

n. 3 § 3 rmaBul V 3T0 03HayaeT, YTO v MOCTOSIHHAA, v=C, H NOTOMY
yYy=Cx.
Ha pucynke 3 H306pakeHO CeMEHCTBO HHTErpaJibHhIX KPHBHIX

ypaBHEHHS Y’ =%. BuauM, uto H B 3TOM cJydae yepes Jio6ylo TOUKY,

OT/IHYHYI0O OT HayaJa KOOPAHHAT, NMPOXOAMT OAHA H TOJbKO ORHA
HHTerpaJsibHas JuHuA. Uepe3 Hauaso ke KOOPAHHAT MPOXOAHT 6ecKo-
HeyHOe MHOXECTBO HHTerpaJjibHuX JHHHA. [TosToMy Hauaso koopau-

HaT Ha3LBAIOT 0c060t TO4KOU ANS ypaBHEHHS y’=-%—. B sToit Touke
x=0, y=0, H NOTOMy BHIpa)KeHHE %— He MMEET YMCJOBOro 3Haye-

Husl. CylecTByiOT oco6bie TOUKH, yepe3 KOTopbie He MPOXOAHT HH OJiHA
HHTerpaJbHas JuHusA. Hanpumep, HHTerpajJbHHIMH KPHBLIMH A1 QM-

(epeHUHANbHOTO YPABHEHHS Y’ = —%ﬂBJlﬂlO’l‘Cﬂ OKPY2KHOCTH C Li€HT-

poM B HayaJe koopAHHaAT (puc. 4). Hu ofHa H3 HHX yepe3 HauaJo
KOODAHHAT He NPOXOIHT.

Beenem caenyioiee onpeneseHHe:

Onpedenrenue 2. ®Oyukuuo y=¢(x, C), rae C — npous-
BOJIbHasl NOCTOSIHHAs, Ha3bIBAIOT 06WuM pewenuen NHbpepeHIHANb-
HOro ypaBHeHHs y'=f (x, y) B o6sacTH Q, ecJH:
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a) auas Jo6oro C oHa siBAsleTCA PelIEHHEM 3TOro ypaBHEHHS, T. €.
9’ (x, O)=f(x, 9(x, O))

6) ans J06oA TOUKH Mo (xo, Yo) H3 O6AACTH Q CYLUECTBYET €IHH-
crBeHHOe 3HaueHHe Co, NMPH KOTOPOM JIHHHA y=¢(x, Co) NPOXOAUT
yepe3 TOUKY Mo, T. €. yo=¢ (xo, Co).

Takam o6Gpa3oMm, y= Cx——06u1ee pellleHHe ypaBHEHHS y %

Ha BCell IVIOCKOCTH, NMPOKOJIOTOH B HayaJe KOOPAHMHAT.
Onpedesrenue 3. Peuenne nupdepeHUHaNbHOTO YDABHEHHS,
noslyyaeMoe H3 OGLIEro pelleHHsi MyTeM NpPHAAHHsI ONpejeleHHOro
3HaYeHHsl POH3BOJIbHOA MOCTOSAHHON, Ha3bIBAIOT YACTHOIM PeULeHUeM
9TOro ypaBHEHHS.
[Ipumep 2. Hafpem yacrHoe' peieHHe AH(pdepeHUHaNbHOrO

ypaBHEHHS y'=—;—, yAOBJETBOpsIOLLee YC/0BHIO ¢ (1)= —2.

Pemenune. OGIWHM pelieHHEM 3TOr0 YypaBHeHHS SBJSIETCS

y=+/C— x. Uto6n HaliTH 4acTHOe pelleHHe, NMOJOXHM B 3TOM
paBeHcTBe x=1, y= —2. [lonyuaeM C=5. ITocKkoJbKy 3HaueHHE

y= —2 OTPHUATE/NLHO, TO MOJNyyaeM YacTHOE pellenne y= —-/5—x°.
Hapsany c uacTHeiMH pelleHHsiMH AH¢¢epeHIHaNbHOE ypaBHEHHe
MOXET HMETb PelleHHsl, He MosyJaeMble H3 OILEro HH NPH KAKOM 3Ha-
YeHHH MPOU3BOJIbHOA nocTosinHoOA. TakHe pelleHHs] Ha3BIBAIOT 0CabbL-
Mu. Hanpmaep!, ofuiee pepuenne AuGdepeHLHANbHOTO ypaBHEHHSA
'’ +y*=1. umeer pun:. y=sin(x+C) (cemeficTBO CHHYCOHZ).
Kpome toro, 310 ypaBHeHKe HMeeT ABa OCOGHX pemlenus: y= —1 u
y=1, rpa¢ukH KOTOpHIX B KaXKJOM TOYKe KacCaloTCH NPOXOASLIEro
qepes 3Ty TOYKy rpa¢uka 4acTHOro peimeHus (pHc. 5).
PaccmorpiM Tenepb anddepeHunalbHbe ypaBHEHHSI BTOPOro Io-
paaka. ITpocrefilInMH H3 HHX ABJASAIOTCA YpaBHeHHs BHAA

y"=F(x). 2)

Yro6nl pemmb TAKoe ypaBHEHHE, BBEIEM HOBYIO tpynxumo z=y’.
Torna umeem 2’ =(y’)’ =y”, u ypasHenue (2) npumer BUL: 2’ =] (x).




H3 Hero HaxoauM:
2=\ f (x) dx=F ()4-Cy,

rie F — onHa u3 nepBooGpa3ubix ¢yHKuHH f, C; — NMPOH3BOJIbHAS
NOCTOSIHHASA.
Ho z=y’, u noromy umeem: y’ =F (x)+C,. 3nauur,

y=\ (F 0+ C\) dx=0 (1) + Cix+C,,

rae ® —oaHa u3 mnepBoo6pasHbix ¢yHkuwn F, a C, — BTOpas
NPOH3BOJbHAS NMOCTOSIHHASA.
[Ipumep 3. Peimium ypaBHeHHe

y'=x
Pemedne. Hmeem:

y =S y”dx=S xadx=—’;i+ Ci,
OTKyZAa

y=§(’;;|-c,) dr=24Cix+Co.

U3 pa3o6paHHLIX NpHMEPOB BHAHO, YTO B pellleHHe YypaBHEHHS
nepBOro Mopsiika BXOAMT OfHA MPOM3BOJIbHAsl NMOCTOSIHHAs, a B pe-
IIeHHe YpaBHEHHSI BTOPOro MOpsilka — [iB€ NPOH3BOJIbHbE MOCTOSH-
Hole. 3TO BepHO H JJIsi ypaBHeHHHA GoJee ofuliero BHAA: obuee
pewenue Jughgpepenyuarbro2o ypasHeHus n-20 nopaodKa 3a8ucur OT n
NPOU3BONLHULX NOCTOAHHOIX.

Jas nuddepeHnnalbHHX ypaBHEHHA BTOPOTrO MOPSAKA, OMHCHBAOILHX NPAMO-
JHHeAHOe IBHXKEHHe MaTepPHaJbHBIX TOYeK, CyHlecTBOBaHHEe GECKOHEYHOTO MHOXe-
cTBa pelleHHA HMeeT NpocTofl (u3HuecKHH cMbica. OHO 03HAYaeT, 49TO 3aKOH JBHXKe-
HHfl TOYKH He ONpejieJIsieTCs1 OAHO3HAYHO 3aJlaHHEM CHJ, ReACTBYIOIHX HA STy TOUKY,
Hajlo elle 3HATb ee HayaJbHOE MOJIOXKEHHe H CKOpocTb. [Io 3THM HaHHHIM MOXHO
HafiTH 3Ha4YeHHA 0GeHX MPOH3BOJIbHLIX MOCTOSIHHKX, BXOASAIIHX B o61ee pelleHHe ypaB-
HeHHfl, H MOJYYHTb YacTHOE pelleHHe, OMHCHBAIONIEe JBHXEHHEe TOYKH.

Mpumep 4. Haiigem oGuiee pelieHHe ypaBHEHHs'
x'=—g, ©)
OnHCHBaiollero cBo6oAHOe NajieHHe MaTepHAJbLHOA TOYKH, H YaCTHOE

pelleHHe 3TOro YpaBHEHHs, OTBeYalllee HavaJbHBIM )’C.HOBHSHT
x(0)=10, v (0)=5.

! MH nHIIeM 3HaK «MHHYC», MOCKOJBKY HANPaBieHHWe CHAH [POTHBOMONOXHO
TI0JI0XKHTe/IbHOMY HamnpaBJ/IeHHIO OCH KOOpIHHAT.
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PemeHnue. [lonarags x'=v, umeem: v’'= —g. O'rcmna
o= (— —gdt)=—gt+Cr: 4)
3HauyHT,
x'=v=—gt+C,,
¥ NOTOMY

x=f (—gt+C) dt=—E 4 Cit4Cs. )

Yro6bt HaHTH 3HaueHHs NOCTOSIHHBIX C| H C3, noyioXkuM B (4) u (5)
t=0. T[lonyyaem paseHctBa C;=v (0)=5, Cy=x(0)=10. 3Ha-
YHT, YaCTHOE pellleHHe HMeeT BHA:

x=—E4 56410,

MMpumep 5 TIlokaxeM, uto pyHKuHSA
x=C, cos ot+ C; sin ot (6)
MnpH JOGHIX 3HaYEHHSIX C. H C; ABAsieTca pelieHHEeM RH(epeHIHalb-
HOro ypaBHeHHsI x”+w’x=0, W HalileM 4acCTHOe peLleHHe, COOT-

BETCTBYIOILlee HayaJbHLIM ycJIOBHAM x (0)=xo, v (0)=wvo.
PemeHnue. VmMeem:

x'= —C) o sin ot4 C; » cos ot
x"=— C0? cos ot — C20? sin ot.

TMoacrasasisi B ypasHeHHe x” 4 w’x=0 Bbpa)eHHs 1as x H x”,
nojiyuaeM TOXAECTBO
— C\10? cos ot — C20’ sin ot + o? (C) cos wt+ C; sin ot)=0.

3uauut, pyukuus (6) mpH n06bix 3HaueHusix Cy u C; siBAsieTCS pelle-
HHeM ypaBHeHHSI x” +4 w’x=0. 3amerum, uto B cuay n. 7 § 3 raa-
Bu VI 3T0 peiieHHe MOXHO MPEACTaBHTb B BHJE x=A sin (ot +a).
Bn3 6yneT IOKa3aHo, 4TO ypaBHeHHe x” 4 w’x=0 He MMeeT MHHIX
pelueHu#.

Tenepsr HafiiemM uwacTHoe pemieHHe, COOTBETCTBYIOLNEe NAaHHBIM
HayajbHBIM yCJIOBHSAM. [IpH £ =0 HMeeM:

x(0)=C, cos 04 C, sin 0=C,,
x’ (0)= —C0 sin 04 C20 cos 0=C:0.
Tak kak no ycnosmio x (0)=xo u x’ (0)=uve, TO C)=x, Cg=-:—°,
a NOTOMy HCKOMOE 4aCTHOE pelieHHe HMEeT BHI:
X =1xo COS o)t+3m°- sin of.
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Hrak, Mbl f0Ka3au, uto o6uiee peuieHHe ypaBHeHHs x” + o x=
=0 MOXHO 3amucaTb B pume x=A sin (of+a). U3 kypca ¢usnkn
H3BECTHO, YTO Kosie6aHHs1, CoBepIlIaeMble N0 3aKoHy x =A sin (of+a),
Ha3bIBaIOT 2apmonudeckumu. Ilostomy nudpdepenunasbHoe ypaBHEHHE
¥’ 4+ 0’x=0 Ha3HBAOT YPABNEHUEM 2APMOHUYECKUX KOAeOanud.
B n. | 6uso noka3aHo, 4To 3TO ypaBHEHHE OMHMCHIBAET ABHXKEHHE
TOYKH NMOJ AEACTBHEM CHJIbI, MPONOPLUHOHAJILHOA OTKJIOHEHHIO OT MO-
JIOXKE€HHS PaBHOBECHS H HANpPaBJeHHOH K 3TOMY MOJIOXKEHHIO. Mu
Jl0Ka3aJH, TaKHM 06pa3oM, YTO ABHIKEHHE MOA AEHCTBHEM TAKOH CHJb
AIBASIETCA TAPMOHHYECKHM KojleGaHHEM,

anax(neillul

13. B caenyomux npumepax npoBepbTe, 4t0 QYHKUMA [ SBASETCA pelUEHHEM YKa-
3a8HHOTO JH(epeHLHaIbHOTO YPaBHEHAS:
, xt—1 21 )
1) y =" f(x)——2-+§!+C,
2) yy'=x+1, f()=xVx"+2x+C;

N Lo A 2
3) ¥’ Vy=sinx, f(x)=(%(C'—-cos x)) 3.
1) 2xyy' =y’ —1, f ()= £VCx+T;

5) v'=¢ [(W=17¢

14. Jloxaxmnre, 4to npH MoGHX 3HadeHusx Ci, Cz, Cs QyHKUUA [ ABNsAETCA pelleHHeM
ykasaHHoro JuddepeHuHaNbHOrO ypaBHEHHS:
3

D) y"=@u" f(x)#% (o —2x)_2-+ Cax+Cs;
2) y”/ (] +(yl)2)=3yl (y// 2’ f (x)=,C' :I:'\/Cz—(X—Ca)!.

15. Iposepere, uto PpyHKUHSA . "3

; HallluTe 3HaderHe C No Ha4YaJAbHOMY ycaoBuio y (0)=1.

xfaﬁf_—ﬁ-r) (o sin pt — B sin of)

i

B
yaosnerBopsier AHddepeHUHANBHOMY ypaBHEHHIO x”+m2x=; sin ff H Hauaab-

HoM ycioBHSAM x (0)=x’ (0)=0.
16. IlpoBepbTe, uT0 PyHKUHSA

x= —%,(mt cos wl—sin of)
yZAoBaerBopsier NHdpepeninaIbHOMY ypaBHeHHIO x” 4 0’x=B sin wf B Hauaab-
HuIM ycaoBHAM x (0)=x’ (0)=0. -

17. Ha MmarepHaibHyl0 TO4Ky Maccofi 10 r pmeficTByer cHJAa, MPONOPLHOHaJbHAs
OTK/IOHEHHIO TOYKH OT MOJIOXKEHHSI PaBHOBECHS H HaNpaB/ieHHas K 3TOMY MNOJoO-
KeHHo. [IpH OTKIOHEHHH TOYKH OT MOJIOXKEHHSI paBHOBecHs Ha 15 cm cHaa pas-
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ga 2400 H. Hanumure auddepenuuabHoe ypaBHEeHHe KosieGaHHA H HahaHTe
ero oGuiee pemende. Hafiinre wacThbie pemeHHsi NPH CIeAyIOUHX HaYaJdbHHX
yCIOBHAX!

a) x0=5 cM, 0o="0; 6) x=0, vo=6 cc—“

3. YpaBHeHHs C pasjieaAsOnHMHMCH mnepemennbiMu. K onepauun
MHTErPHPOBAHHS CBOMHMTCA M pelleHHe AH(¢epeHliHaNbHOrO ypaBHe-
HUS TIepBOTO MOPsIAKAa BHAA

yY=9x)»® (1)

(B J1eBOA YaCTH — MPOU3BOAHAsT HCKOMOA (YHKUHH, B IPaBOi — Npo-
u3BeeHHe ABYX (PYHKUHHA, H3 KOTODHIX OJHA 3aBHCHT OT x, a Ipy-
rasi — OT y).

Ecan npu y=yo GyHkuus p o6pamaercs B HyJb, T. €. P (yo)=0,
T0 QYHKUHA Yy=yo SIBJAETCA OJHHM H3 pelleHHA ypaBHeHHs (l).
B caMoM JeJie, OACTaBJsASl B 3TO YPaBHEHHE Yo BMECTO y, MojydaeM
paBeHCTBO

(Yo)’ =@ (¥) ¥ (%0)-

OHO TOXAECTBEHHO BLIMOJIHAETCA NPH JIOGOM 3HAUYE€HHH X, TaK Kak
(yo)’=0 (mpoH3BOgHas mNOCTOSIHHOA paBHa Hym0), a ¥ (yo)=0
Mo YCJIOBHIO.

B o6aactH, rae ¢ (y)5~=0, ypaBHenHe (1) paBHOCHJIBbHO YPaBHEHHIO

-
v@ 7 (x)

YMHOXHM 06e 4aCTH 3TOro ypaBHEHHSI Ha dx H yuTeM, uTo y’'dx=dy.
IMonyyaem ypaBHeHHe

y
U —q(x)dx, @

B KOTOPOM MepeMeHHbIE X H y pa3Jie/ieHh — BbipaXKeHHe B JIEBOH 4acCTH
3aBHCHT OT y, a B mpaBoit — ot x. [ToaToMy ypaBHenne (1) HasuBaioT
Ypasnenuem ¢ pa30esiOUUMUCA NEePEeMEHHBIMU.

[lepeiinem k pewennio ypasuenns (2). Ecain @ — nepBooGpasuas

byukuuu ¢, a ¥ — nepeooGpasHasi PyHKUHH —:’;, TO
d® (x) =@’ = — =1 _gy="4_
(D=0 (x) dx =g (v) dx, d¥ ()=’ (9) dy=1 5 dy=1&,
3HauuT, ypaBHenue (2) moxHO 3amHcaTb Tak:

d¥ (y)=do (x).
3neck caesa H cripaBa cTosT AH(¢pepeHuHaN QYHKUHA, 3aBHCALHAX
OT x (Beab y ABAsieTCS HEKOTOPO# GyHKUHER OT x). DTH AU depeHuna-
/bl paBHHl Apyr Apyry JHIUbL B ClIyyae, KOria caMH (GyHKUHH OT/IHYA-
0TCA /ML Ha nocTosiHHOE ciaraemoe, T. €. Koraa ¥ (y)=® (x)+C
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(cm. m. 3 § 3 rmaBet V). Ho 3TO paBeHCTBO MOXKHO 3amHcaTh Tak:

!L=S .
| = o (x)dx ®

Hrak, Mul 1oKa3au, uto B o6aacTH, rae ¥ (y) 0, 11060e pelieHne
ypaBHenusi (1) yaoaersopsier cootTHouweHHIo (3). Jlerko Bunerb, uto
H 06paTHO, eCliH PYHKIHS y YAOBJETBOPSieT COOTHOLIEHHIO (3), TO OHa
syRoBaerBopsieT H audepesunasbHomy ypaBuenuio (1). das pokasa-
TeJIbCTBA AOCTAaTOYHO B3ATh AH(pdepeHUHANL! OT 06eHX yacTeR paBeH-
crBa (3) M NPHHATb BO BHHMaHHe, YTO

' dS dy _dy

vl v

dS 9 (x)dx=0 (x)dx.

Hrak, Mbl l0Ka3aJH caefyiollee yTBepXKIeHHe:
Teopema. B o6aactu, 20e 0, dugppepenyuarvroe ypasnenue

y=0(x) ) (4)
umeer pewerue, YyooeaeTBOPAIOWELE COOTHOUEHUIO
Ay
|3t} oo ®)

Kpome Toco, ezo pewenusamu seasorca ece ¢ynxyuu suda y= yo,
20e Yo — uucao, 0aa Koropozo P (yo)=0.
I[Ipumep 1. Pemnm nudpdepenunanbHoe ypaBHeHHE

y'=0+x") (144" (6)

M HafleM ero yacTHoe pelleHHe, YAOBJETBOpAIOIee HAYaJbHOMY
ycaoBHio y (0)=1.

Pemenue. Tak kak ¢pynkums 14-y* He ofpamaercst B Hy.b,
TO MOXHO 06e uacTH ypasHeHust (6) pasaenuth Ha |4y

1—_’1‘_Ly,=l+x2.

Tenepsb yMHOXKHM 06€ 4aCTH 3TOro ypaBHeHHs Ha dx H MPHMEM BO BHH-
MaHHe, 4YTo y’'dx=dy:

dy __ 2
-'L71+y =(1+4x*)dx. (7)
HaxoHen, Bo3bMeM HHTerpajin oT oGenx yacreidi paBeHcTBa (7):
d
Sﬁ?% (14 x?) dx.

ITo ¢popmynam u3 n. 3 § 1 umeem: S ﬁ%=arctg y+C, a
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S (1427 dx=S dx+s x’dx-*.—-x+-’§3-+ Co. SH?qm’

arctg y=x+x?&+ c (8)

1

(muiieM JHIb OAHY MPOH3BOJILHYIO MOCTOSIHHYIO, TaK KaK PasHOCTb
C,— C) MOXHO 0o6o3HaunTb onHoi Gyksoii C). [foacraBass Hayadb-

Hbie 3HaueHnss x=0, y=1, noayuaem, uro C=arctg 1=—4"—. IMosTo-

My HCKOMOE YacTHOE pellleHHe HMeeT BHI: ,?
WX ® | =n

arctg y=x+T+—4—, T. €. y=tg x+?+7 .
O61ee peueHHe (8) MOXHO 3amHcaTh B BHAE
.. s

- y=tg(x+5+C),

rie NpoOH3BOJbHAA NocTosiHHassa C BHIGHPaeTCsi Ha IPOMEXYTKe

2
TaHreHca). 3 4

[‘—-g—; —"—) (npnGaBjieHHe [ K apryMeHTY He H3MEHHT 3Ha4eHHS

YnpamHeHHS

18. Pemnre ‘nﬁcpdmpeauuanbuue ypaBHeHHS:

, . , . . | 2 ’ :
) y'=4+4% 2) y'=x"'3) y =$‘“ N =%y

5) y'=xT—y% 6) VI—2y'=2fy.

19. Hafixute pewenne AuddepeHnHaNLHOrO ypaBHeHHs y’ =x"y®, yAoBJeTBOpAIQIICE
HaYa/IbHOMY YCJIOBHIO y (1)=2. . . .
20. Pemmre, na¢dpepeHuuaibHbie ypaBHEHHS: Ry Lo

1) y”+4y=0; 2) 4”4 36y=0. : x

4. Cocrasnenne auddepeHunansHbiX ypasHenul. B npumepax us
n. 1 muddepeHunanbHbe ypasHeHHSI JBHIKEHHS YCTaHaBJIHMBAJIHCh C
nomoibio BToporowakona Helotona, B GopMyJHPOBKY KOTOPOro BXO-
AMT MOHATHE YCKOPEHHs, T. €. BTOPOH NPOH3BOJAHOM KOODAHHATH
no BpeMeHH. Bo MHOrHx ciyyasix MpPHXOAMTCA cOCTaBJATb AH(pde-
PeHuHa/NbHOE ypaBHeHHe, AleJlasi «MIHOBEHHbIi CHHMOK» HEKOTOpOro
SIBJICHHS.
Pemnum crenyomyio 3anauy.
3 anaua. Pesepsyap, nanosnennoui 60004, umeer opmy yurun-
Pa c.soicorod H u naowyadsio ochosanun S. B One pesepsyapa
gdeaano orgepcrue naowjadu s, 4epe3 xoropoe 3a 1 4 eviAuAOCEH
/16 8celi 80001 Yepes cKkoabko spemenu acs 8oda svirexer u3 pesep-
8yYyapa, ecau ckopocTb ucTevenus HUOKOCTU 8bipaxcaeTca Gopmysol
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W o 3 & =

y=H(-£)2
] H=8
4]
3-
2.
,-
o 7 2 § % ¢
Puc. 6 Puc. 7

v=~k /h, 20e h — sbicora audkocru Had oreepcTues, a k — uucao-
eol Koagpuyuenr?
. PemeHnmne. Hycn yepe3 { yacoB MOCJI€ Hayaja HCTeUeHHS
poBeHb oOCTaBlleficA BOAW paBeH h. 3a NPOMEXYTOK BpeMeHH
f; t+ At] ypoBeHb Bobl H3MeHHTCSI Ha Ah, rae Ah<<0. ITo dopmyne
o6beMa UHJIHHAPA NMoJyyaeM, 4To 06beM BhLIHBIIEACA BOALI BHIpaXka-
ercst paBeHCTBOM Av= —SAh (puc. 6). Ota Boia BHUIHJIACH B BHIE
UHJAHHAPHYECKOHA CTPYHKH, MJollajb OCHOBaHHS KOTOpO#l paBHA s, a
BhicOTa [ paBHa MyTH, NpofilecHHOMY 3a BpeMsi Af cTpyAKOH, BHITEKaB-
mwed H3 oTBepcTHS (Mbl NpeHe6GperaeM COMPOTHBJICHHEM BO3JyXa).
Ecin npomexyTok BpeMeHH [t, ¢ 4+ At] 10CTaTOYHO MaJl, TO MOXKHO Mpe-
He6peub H3MEHEHHEM 3a 3TOT IPOMEXKYTOK BPEMEHH YPOBHS XKHAKOCTH
HaJl OTBEPCTHEM, KOTOpoe BJeyeT 3a co60# H3MEHEHHe CKODOCTH HC-
TeyeHHs. Torna npu6AnKeHHO nmoay4aeM, 4To [~ vAt=*F +/hAt. 3Ha-
YHT, o6beM BHITEKIIEA 3a 3TOT NPOMEXKYTOK BPEMEHH MKHAKOCTH
NpHG/IHKEHHO BhipaxkaeTc GopmyJion

AV =~k +/hsAt. *

CpaBHHBasi NMOJyYHBILHECH BbipaXKeHHs 1A AV, npnxomm K cJre-
AyoueMy npH6AHXKEHHOMY paBEHCTBY:

—S Ahx~k[h sAt,

Ah ks

T. ¢ — N ——— .

€ A s Vh

nOle‘leHH()e pPaBeHCTBO CTAHOBHTCHA TeM 6oJiee TOYHbIM, YEM MEHb-
e BeJIHUHHA Af NPpOMEXYTKa BPEMCHH. HOSTOMY TOUYHBIM ABJISAETCHA
paBeHCTBO

A
h ks h

lim == —=—

A0 At S
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a3yMeeTcsl, B npefenax cieJaHHLIX NMpeANOJIOXKEHHH O Xome mnpo-
p Y) p p
gecca

Tak Kak llm Tt=h, TO mOoJy4yaeM, 4YTO

' k
W=—%h (1)

3amaua cBeslachb K peuieHHIo AHddepeHnHasbHOrO ypaBHeHHs (1).
Ham H3BecTHO, KpOMe TOrO, YTO B HauaJie NMpouecca BLICOTa BOIK
paBHsaaach H, a uepes 1 u ocranoch 9/16 Bceft BOAL, H TOTOMY BhiCOTa

paBHa % H. Takum o6pa3oM, umeeM eule ycjaoBusi: h(0)=H wu

9
h()=1gH
Pa3nenss nepeMenHnle B ypaBHeHHH (1), moaydaem:

dh ks
—= ——dt.
Vi

[Tocae uHTErpHpoBaHHs 06eHX yYacTeit, HAXOLHM:

2 f h=—3% t+ C. )
Mui no.uytm.nn CoOTHOLIEHHE MeXny Mouemom BpEeMEHH { H BHICO-
TOH YPOBHS BOAH /. B 3TO cOOTHOIIEHHE BXOAAT JB€ HEH3BECTHHE HaM

NOCTOSIHHbIE: C H % Ux 3nadeHHs onpenensiorcsi H3 YCJIOBHH

h(0)=H n h(l)=-l%H. Mojicrasass B cootHOWeHHe (2) 3HAYEHHS
t=0, h=H, nonyyaem:

o

2+H=C.

3uaunr, 1/}—1==x/71—-ki t. TloncTaBasisi B 3TO PABEHCTBO 3HAYEHHS
b5 _F

t=1, h——H HaXOLHM, YTO se=-/-.
Urak, w/ﬁ=w/71—34£t, H TIOTOMY
2
h=H( 1—7) . 3)

Tenepp yxe serko HaliTh, Koria BLITEUET BCS BOAA H3 pe3ep-
Byapa, T. e. xoraa Gyaer BLINOJHATbCS paBeHcTBO A=0. [lonaras

h=0, saxomum, uyTo t=4, T. e. BC BOAA BHUIBETCH yepe3s 4 u. Ha

PHCyHKe 7 H306pakeH rpauk 3aBHCHMOCTH h OT .

BaMeuanune. EcH 6u HCTeyeHHe BOAM OHJIO PaBHOMEPHHM, TO BcS Boja
BRl/IHAach 6l M3 Gaccefina 3a 16/7 waca.
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YnpaXKHeHHR

21. CocraBbTe nuddepenHunasbioe ypaBHeHHe KPHBOH, A/ KOTOPOH OTPe30K Kaca-
TeAbHOMN, 3aKNIOUEHHHAI MeX Ay OCAMH KOODAHHAT, IJIHTCA TOYKOH KacaHHsS mono-
aam. KakoBH Haua/bHHE YCJNOBHS, €CJIH KPHBasi NPOXOAHT 4yepe3 Touky A (3; 2)?

22. CocraBbre AH(Q(epeHIHaNbHOE YPaBHeHHe KPHBOM, MJsi KOTOpo#i aGciucca nepe-
ce4yeHHsl KacaTeJbHOA B NPOH3BOJILHOR TOYKe KPHBO# ¢ ocbio abeltuce B k pa3 60Jb-
me aGCUHCCH TOYKH KacaHHA.

23. CocraBbre AH}QepeHUHaNbHOE YpaBHEHHe KPHBOH, 1/ KOTOPO# OTPe3OK Kaca-
TeJbHOM MeXAy TOYKaMH KacaHHfi H OCbl0 OpAHMHAT AEJIHTCSA NOMNOJAaM B TOUKE
nepeceyeHHsi ¢ ocbio abcuuce. KakoBu HavaJjibHHeE YCJIOBHS, €C/IH KpHBas Mpo-
XORMT 4epe3 Touky A (1; 3)?

24. Cocrasbre audodepeHunanbHoe ypaBHeHHe KPHBOH, IJ1fi KOTOPOH OTPe3oK Kaca-
TeJbHOH, 3aK/IIOYeHHHA MeXJy OCSMH KOODIAHHAT, HMeeT JJHHY a.

25. CocraBbre and¢epeHUHaJbHOE YpaBHeHHe KpDHBOH, JJIsi KOTOpo#i OTpe3oK
KacaTeJibHOH, 3aKMOYEeHHHH MeXAy TOYKOM KacaHHA H TOYKOH mNepeceyeHHs
¢ ocblo abcuHce, HMeeT MJIHHY a.

26. Cocrasbre audodepenunasbHoe ypaBHeHHe KPHBOH, JIi KOTOPOA MJowlaip Tpe-
yroiabiuka OMT, orpaHHYeHHOro Ocbl0 aGCLHUCC, KacaTe/bHOA H pafiHyCOM-BEKTO-
poM TOUKH Kacanus (pHC. 8), mocrofiHHA.

27. CocraBbre AH(}PepeHnHANbHOE YPaBHEHHE ABHKEHHS [yJIH, CYHTAsA, UTO CHJIA CO-
NPOTHBJICHHA JBHXXEHHS NMYJH NMPONOPLHOHAJIbHA KBaJApaTy CKOPOCTH.

28. TloaycepHueckass yawma pgHaMeTpoM 2 M 3anosHeHa Bojo# (puc. 9). 3a kakoe
BpeMsl BOJa BLITEYET H3 Hee Yepe3 Kpyrioe orBepcrue paguycom 0,1 M, Bipe-
3aHHOe Ha AHe 4awH (B Qopmyiae (*) npuuars k=0,6)?

29. Bona BHTeKaeT H3 WHMCTePHH AJHHOM-8 M H paauycoM | M, Jiexaleli ropH3oH-
Ta/IbHO, Yepe3 OTBepCTHe BHH3y WHCTepHH miomaabio 0,1 M% Uepes cko/abKO Bpe-
MEeHH BCSl BOJa BHITEYeT H3 3aMnojiHeHHO# HHcTepHH (puc. 10)?

5. MaremaTnueckoe moaeanposanne (Gecena). [Tonsatns, cospau-
Hbl€ COBPEMEHHOH MaTeMaTHKOH, 3a4acTylo KaXKyTCsl BeCbMa JajleKHMH
oT peaJsbHOro mupa. Ho uMeHHO ¢ HX MOMOLILIQ, JIOAAM yRAJIOCh APO-
HUKHYTb B Ta#HbH CTPOEHHS aTOMHOro siApa, PacCUMTaThb ABHXKEHHE
KOCMHUYECKHX KopalJeif, co34aTh B€Ch TOT MHP TEXHHKH, Ha KOTOPOM
OCHOBaHO COBpPeMeHHOe MPOH3BOACTBO. ONHHM H3 OCHOBHLIX METOJOB
NO3HaHHA NPHPOAH ABJAAETCA ONKIT, 3KCNepHMeHT. C MOMOLIbIO 3KCIe-
PHMEHTOB Gbl/IH YCTaHOBJIEHb MHOTHE 3aKOHBI IPHPOAK! (3aKOH coXpa-

7
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HeHHsl BeLIECTBA H 3HEPTHH, MEPHOJMYECKAsi CHCTEMa 3JIEMEHTOB
JI. U. MenzeneeBa u 7. A.). Onnako He Bceraa ueaecooGpasHo mpo-
BOJMTb 3KCMEPHMEHT. 3a TNoC/HefHee CTOJNETHE B CaMbIX PasHYHHIX
061acTAX HayKH H TEXHHKH Bce GOJIbINYIO POJib CTaj HrpaTb MeTol
MaTeMaTHYECKOro MOJIeJIHPOBaHHS.

Yr1o6bl H3YUHTb KaKoe-HHOYAb siBJIeHHEe MPHPOAb HAH paboTy Ma-
IHHbI, TPEABAPHTENbHO H3YYalOT BCEBO3MOXHBIE CBA3H MEXAY BeJH-
yHHAMH, HX XapaKTepH3yIOIHMH. 3aTeM MOJIyyeHHbe CBSI3H BblpaXa-
jOT MaTeMaTHYeCKH M MPHXOJAT K CHCTeMe ypaBHeHHH. Pemas 3tu
ypaBHEHHS! HIH CHCTEMbI YPaBHEHHH, yueHble H HHXKeHephl AeJ1aloT Bhi-
BOAK O TOM, KakK B JAaJbHefilleM 6GyaeT pa3BHBATLCSI 3TO SABJEHHE
uwiaH Kak Gyjser pa6oraTh MallHHa, 4TO HaAo CAeNaTb, YTOGH MOJY-
uuth TpeGyeMble pe3yJbTaThl.

IMpu 3TOM ypaBHeHHS H' CHCTeMbl ypaBHeHHH GbiBaloT ajareGpaH-
yecKHMH H AH¢¢PepeHuHaNbHBIMA. UTO6GH MOAYYHTb ypaBHEHHSA, 1O-
MycKalollHe PellieHHs, NPHXOMHUTCS YNpollaTh 3afady, oT6pachuiBas He-
KOTOpble BEJIHYHHB KaK HecymlectBeHHHe. Ho yeM TouHee HyXeH pe-
3yJAbTaT, TeM 6oJblile BeJIHYHH NPHXOAHTCS YUHTHIBATh, TEM CJOXKHee
noJy4aeTcsi MaTeMaTHYeCKast MOJeJb.

MartemaTHUeCcKHe MOJeAH, KoTophie cTpousH B XIX B., 6blsin cpaB-
HATeJIbHO npocThiMH. Ho Bo3pacraioimune TpeGoBaHHSI K TOYHOCTH
OTBeTa, pPa3BHTHE TEXHHKH, MO3HaHHE Pa3HOO6GDPa3HbIX ABJEHHH NpPHBe-
JH K TMOCTPOEHHIO Bce G6oJjiee C/IOXKHBIX MaTeMaTHYECKHX MoAeJed.
Bosbiyio noMomb B UX H3yYeHHH OKa3blBalOT OLICTPOJEACTBYIOLIHE
BLIYHCJIHTE/bHbIE MALIHHHL.

Cefiyac ¢ MOMOIIbIO MAaTeMaTHYECKOrO MOJEJHPOBaHHS pellaloT
TaKHe 3aJlayH, KaK OMHCaHHe NMPHPOJAb MOped H OKeaHOB, H3yyeHHe
BXOJla KOCMHYECKOro KopaG6Jisi B IJIOTHHIE CJIOH aTMOC@eEpH, nepeBoj
TEKCTOB C OAHOro si3nika Ha jpyro# H T. n. [losBuaach Bo3-
MOXXHOCTb CTPOHTb MaTeéMaTHYeCKHe MOJAEJH 3KOHOMHKH, NPUMEHSATb
MaTeMaTHKY B H3yYeHHH OGLUeCTBEHHLIX SIBJIEHHHA, NPO6JeM HCTOPHH, B
H3YYeHHH SAI3LIKOB H T. A. TpyAHO yka3aTb OG6JACTbh 4YeJOBEUeCKOH
AESITe/IbHOCTH, B KOTOPOA He mNpHMeHsJicss Obl MeToJ MaTeMaTH-
YECKOro MOJEeNHPOBAHHA.

§ 3. ONPENENEHHBIA MHTEIPAN

1. Maomanu finocknx ¢uryp. Kak Mbl YBHAHM HHXKE, HHTErpaJb-
HO€ HCUHCJ/IeHHe MO3BOJIAET pelllaTh MHOrHe 3aJla4yH reoMeTpHH H H-
34KkH. OnHOM M3 3THX 3aJau fAIBJAETCS BHIYHC/EHHE MJOIafedl MIoc-
KHX ¢uryp. B Kypce reoMeTpuH NOHATHE MIOWARH MJOCKOH (HUrypHl
GELIO OMpesesieHO ¢ MOMOIIbIO YETHiPEX aKCHOM:

1. Mrowade awboit ¢uaypor F neorpuyaresvna, 1. e. S (F)=0
(3necb u Huxe uyepe3 S (F) Mn o6o3HayaeM mJiowaab ¢urypu F).
S(F -) P%B?Fbu).’ dueypor umeror pasnvie naowadu: ecnu Fy=F,, 10

1)== 2).

3. Maowade Pueypo. pasna cymme naowsadel ee 4acred: ecau

29



¢urypa F pas3bura Ha vactu F, u Fi, 10 S(F)=S (F\)4+ S (F2).
(9TH 4yacTH MOryT HMeTb OGiUHe rpaHHYHbIC TOUYKH.)

4. I1rouwiade keadpara co croporod 1 pasna 1.

OnHako B Kypce reoMeTpHH He o6GCYyXIaJiCsi BONMPOC O TOM, Bce
JH (Hrypel HMEIOT MJOILAAH, a TIJlaBHOe, CyLIeCTByeT JIH MOHATHE
nJjouian, o6nanaollee yka3aHHbIMH BhIille cCBoficTBaMH (BooOGlue, ec-
JH KaKoe-HHGyAb MaTeMaTH4eCKoe MOHSTHE ONpeJesieH0 CBOHMH
CBOMCTBaMH, TO BO3HHKaeT BOMPOC O CYIeCTBOBaHHH MOHATHA C 3STHMH
CBOHCTBaMH).

Mul 6yneM cYHTaThb, YTO AJISl TNIOCKHX MHOrOYroJIbHHKOB MJIOLIa/b
€ yKa3aHHbIMH BhIllle CBOACTBAMH CyLeCTBYeT ([10Ka3aTeJbCTBO 3TOro
YTBEPXK/€HHSI OTHOCHTCSI K P€OMETPHH, a He K MaTeMaTHUYeCKOMY aHa-
Ju3y). Toraa kaxnoft orpaHHueHHO# NJIoCKoO# .purype F MokKHO mnoc-
TaBHTb B COOTBETCTBHE JBa YHCJIOBHIX MHOXecTBa. IlepBoe H3 HHX
COCTOHT H3 NJIOlafe# MHOTOYIOJIbHHKOB, LEJNHKOM JIe)KalllHX BHYTPH
F, a BTOopoe — M3 miomafel MHOTOYrOALHHKOB, LEJIHKOM cpjepxkKa-
wux ¢urypy F. O603Hauum nepBoe MHOXKECTBO Yepe3 X, a.BTopoe —
yepe3 Y. OueBHIHO; UTO X JXKHT cAeBa oT Y. B camom fene, nycTb
x€Xr, y€Yp Torna cymecrsyior MmuoroyroqbHukd @ u ¥ Takue, 4TO
@ nexwur BHytpH F, ¥ copmepxkur F (puc.. ll) ApHYEM S ((D)—x
S (¥)=y. Tak kaK o conepxutrca B ¥, To x<Cy. g

Onpedesrenue 1. Inockyo ¢purypy F Ha3bIBalOT xaadpupy-
emod, ecnu MHOXecTBa X, M Y, pa3feJsloTCA NHIIL OAHHM YHCJIOM.
dro uHcao, paspesnsiouiee X; U Y, Ha3bBalOT ntowadsio guaypo
F u o6o3unauvaior S (F).

Taxum o6pa3oM, neowade Keadpupyemoll ¢ueypu ABAALTCA HUC-
AOM, KOTOpDOe' He MeHbule, 4em naowiads 106020 MHO20Y204b-
HuKa, sexaugezo’ 8rRYTpu 3T6U ueypsi, u He Goavwe naowadu
2106020 MHO20Y20AbHUKT, COOepicauwezo 3Ty ueypy. Ins HeKBaaApH-
pyeMbiXx ¢Hryp 3TO onpejieieHHe He MOAHTCS, TaK KaK YHCEJN € yKa-
3aHHbHIM CBOACTBOM MOXXeT OKa3aThCl GeCKOHEYHO MHOro.

IMpubenem Ge3 NoAPOGHBIX AOKA3aTeALCTB NPUMeP BHTYPH, He HMeOIEH MO ALK,
BosbmeMm KBajpar co cTopoHofi | M yRaiuM M3 HEro BHYTPEHHIOIO o6aacTb

KBajipaTa mjiollajH % (puc. 12). U3 ocraBuieficA ¢urypn ynanum ényrpeﬂune
—l-, PacnoOXKeHHBIX, Kak MoKasaHo Ha pH-

8
cyuke 13. Tlpomoaxast ToT npouecc Aaibiue, MW MNOJAYYHM MOCHe GECKOHEUHOro

objsactd 8 kBajpartoB oGuell niomann

¥
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Puc. 11 Puc. 12 Puc. 13
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MHOXECTBa omepauuil ¢urypy, He cojepikailylo HH ORHOH BHyTpeHHeR TOYKH (Kax-

Jasi ee uacTh «NPOJLIPABJIEHA») H TEM CaMbLIM HH OJHOTO MHOTOyroabHHKa. B 1o e Bpe-

mA 0611as MIoWAaAb yAaJdeHHHX KBaJPaToB PaBHa CyMMe GECKOHEYHOM reoMeTpHYECKol
1 1 | 1

MpOrpeccHH T+§+E+"" T. €. paBHa 5 - INostomy naowanb Al060ro MHOrOYroJib-

HHKa, COAEpKallero ocrabuiyiocsi (Gurypy, HO/MKHA GHTh Gosbiue % B namem cay-

uae Xp=={0}, YF=(-%-; +oo) H MOTOMY €cTh GeCKOHEYHO MHOTO YHCeJ, pasie-

asowx Xg H Yp

U3 teopemnl 2 n. 4 § | ryaBu I cnenyer Heo6xoauMoe H JocCTa-
TOYHOE YCJIOBHE KBaJPHDPYeMOCTH:

Jlaa 1020 4T066L O2panuennan naockas ueypa F 6vira keadpu-
pyemot, Heo6x00umo u 0CTATOUHO, 4TO6LL O3 106020 & =0 HawAUCH
mnozoyzorviuxu ®© u'¥ rakue, uro ® codepxwcurcs e F, ¥ codepacur F,
npusen S (¥)—S (O)<e.

*' 3amMeuanne. Uro6u H36eXkaTb CCHUIKH Ha FeOMETPHIO MPH
onpefieieHHH IVIollajedi MHOrOyroJbHHKOB, MOXXHO PacCMOTPeTb He
BCe MHOIOYTOJbHHKH, a JIHIIb CTyNeH4YaThle (HTyphl, COCTaBJEHHHIE
U3 NMPSAMOYTOJIbHHKOB, CTOPOHB KOTOPHIX NapaJijieJibHhl OCAM KOOPAH-
nar. [lnomwann Ttakux ¢Hryp paBHH CyMMe ImJollaje#d COCTaBJAIO-
ILHX HX MPSIMOYTOJIbHHKOB.

Jlerko AoKa3aTh, 4TO AJfl IJOUIafieH KBaApHPYeMblX (Hryp BHI-
NOJIHAIOTCS aKCHOMHI 1, 2 1 4° Jloka3aTeabCTBO BHIOJIHEHHS aKCHOMBI 3
HECKOJIbKO CJIOXKHee. Mbl MpoBelAeM €ro B YaCTHOM CJyvae, KOraa
aunusa I', pasbuBaiowass ¢urypy F Ha uyactd F, u Fi, saBasercs
JoMaHofi. Mtak, mokaxeMm caelyollee yTBepXKAeHHe.

Teopema 1. Ilyctb aomanan I' pasbusaer ¢ueypy F na uacru
Fi u Fy. Ecau atu uacru keadpupyemoi, To ksadpupyema u gueypa F,
npuuem ee naowade pasna cymme naowaded Fy u F.

' 3mech u nanmee MarepHad, 3aKJOUeHHH MeX1y 3HaKaMH *, SBAfileTCA He
06si3aTe/IbHHM U151 H3YYEeHHS ydallHMHCS.

Puc. 14
31



JlokasaTteabcTsBo. 3aganum e >0. Haiinyrcst MHOroyroJin-
HHkH @, ¥,, ©2, ¥, Takue, uro ®; comepxurca B F;, a ¥; co-

nepxut F;, npuuem S (¥))— S ((D;)<-;—, rae i=1,2. He tepsisi o6wwHo-

CTH, MOJKEM CUHTATb, YTO JIOMaHasA " ABJNSETCA YaCThIO 'PaHHIL BCEX
3THX MHOroyroJbHHKoB (puc. 14). CocraBuM u3 ®, u @ MHoOro-
yronbHHK @, a u3 ¥, u ¥y — muoroyronbuuk ¥. Torna @ conep-
xurci B F, W copmepxur F, npuuem S (D)=S (O))+ S (D2),
S (¥)=S (¥)+S (¥2) u notomy S (¥)—S (®)=[S (¥1)+S (¥2)]—

—[S (®)+S (®2)]=[S (¥1)—S (@)]+[S (¥2)—S (D)]<5 +5 =

=e. Tem camniM JoKa3aHo, uto ¢urypa F kBagpupyema. 06o3-
HauuM ee mJowaap yepes S (F).

Hawm ocrasoch moka3atb, uto S (F)=S (F,)+ S (F2). Ho 3To cae-
ayetr u3 Toro, 4yro uncaa S(F) u S(Fi)4+S(F2) pasgeasior
mHOXecTBa BHAA {S (D)4 S (Do)} u {S (¥1)+S (¥2)), rae @), @,
¥,, ¥> HMeIOT CMBIC, aHAJIOTHYHBIA yKa3aHHOMY Bhille. ITockoJbky
STH MHOXECTBA Da3Ne/AOTCH JHIIb OLHHM UHCIOM, TO S(F)=
=S (F1)+S (Fa)".

YnpaxXHeHHSs

30. lokaxure, uTo MHOXKecTBO ToueK M (x; y) Takux, 4ro 0<<x<<1, 0<<y<1l w
X, Y P4UHOHANbHH, He AABASETCS KBaJADHPYEMBIM.
31. loxaxHTe, 4TO MHOXecTBO ToueK M (x; y) Takux, yro 0<x<C1 0 y=0 mpH

HPPAaLHOHANBHHX X, ogyg-;l’-, ecaH x=%, rae nApo6b —Z— HECOKpaTHMa,

HMeeT TOWazb, PaBHYIO HYJIO.

2. Maomaap xpusoawnednod tpaneunn. Ilyctb Ppynkuus | He-
OTpHlIaTeJbHA Ha oTpe3ke [a, b] ®Purypy, OrpaHHYEHHYI0O CHH3y
ocblo a6cumcc, cBepxy rpa¢ukoM ¢yHKUHH f, a ¢ GOKOB NPSIMBIMH
x=a u x=b (puc. 15), Ha3uBalOT Kpusosunednod Tpaneyued,
HJIH, HHaue, nodzpagurom nanHo# pyHkunu. Mmeer Mecto caenyouias
Teopema, Jaoiiasi JOCTaTOYHOE YCJOBHE KBaAPHPYEMOCTH KPHBOJIH-
HellHOH TpamneuHH.

Teopema 1. Ecau ¢pynxyus [ mono-
yA , TOHHA Ha oTpes3ke [a, b] T0 coorsercr-
eyrowan el Kpusoauneilnas Tpane-

y=£f(x) yusa F xsadpupyema.
Hokasarteabctso. [Ipeano-
JOXHM /i1 ONpelesIeHHOCTH, YTO
¢yHKuusa Bospacraer Ha [a, b] Ham
Hajgo JAoKa3aTh, 4YTO MJs Jo6oro
e>0 HafayTcs ABa MHOrOyroJibHHKa
®; u @2, u3 KOTOpBIX D JEKHT BHYTPH
Puc. 15 KpHBOJiHHe#HO#A Tpaneuun F, 2 conep-

32

|
-]
o
X




xur F 1 S (@2)— S (©)<<e. 1151 NOCTPOESHHSI 3THX MHOTOYTOJIbHHKOB
pa3sjieliM OTpesok |[a, b] Ha n paBHbBIX uYacTefi TOYKaMH 4=
=X < X1 <..<Xn—1<<Xn=Db H npoBeJeM yepe3 3TH TOUKH NpsIMbIE,
papajielibHble OCH OpIAHHAT. DTH MPSIMbIE Pa3GHBAIOT KPHBOJIHHEAHYIO
tpaneunio F Ha dact Fo, F\, ..., Fa_1. Ha kaXgom orpeske (X, xe—1]
OCTPOHM 1Ba NMPSIMOYTrOJIbHHKA: OJIHH C BHICOTOH f (x¢), a ApPyrof C BHI-
cotofl f (Xe+1). B cHay BospacTanusi GyHKUMH [ NepBhIf H3 3THX Nps-
MOYTOJIbHHKOB COJIEPXKHTCH B COOTBETCTBYIOLIeHA yacTH Fi KpHBOJH-
HellHOH TpamelHH, a BTOPOH COAEPXKHT 3Ty uactb. [TosTomy, o6benu-
Hsifl NepBbie MPSIMOYrOJbHHKH 1A Bcex Rk, 0<Ch<Cn—1, monyuum
crynendaryio ¢urypy @i, comepxaumyiocs B F. Amnanoruuso,
O6belMHASL BTOpLIE NMPAMOYrOJIbHHKH, MOJydaeM CTymeHYaryio ¢Qury-
py @2, comepxaumyio F. :

IMokaXeM, YTO MPH AOCTaTOYHO GOJIBIIOM 7 Pa3HOCTb IJouiajed
MOCTPOEHHBIX CTYMEHYaTHX (HUryp cTaHeT MeHblue, yeM e. [las 3Toro
3aMeTHM, 4TO IJIOHIaAb NMepBOH cTyneHYaToH QHUrypnl paBHa

S (@) =2=2[f (xo)+ .. +F (xa—1)}
a miouiajb BTOPOA —

S (@) =22 (x1) 4 ... +-F (xa)}

n

[Mostomy

S (B2)— S (1) =2=2[f (xa) — f (x0)]

n

WIH, TIOCKOJIBKY [ (x0)=F (a), [ (xa)=F (b),
S (@) —S (@) =E=2l0=le)], (M

Orciona fCHO, Y4TO MpH JOCTATOYHO GOJBIIOM n YyKa3aHHas pas-
HOCTb CTaHET MEHbINe, YeM €.

KBanpupyemocTb KpHBOIHHEAHON TPaNeHH NPH YKa3aHHOM B Te€O-
peMe ycnoBHH Ha ¢yHKuMIO f foKa3aHa. O4eBHAHO, YTO OHa HMeeT
MECTO H B TOM cCJyyae, KOrjia OTpe3ok [a, b] MoxkHO pa36uTh Ha
m yacrte#l Tak, YTOGH Ha KaxAo# M3 HHUX PyHKUHSA [ Gblla MOHOTOHHA
(kaxayio 4acTb MBI CUHTA€M OTPE3KOM, T. €. NPHUHC/ISIEM K Hel ee
KOHUH). B 3ToM ciiyyae (yHKUHS HMeeT Ha oTpe3Ke [a, b] KOHeuHoe
UHCJIO IKCTPEMYMOB.

Bosee cioxnbie paccyxaeHHus, KOTOpble MBl ONyCKaeM, MOKa3bi-
BAlOT, YyTO KBaJApHPYEMOCTb HMEET MECTO H B CJyuae, Koraa (QyHKIUHSA
[ HempepmBHa Ha oTpeske [a, b] H HMeeT Ha 3TOM OTpe3Kke GECKO-
HEYHO MHOro MakCHMYMOB H MHHHMYMOB. [IpuMepoM Tako# QyHKUHH
MOXet cayxutb Ha oTpeske [0; 1] yHkuus

x sin = npu x40,
f(x)= ¥ (2)
0 opu x=0.

2 5. Bunenxuu 33



YnpaKXHeHHS

32. Ha cko/bKo 4acreil HyXHO pa36utb orpe3ok [0; 2] 4ToGH mas KpHBOJIHHEAHOA
TpaneusH, OrpaHHueHHOR JHHHSAMH x=0, x=2, y=0, y=2x?, BHNOJAHAIOCH
HepaBeHcTBO S (02)—S (M) <<0,001?

33. JlokaxuTe, 4TO KPYr HMeeT MAOIlalb.

34. Nlokaxure, uro ¢yHKuus (2) HMeer G6ECKOHEYHO MHOro 3IKCTPEMYMOB Ha
orpeske [0; 1]

3. Teopema Hboiorona — JleA6uuna. OpHHM H3 OCHOBHHIX pe-
3yJIbTaTOB MaTeMaTHYeCKOro aHaJiH3a, HMeIOLlleM BaXXKHbe NMPHJO0XKe-
HHS, fIBASIETCA CJefylolllasi TeopeMa, B TreoMeTpHyeckod ¢opme
copMynHpoBaHHasi aHrJHACKHM MarteMaTtHkoM bBappoy (1630—
1677), a B OKOHyaTeJIbHOM BHJAE€ He3aBHCHMO JpYr OT JApyra noJy-
yeHHasd Hoioronom (1643—1727) u Jlei6uuuem (1646—1716).

Teopema 1 (Hbiorona — Jled6uuua). ITycre ¢pynkyus [ ne-
oTpuyareabHa, HenpepouiHa Ha OTpesKe [a, bl u umeer Ha Hem KOHeUHOe
4ucao 3kcrpemymos. O6o3nauum 4epes S (x) naowiads Kpusosurelnol
Tpaneyuu, pacnoaoienHol Had orpeskom [a; x], 2de a<<x<b, u
ozpanuuennold ceepxy epaguxom ¢pynkyuu f. Tozda S (x) asaserca
nepsoobpasnod Oasn f(x), 1. e. Ha orpeske [a, b] svinoanserca
pasencreo S’ (x)=f (x).

3amevaHHne. [as cymecrsoBaHusi nepBoo6pa3Hofit y QyHKUMH [ HXOCTaTOYHO,
yTo6H 3Ta (YHKUMA OHJia HenmpepHBHa Ha orpe3ke [a, bl OnpHako AOKa3atesb-
CTBO 3TOTO YTBEPXK/IEHHS HECKONbKO CJI0XKHEe H Mbl €ro ONMyCcKaem.

B nanbHefimeM Mbl 6yfieM Ha3nlBaTh S (x) naowsadsio Kpusosuned-
HOU Tpaneyuu ¢ nepemexnHbiM eepxnum npedeasom (puc. 16).

HokasarteabctBo. Ham Hago noka3arth, uto AAs JioGo#
TOuKH x H3 [a, b] (puc. 17) BuinoaHseTcs paBeHCTBO S’ (x)==f (x).

Hanomuuwm, uto S’ (x)=Ilim S """;l"'s(") . Has onpeaeneHHOCTH

GyneM cuHtaTh, yto h>0. B 3TOM cayuyae pa3Hoctb S (x+h)—S (x)
paBHa nJjoliaaH KpusosnHedHoM TpameuuH PTQN (puc. 17). Tlycts
HauGoJsbllee 3HayeHHe QyHKUMH [ Ha oTpe3ke [x, x+ h] paBHO M, a
ee HaHMeHblllee 3HaYeHHe Ha 3TOM OTPe3Ke paBHO m (3TH 3HAYEHHS

] SR yA
S(x)
ol a 6 x 0 a// x b x 3l
a 5 0| Afa) P(x) T(x+h) B(b) x
Puc. 16 Puc. 17
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CYUIECTBYIOT B CHJY NPEAMOJOXKEHHS O HEMPepLBHOCTH (YHKUHH
f Ha [a, b) cMm. n. 2§ 3 raaem V). Torga miowaanr ¢urype PTQN
3aK/JIOYeHa MEXAY IJIOWAaJsIMH NPSAIMOYTOJbHHKOB ¢ OGLIMM OCHOBa-
yueM [x, x+h] 1 BoicoraMmH m u M coorBercTBeHHO. Tak KakK 3TH
nJOLlafH PaBHEI COOTBETCTBEHHO mh W Mh, TO HMeeM HepaBeHCTBa:

mh<S (x+h)—S (x)< Mh, (1)

rae m H M 3aBucar ot BhGopa h.
MMockoabky h >0, H3 3THX HEpPaBEHCTB CJeAyeT:

mgﬁiﬂhb{ﬁflgju_ @)

[pu A, cTpemsilieMcsi K HYJIO, B CHJY HENPEPHIBHOCTH GYHKUHH f
B TOYKe x HauGoJbluee 3HaueHHe M 3Tofi QYHKUHM Ha OTpeske
[x, x4+ h] 1 ee HaHMeHbIIee 3HAYEHHE M Ha TOM XK€ OTPe3Ke CTPeMATCS
k obuemy mnpefeay f(x):
lim m=Ilim M=F (x).
h—0 h—0

Ho Toria W 3akmodeHHoe MexAy HHMH 3Hauenne SCTR—S(® (""";l =S
crpemutes K f (x), lim S "+’;l—3 D —f (x).

Cayuaii, koraa h<<0, pas6upaercs aHajoruyHo. ClieoBaTe/IbHO,
S’ (x)=f (x). Teopema nokasaHa.

M3 Teopembl 1 HemocpeiCTBEHHO CJefyeT BaXKHOe YTBepXKIEHHe:

Teopema 2. Jlioban ¢pynkyus |, Henpepoienas na otpeske [a, b] u
UMEIOWAR HA HeM KOHEYHOE 4UCAO IKCTPEMYMOSB, UMEET HA 3ITOM
orpesKe nepeoobpasnyio.

HokasarteabcTBo. Ecid dyHkuus [ mosioxurenbHa Ha oOT-
peske [a, b], To yTBepKAeHHe TeopeMbl 2 BHITEKaeT HEMOCPeX-
CTBEHHO H3 TeopeMhl 1: OHON H3 HCKOMBLIX MepBOOGPA3HBIX ABJIAETCA
miowans S (x) KpHBONHHEAHOH TpaneunH 1 QYHKUMH [ C epeMeH-
HbIM BEPXHHM MpeAe/IOM.

O6wmnit ciyya sierko cBoauTCA K paso6paHHoMy. Tak Kak ¢yHK-
UMl [ HenpepelBHA Ha OTpe3kKe [a, b], OHa orpaHHYeHa CHH3Y Ha 3TOM
OTpe3ke, H NMOTOMY CyLIECTBYeT TaKoe YHCJIO A, 4TO BCIOMOraresb-
HaA ¢yHkuus ¢, rae ¢ (x)=f(x)+ A, nonoxurenpbHa Ha [a, b] Tlo
JlokazaHHOMY BHIIIe OHa HMeeT nepBoo6pa3nyio @. Ho Torna ¢pynkuus
F, rae F (x)=® (x)— Ax, 6yner nepBoo6pasHoii ais f. B camom nene,
@’ (x)=¢ (x)=f (x)+A, u noroMy F’ (x)=(d (x)—Ax) =’ (x)—
—A=f(x)+A—A=f(x).

Cpenn Bcex nepBoo6pa3Hbix A5 GyHKUHMH [ yKa3aHHas B Teopeme |
nepsoo6pasHasi (MIOWIafb KPHBOJHHEHAHOM TpaneUuH C NMepeMeHHbIM
BEDXHHM Npe/ie/IOM) BHIENAETCA CJAEeAYyIOIIHM YCJOBHEM: OHa paBHa
HyMo npH x=a, S(a)=0. Orciona BHITeKaeT, 4TO MJOIlaAb Bcel
KpHBosiHHedAHOA TpaneuuH ABCD ua pucyHke 17 paBHa 3HauyeHHIO
TPH x=5b Tof nepBooGpa3Hoit pyHKUHH [, KOTOpasms o6pailaercs B
HyJb npu x=a.
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I1pumep. HaiftneM miomaab KPpHBOJHHEAHOH TpamneuuH, orpa-
HH'-[eH;IOﬁ ocbio a6Gecuucc, NpAMBIMH x=1 H x=5 H rpadHKOM QyHK-
IHH X°.

PeweH ue. [TepBoo6pasHbiMu 151 PYHKUHH x° ABASIOTCA QYHK-

uuu Buga F (x)=%3 + C. Ham Hago nogo6GpaTth noctosnHyio C Tak,
yTOGH BhIMOJIHAJOCH paBeHcTBO F (1)=0, T. e. l;—+C=O. Orciona

C= _‘_; , H OTOMY F(x)=% ———;-. [Mpu x=>5 nonyuaem: F (5)=
=%3 _:‘;—=41%. 3HauMT, HCKOMasi IJIOIAaAb PaBHA 41—;"-

JlaHHOe Bblillle MpPaBHJIO AJfA OTHICKAHHA MJOLLAAH (HAATH Ty mep-
Boo6pa3Hyl0 QyHKuMH f, KoTOpasi oGpaiaercsi B HyJb NPH x=a, H
B3iTb € 3HaueHHe NMpH x=>b) HecKoNbKO rpomo3nxo. B caenyioiem
MyHKTe Mbl YIIPOCTHM €ro, BBe[sl IOHATHE ONpeJeJeHHOro HHTerpaJa.

YnpaxHeHHn

35. Moxer aH nuowajab KPHBOJMHEHHON TpamelHH C NepeMeHHHIM BEpXHHM Mmpefe-
JioM paBHATbesA F (x), ec/in cieBa OHa OrpaHHYeHa NPSAMOR x=a, cBepXy — rpacdu-
KOM QYyHKUHH [ H:

1) a=2, f (x)=4x>, F(x)=x*—16;

2) a=0, f(x)=cos x, F(x)=sinx+1;

3) a=1, f(x)=4x>, F(x)=3x% -

4) a=—g , [ (x)=1—sin x, F(x)=x+cos x—% ?
36. Hafinare naomanbr KPHBOJMHEAHOH TpaNelHH C MepeMeHHHIM BEPXHHM mnpele-

JIOM, €C/IH CJIeBa OHa OrpaHHYeHa NPAMON Xx==a U CBepXy — rpadHKkoM (PYHKIHH

f, rne:
1) a=0, f(X)=x+44; 2) a=3, f (W)=2"+1;
3) a=—1, f (x)=9—4x% 4) a=0, [ (x)=cos x.

37. HafigHte mJowanb KpHBOJHHEHHOA TpanelHH, OrPaHHYEHHOA cBepXxy rpadukoM
GYHKIHH [ H c GOKOB NPAAIMHIMH x=a U x=0>, eciu:

1) a=1, b=4, f(x)=x*—1; 2) a=0, b=1, f(x)=ﬂ_l—xg;

3) a=0, b=%, f (x)=sin x; 4) a=0, b=%, f(x)=v]ltg. .

4. ®du3anueckHe H reoOMeTPHUECKHE 3aAAYH, NPHBOASAILLNE K NOHATHIO
onpejeAeHHOro HHTerpana. Mul yxke yka3nlBaJiH Bblllle, UTO HHTETpaJib-
HOe HCYHCJIEHHe NPHMEHSIeTCs JJIA ONpellesieHHs] MyTH, MPOHAEHHOTro
B TeueHHe NPOMEXYTKa BpeMeHH [a, b), ecsin H3BeCTHa CKOpOCTb B
KaXAbIA MOMEHT BpeMeHH { 3Toro nmpoMexytka, v==(f). Takue u
Gosee o6umiHe 3afaydH BO3HHKAIOT, HAampHMep, B KOCMHYeCKOH
HaBurauuH (TaM NPHXOZMTCA OINpPeAe]ATb MYThb MO 3aJaHHLIM 3Ha-
yYeHHAM YycKopeHHs1). Pemnm ciepyiouiyio 3ajgauvy:
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.MMpumep 1. U3BectHa cKOopocTb NPAMOJHHEHHO ABHXKYILeMHcs
TOUKH B Ka)XKIblii MOMEHT BPEMEHH ! POMEXKYTKa BPeMeHH [a, b, v =
=f (f). Hafinem nepemellieHHe TOUKH 3a 3TOT MPOMEXKYTOK BPEMEHH.

Pew e HHe BubepeM Ha npsiMoil, 10 KOTOPOH JABHKETCH TOYKa,
CHCTEMY KOODAHHAT H 0603HauMM uyepe3 F (f) KOOpDAMHATY TOYKH B
momeHT BpemenH {. Toraa nepemelleHHe TOYKH 3
spemend [a, b] 6yner paBHo pasnoctH F (b)—F (a). Ho Tak xkax
¢KOpOCTb €CTh POH3BOJHAA KOOPAHHATHI N0 BPEMEHH, T. €. [ (X)=F’(x),
1o F — nepBoo6pa3Has nas ¢pyHkuus f. [TosroMy nepeMeiieHHe TOyku
paBHO Pa3sHOCTH 3HayeHW# nepBoo6pasnoit F B Toukax b n a. Same-
qaTeien TOT (akT, 4to 3Ta pa3Hoctb F (b)—F (a) He 3aBHCHT ot
Bbi6opa HavaJsa KoopAHHaT Ha npsimod. I[lpu mpyrom Bhi6ope 3Toro
Hayajla KO BCEeM KOOPAHHATaM NpuGaB/sieTcsi OAHO H TO XKe YKo
C, a pasHoctu (F (b)+C)—(F (a)+C) n F(b)—F (a) pasHn npyr
ApYrY-

[Ipumep 2. HafineM miowmaab KpHBONIHHEAHOH Tpaneuuu,
orpaHHYeHHO#H ocblo abcunce, rpadHKOM HEOTPHLLATENbHOH HeNpephB-
HOW (YHKUHH [ H BepPTHKAJAbHbIMH MPAMBIMH X=a H x=b.

Pew e Hue. Bubepem Ha ocH a6Gcuucc TouKy T (¢) H 0603HaynM
yepe3 F (x) naomaab KpHBONHHEAHOR TPaneuHH, OrpaHHYEHHOH CBepxy
TeM XKe rpadukoM QyHKUHH f, a ¢ GOKOB NMPSIMBIMH, NapaJuleJbHHMH
OCH OpAHHAT H NMPOXOAAUIHMH yepe3 ToukH T (¢) H P (x) (puc. 18).
Hckomas mioumiafib {paBHa Pa3HOCTH MJoMiaAed KPHBOJHHEAHBIX
tpaneuui TQCB u TQSA, 1. e. F(b)—F (a). Ho Mu noka3sanu B
n. 1, yro F aBasierca oaHo# M3 mepBooGpasHbIX WA (YHKUHH f.
3HauuT, nuoWaAb KpuBOJAHHe#HOH Tpaneuuu ASCB paBHa pasHoctH
3HauyeHHA nepBooGpa3Hoft AnA ¢yHKuuMH [ B Toukax b H a. Kak u
Bhille, y6eXKaaeMcs, 4YTO 3Ta Pa3HOCTb He 3aBHCHT OT BbI6Opa neppo-
o6pasHoit (T. e. ToukH T (¢) Ha ocH abcuHcc).

Mub pa3o6pann aBe 3ajayd, B KOTOPbIX OTBETOM OKasajach
pa3HoCTb 3HaueHHH NepBooGpasHoil F pas GyHKUHH [ B TOuKax b u a.

Onpedesnenue Pa3nocth 3HaueHHdi mnepBooGpasHoll s
¢yskuuH [ B Toukax b M @ HA3BIBAIOT ONPeOEAEHHOIM UHTE2ParoM
arod ¢ynxyuu or a do b.

[TokaxkeM, 4TO onpeesieHHBIA HHTErpaJ He 3aBHCHT OT TOr0, KaKyio
MMeHHO nepBoo6pa3Hyio Aas ¢pyHKuMH [ MH BuiGpanu. B camoMm aere,
nyctb ¢pyukuud F u @ ABASIOTCA NEPBO-
o6pa3HuiMH st ¢yHkuud f. Toraa onu vl

MOryT OTJIHYAaTbCA APYr OT Apyra JIHIb
nocTosiHHNM cjaraempiMm C, O=F}C. S
Ho torpa umeem: Q

® (b)—® (@)=(F (b)+C)—

—(F (@)4 C)=F (b)—F (a), 7
H MOTOMy Pa3HOCTb He 3aBHCHT OT 3Ha-
Yenus C. ol 7o A ) O

HUmenHO 3THM cBOlCTBOM OGBACHSIETCS © A@ PCo  B(b) x

HazBaHHe «OMpelesieHHbIH HHTEerpajis: Puc. 18
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B TO BpPEMSl KaK Heompeje/JEHHbA HHTErpaj SIBJASETCA HEKOTOPOR
COBOKYIHOCTbIO QYHKIHH, OTJIHYAIOMMXCSA APYT OT APYra NOCTOSHHEIM
cjlaraeéMbiM, oNpefie/ieHHBIA HHTerpaJ HMeeT onpefe/ieHHOe 3HaueHHe,
He 3aBHcsillee OT BLIGOpa 3TOro CJaraeMoro.

Onpenenennuifi HHTerpaa QyHKUMH f OT a 10 b 0603HayaIOT TaK:
b

S f (x) dx. TIpu sToM GyKBY x MOXKHO 3aMeHHTb J1I060# HHOM, HanpHMep
b b

:{annca'rb S f (¢ dt, S f(s)ds u T. n.

a b a
OGo3HaueHHne S f(x)dx unraior Tak: «OnpemeseHHHA HHTerpan

a
oT a 110 63 3¢ OT HKC A3 HKC». UHCaa a v b Ha3bBaIOT npedesamu unree-
puposanus (a — Hudchum, b — sepxnunm), 3natcs — 3HAKOM UHTe2pa-

sa. Ecar a<b, 10 oTpe3ok [a, b] Ha3bBaOT 0TPe3KOM unTe2puposa-
HUAL H BMECTO «HHTErpajl oT @ A0 b» TrOBOPAT «uHTe2par no orpesky
[a, b]». Pynkunio f Ha3LBaOT noduinTezparsroll Pynkyuel, a Bupa-
XKeHHe f (x) dx — nodviHTe2pasbHOM BLIPANCECHUEN.

Hrak, no OnpefiesieHHIO HMeeM:

{ F(x)dx=F (6)—F (a), (1)

rae F — onHa u3 nepnaoo6paa'ﬂux ¢yukunn . YacTHoIMH ciydyasiMu
3TOro paBeHCTBa ABJSAIOTCA (HOPMYJIbl
b

s=\f(at @)

b
S={F(x dx (3)

IS nepeMellleHHs] TOUKH H LA oA - KPHBOJIHHEAHO# ‘TpaNenuH.
B ¢opmyae (2) f (f) — MrHoBeHHasi CKOPOCTb TOUKH B MOMEHT BPeMEHH
t, [a, b] — npomexyTok BpemeHu, a B popmyde (3) f(x) — byHkuus,
rpaHK KOTOpOA OrpaHHYHBaeT CBepXy KPHBOJHHEAHYIO TpaHeuHio, a
[a, b] — orpe3ok, Hax KOTOpHIM JIeXKHT 3Ta Tpameuus. Popmyay (1)
Hasviearor popmyrod Herorona — Jleibruya.

W3 nannoro Bhillie onpesiesieHHS CJEAYeT, UTO OAR BI4UCACHUA 3HA-

b

4eHUus. onpedesenH020 UHTeZpasa Sf (x) dx nyxcno:

1) na#iTH Kakyo-uHGYaAb nepBooGpasHyo F aast yHKUMH f;
2) BoiuHcaHTb 3HaueHHs F (b) u F (a) 3Toit nepBoo6pa3Hoft B TOU-
Kax b u a;
3) Ha#TtH pasHocts F (b)—F (a).
Pasnocrb F (b)—F (a) ans xpatkocTH 0603HavaioT Tak: F (x) l:
b

3Haunr, () dx=F (x|,
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Mpumep 3. Buuncaum uHTerpan S sin xdx.

- 0 .
PemeHnue. I[lepsoo6pa3nofi pmasi ¢QyHKuumm sin x sBasiercs
—cos x. [Toatomy

S sin xdx= —cos x | ;= —(cos n—cos 0)= —(—1—=1)=2.
0 2
Mpumep 4. Boluncaum Sx"‘dx.

PemeHnHue. -2
2

3, %t |2 =2_‘_(—2)4=E __ 16 —
S"d"—T —2 4 el
4

Mpumep 5 Buuncaum S(x3+6x2+5) dx.
PemeHHe. -2
4
4 3 4 4 43
_S? (x* +6x2+5) dx=("7+6-1‘3— +5x)|_2=47+9—;—-+5-4.—
—(Lff’—l‘+ﬂ;ﬁ’+5-(—2))=64+128+20—4+16+10=234.

[Tpumep 6. BuluHciHM miowmaab KPHBOJHHEHHOH TpameiuH,
OrpaHHUeHHO! CBepxy rpadukoM (yHKuMH y=x’-1, CHH3y OCbIO
abcuuce, a ¢ 60koB npAMbBIMH x= —1 U x=3 (puc. 19).

Pemenne Ilo q)opmyne3 (3) moayuaem, uro

S={ (+1)dx.

=2
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ITepBoo6pa3nas ¢pyHKuHH xt"+1 paBHa ’;—3+x, H MOTOMY
x3 3 33 —1)p 1
S={(F+x)| -, =F+3 (5 H(=1) =134

[Ipumep 7. Hafinem naomanas ¢urypn, orpaHaueHHOH CBEpXy
napaGoJsioit y=9—x?, a cHu3dy ocblo a6cunce (puc. 20).

Pew e Hue. CHauasa HafileM TOUKH, B KOTOpHIX mapa6oJia nepe-
ceKaercs ¢ ocbio a6cuuce. Pemas ypaBhenne 9—x? =0, nosyuaem:
xXy= ?3 H x9=3. [losTOMy HCKOMasi IJIOMIaAb BLHIpAXKaeTcHA Tak:

=S(9—x2)dx=(9 -133-)|3_3—_—27———( 97— !‘—WL)
=3

[Tpumep 8. BuuncauM 3HayeHHe HHTErpaJa S VRZ—xdx.

Pemenne. Ypasuenne y=-/R’ — %% MOXHO 3afHcaTb B BHIE
2+ y*=R?. OHo o03HauaeT, 4TO pacCTOsiHHE OT TOuKH M (x; y)
J0 Hayajla KOOpPJAHHAT PaBHO R, T. €. YTO TOYKa M JIeXKHT Ha OKpYX-
HOCTH pajuyca R c ueHTpoM B Hayaje KOOpAHHAaT. YacTb KpHBOJIH-
He#HOH TpaneuuH, pacnoJiokeHHas HaJ OTpe3koM [— R, R}, siBasercs

NOJYKPYroM pajanyca R IJolaAb KOTOpOro paBHa —:rtR2 3HauHr,

| P

Tor ke pesyabrar l'lOlean’I‘CSl, €CJIH HCNOJIb30BaTh JJISi BLIYHCJICHHSA
dopmysy (4) m. 4 § 1:

SR VRE—x’dx=(% arcsin —%+%w/R!—x’) | R_R=

=32—2 (arcsin 1 —arcsin (— l)) =% % —( -—%)) =

3ameuanHe Ecin ¢Qynkuua [ npunumaer Ha orpeske [a; b] He TOJBKO
NOJIOXKHTebHHE, HO H OTPHIlaTe/IbHHE 3HaUeHHS, TO | [ (x) dx paBeH Pa3HOCTH MeXAy
a

MIOWAbI0 YaCTH KPHBOJAHHeRHO# TpaneuuH, Jexailled Hajl ocblo abcuucc, H MJO-
Hlafibl0 ee YacCTH, JieXaled HHXe OCH aGCLHCC.

[Tpumep 9. Boluncium uHTerpan S sin xdx.
—n
Pemenne. Tak kak cHHycoWJa CHMMETPHYHA OTHOCHTEJIbHO
toukH O (0; 0), To yacTb KpHBOJHHEAHOH TpameuHH, pacnoJoXeHHas
Bhlllle OCH a6ClUHCC, HMEeT Ty XKe IJIoIakb, YTO H YacTb, PACMoJIOXKeH-
Hasi HHXe 3TOi ocH. Pa3sHocTb miouiajed paBHa HYJIO, H NOTOMY

§ sin xdx=0.
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Y

{(x)

dx

Puc. 21

Mpumep 10. Hafinem nyrb, npoiiileHHHIA npH cBOGOAHOM maje-
HHH TEJIOM 3a NepBble NATb CeKyHA (yckopeHHe pasHo 9,8 m/c?).

PemeHnne. Tak kak cBo6oAHOE NMaficHHe PaBHOYCKOPEHHO, TO
CKOpPOCTb B MOMEHT BpeMeHH ! paBHa gf, v=gf=9,8 {. 3Hauur,
nyTb, NpOffeHHHA 3a npoMexyTok BpeMeHH [0; 5] Bbipaxkaercs
onpefeNicHHBIM HHTErpajoM:

5
5
as 0,81t =28| —49.25=1225 m.

[Tpumep 1l. Hafinem naBseHue, oka3niBaeMoe BOJOH Ha IJIO-
THHY, HMelomyio ¢popMy TpeyroJbHHKa, 06pallleHHOro BepPIUHHOH BHH3,
€C/IH OCHOBaHHe TpeyroJbHHKa paBHO [/, a ero BhicoTa paBHa h.

PemeHue. Bo3sbMeM nosiocky «6eCKOHEYHO MaJIo# BHICOTHI» dx,
HaxoAsmyiocss Ha ray6une x (puc. 21). M3 nomo6us TpeyroJib-
HHKOB MojJy4aeM, 4To AJaHHAa [(x) 3TOH MNOJIOCKH YIOBJETBOpSET

paBeHCTBY ﬂlﬁ=h ;x , OTKyZa l(x)=—(h-:hﬁL. 3HauHT, JoMaAb

NOJIOCKH paBHa dS =(£-_-hL)£dx, a JaBJieHHe Ha Hee paBHO dP =

x(h—x)1
=(—h'—'-L dx. Yro6hl noJy4yuTb JAaBjleHHe Ha BCIO ILIOTHHY, HaJl0

npounrerpuposath dP no x or x=0 g0 x=h:

h

P=S x(h—x)1 dx=l—S: (h—x) dx=L(£—h—3) =L 2

3HauuT, HCKOMOE NaBJIeHHE PaBHO —é—lh”.
U3 ¢popmyant Sf(t) dt=F (x)—F (a) u paBeHctBa F’ (x)=f (x)
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BbIT€KAeT, UTO

(§ 7 @) dt) =F (x).

Takum oGpasoM, ecau ¢yr‘2xuuﬂ f nenpepwsna na orpeske [a, b] u
UMEET HA HEeM KOHEeYHOe HUCAO MAKCUMYMOB U MUHUMYMOS, TO
npou3sodHasn onpedeseHHO20 UHTE2PAAA OT 3TOU PYHKYUU NO BepxHe-
MYy npedeay pABHA 3HAYEHUIO NOOLINTE2PAALHOU (YHKYUU 8 COOT-
sercreyroweld Touke.

YnpaxkueHusn

(2 g :
38. dyukuusa F(x) 3agaerca ¢opmynaon F (x)=S (arcsin® t4+4¢%) dt. Haitaure F’ (x).
39. Hafiaure npou3BoxHble QyHKIMiL: !

1) F( )_sfﬂ"—tdt 2) F(x)= S"f'dt.

Ny
40. Haiigure Touku 3kctpeMyMa ¢yskuuu F, rae:
C sin ¢ dt (#5044
1) Flx)=\ —; 2) F(x)=\ —4m8M8M8MM—
) F@® S itz D Fe S 14 sin £
0 0

41. Bouncaxre HHTErpaH:

(Y]

1

2 5 ;
1) S(x2+4)3 dx; 2) S \/ﬁ“—xf 3)8 25+ = Ssm 2xdx; 5)
= - [}

2

cos xdx.

O

-1
42, I'lonﬁepme AuB T4K, YTOGH BHMOJHAJHCh PaBEHCTBA:
S(Ax+B) dx=0wu S(Ax+B)xdx.—l
43. Hon6epm'e A, Bu C TaK, YTOGH BHIMOJHAJNHCH PaBeHCTBa:

1 1
S(Ax2+Bx+C) dx=0, S(Ax2+Bx+C)xdx=0 u
—i -1

1

{ (a¢ +Be+0)de=1.

—1

44. Hafizute miowanp KpuBoJuHelHOA Tpaneluu, OrpaHMueHHO# ocblo aGcuuce,
npsAMBMH x=0, x=2 u rpadukomM pyskuuu y=x*-+ 25’4 4.

45. Haiinure miomanb KpHBOJMIMHEHHO#H TpanenuH, OrpaHH4YeHHOM ocbio abciuce,

npaMumMi x=0, x=1 u rpadukom pysKuuu -’/=1_'l_x7‘

46. Hafinure naowmanb, orpaHuyeHHyi0 ORHON BOJNHOM CHHYCOMAH y=sin x H OCbIO
a6enucc.
47. Haidinute nuomanb, orpaHiuyeHHyio napa6oaoi y—x2+2x—8 H ocbio abciuce.

48. Hafinure miomab, OrpaHHYEHHYI0 KPMBHMH y=— H y=-/2x.
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49. BLUHC/IHTE TUIOWAAb GHUIYPH, OrPAHHUCHHOR CTEAYIOIHMH JHHHSMH:

a) y= —%3 ,y=—x% x=1; B) y=2cosx, y=1, ——% gxg%;
6) y=—32 , y=x—l; x=1; r) y=x*—13x2436, y=0.

50. C Kako#i CH/IOH BOJla NaBHT Ha BEPTHKAJbHHI NPSAMOYroJibHHI 1IAI03 C OCHOBa-
uueM 18 M H BHcoTO# 6 M?

51. BuuHC/AHTe, C KaKO# CHJIOH Boja NaBHT Ha BEPTHKAJbHYIO MJIOTHHY, HMEIOULYIO
¢opMy TpanelHH, BepxHee OCHOBaHHe Kotopo#t paBHO 70 M, HH)kKHee — 50 M, a
Buicora — 20 M.

52. Bouucante paGoTy, KOTOPYI0 HEOGXOAMMO 3aTPpaTHTh, YTOGH BHIKAyaThb BOJAY H3
pe3sepByapa, uMeoiero GopMy KoHyca, o6palleHHOTO BepIMHOA BHH3. Bhicora
KoHyca h, paauyc ocHoBaHHA R.

53. Buuucaute paboTy, KOTOPYIO HeO6XOAHMO 3aTPATHTD, YTOGH NOJHATD TEJIO MAcCoi
m ¢ noBepxHOCTH 3eMJH Ha BHCOTY h (pagHyc 3eMAH NpPHMHTE pPaBHHIM
R=6400 km). C noMouibio MOJNYYEHHOTO pe3yJbTaTa OMNpe/leJIATe BTOPYIO
KOCMHYECKYI0 CKOPOCTb (CKOPOCTb, MPH KOTOPOH BEpPTHKaJbHO NOAHHMAlOLLeecs
TeJIO MOXKET MOAHATHCS Ha JI06yl0 BHCOTY).

5. BoluMcaeHHe reOMETPHYECKHX H (PH3MYECKHX BEJHYHH C NO-
MOLUbIO OMPEAEJEHHON0 HHTerpaja. Mbl BHIENH, YTO C MOMOUIbIO
onpefie/IeHHOr0 HHTErpaJja MOXKHO HaXOZHTb IVIOILAAH KPHBOJHHEH-
HBIX GHIYp, MyTb MPH HepaBHOMEPHOM NBHXXeHHH. Uro6n HafiTH He-
KOTOPYIO IeOMETPHYECKYIO HJIH (PH3HYECKYI0O BEJIHYHHY C NOMOLIbIO
HHTerpaJjla, NocTynaioT CAeAylolHM 06pa3oM:

1. BupaxaioT HCKOMYI0 BeJHYHHY Kak 3HayeHHe B HEKOTOpO#
Touke b pyHKuuH F.

. 2. HaxomaT npousBoanyio f 3Tol yHKUHH.

3. Bulpaxaior ¢yHkuHio F B BHAe omnpelesieHHOr0 HHTerpaja oT
f H BHIUKCJAAIOT ero.

4. MMoacraeasAss 3nayeHHe x=b, HAXOAAT HCKOMYIO BEJHUHHY.

I[Tpuwmepl. O60o3Hauum uepe3 S (x) o agb CeYeHHsA HEKOTOPO-
ro te1a V naockocTeio, napasienbHol miockoctd yOz (puc. 22) u or-

z* z)

o

[+
\.

x
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crosimied OT Hee Ha paccrossHud x. Halinem o6bem 3toro Ttena
MPH YCJIOBHH, YTO OHO 3aKJIOUYEHO MEXJY IVIOCKOCTAMH X=a U x=~5
(0<<a<<b). (Tounoe onpenesieHHe NOHATHS 06beMa H GOPMYJTHPOBKA
OCHOBHBIX CBOHCTB 06beMOB OTHOCHTCSI K KypCy FeOMeTpHH, H MHI
ONMyCKaeM HX O6CYyXKAeHHe.)

Pe m e 1 u e. O603HaunM uepe3 @ (xo) ceyenHe Tea V naoCKOCTbIO
x=xo. Toraa S (xo) — mrowannr ¢urypat @ (xo). Pagu npocroTh
H3JIOXKeHHSI noTpeGyeM, YTOGH BBHINOJHAIHChL CJEYIOLIHE YCJOBHS:
¢yHkuna y=3S (x) HenpepniBHA M NpH Xx;<X; NPOEKUHS CEYECHHS
@ (x1) Ha nIOCKOCTb YOz COAEPKHUTCA B MPOEKUHH HA TY XKe INIOCKOCTb
ceueHHs1 @ (x2) (MHHIMH CJOBaMH, TeJIO pacCIIHpAETCS TpH ABHXKe-
HHH OT a K b). O6o3Haunm yepe3 V (x) o6beM 4acTH Teaa, COOTBET-
cTBylole# oTpe3ky [a, x] (puc. 23).

Haiinem npoussoanyio pynkunu V (x). s sToro Bh6Gepem Kakoe-
HHOYyIb 3HayeHHe xo H AaAuM eMmy npHpaiieHHe h>0. Torma
V (xo+h)—V (x0) 6yner o6beMOM CJIOsI AAHHOTO TeJla, 3aKJIOUEHHO-
ro MexXJay MJOCKOCTAMH m:; U mg (puc. 24). M3 ycioBuii, kKoTopnim
YAOBJIETBOPSIET [aHHOE TeJo, cJieAyeT BHINOJHEHHe HepaBeHCTBA:

S (k) A<V (xo+h)—V (x0)<<S (Xo+h) h.
B camom nene, S (xo) A — 06beM UHMJIHHIPHYECKOTO TeJa, LEIHKOM

Jexaiuero BHYTPH c1osi, a S (xo+ h) h — o6beM UHIHHIAPHYECKOTO
Tesia, cofiepxKauiero 3Tot ciaoi (puc. 25). 3naumr,

$ () S TEAA=TINC 5 (0 4-h). (1)

®ynkuus y==S (x) HenmpepelBHA B TOuKe xo. [loatomy, koraa h crpe-
MHTCSl K HyJIO, 3HaueHHe S (xo+ ) cTpeMutca K S (xo). [To yTBepxk-

V (xo+h)—V (x0)
h

AeHuio U3 n. 3 § 2 raaeu IV cTpemuTcs K S (xo).

3Hauur,

z\ |

A

- \ i

\ \ I

il I

j | 1)

J \Ji

— /
P4
i

Puc. 24 Puc. 25
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v’ (xo)=lim M):_ﬂf&)_—_s (xo). (2)

Hs paBeHCTBa (2) caenyer, uto ¢yHkuHa y=V (x) saBasercs
nepBooGpasnoii 11 ¢yHKumH y==S (x). Orciona B cuay ¢opmy-
an HpioTOHA — Jlendmma HMeeM:

SS(x) dx=V (b)—V (a).

Ho V(b)=V, V (a)=0, u notomy
b
=S S (x)dx. (3)

a

[Mpumep 2. Halinem o6bem KOHyca, HMelOLEro paaHyC OCHOBA-
uua R u BHcoty H.

Pew e Hue. [loMecTHM BepiIMHY KOHYCa B HauaJj0 KOOPAHHAT O
(puc. 26). M3 reoMeTpuH H3BECTHO, YTO IVIOUWIAJH KPYrOB OTHOCATCSH
KakK KaanpaTu HX paauycoB. M3 pucyHka 26 noayuaeMm, u4TO

AR

nl(i’x’) ?- -71;- u noromy S (x)= =7 ITo popmyne (3) umeem:

H H
L AR i _ nR? 24 aR? 1 |H nR2H
e T e
0 0

BooGiue, ecan dyHKuHA [ HenpepblRHa H HeOTpHIaTe/bHAa Ha OT-
peske [a, b], T0o o6beM V Tesa, NOJYYEHHOrO NpPU BPALIEHHH COOT-
BeTCTBYyIOLleH KPHBOJIMHEHHOH TpameuHu BOKpyr ocu abcuucc
(puc. 27), Buipakaercsi ¢popMmyJoi

b
V=n{ 7 (x)dx.

Puc. 26 Puc. 27
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Asi 0Ka3aTeAbCTBA AOCTATOYHO 3aMETHTb, 4T0 S (x)=ny’=
=nf* (x).
[Tpumep 3. Hafinem o6bem mapa paauyca R.
P e w e n 1 e. [llap nonyuaercs npu BpallleHHH BOKPYT OCH aGcuuce
noyKpyra. YpaBHeHHe MOJYOKDYKHOCTH HMeeT BHA: y=-/R°— x’.
[TosTomy

R
ve=n§ ®—2 dr=n(Rx—%)|" =2ar’

B ¢u3snke onHcaHHYIO BhlIIe CXeMy NPHMEHSIOT OGLIYHO B YNpo-
uweHHoM BHAe. MckoMble BeIHUHHBE pacCMaTpHBAIOT KaK «CyMMbl 6ec-
KOHEYHOTo yHcJa GeCKOHeYHO MaJibiX BEJIHYHH», a oOlpejiesieHHbIH
HHTErpajl CYHTAlOT HMEHHO Takoi cymMMoi. XOTfl 3TOT NOAXon He
HMeeT TOYHOrO0 MaTeMaTHYEeCKOro CMhICJa, HO BeCbMa HarisileH H
NPHBOJAHT K BEPHBHIM pe3yJbTaTaM.

YnpaxXHeHHA

54. Buuncante pa6oTy, KOTOPYIO Hajg0 3aTpPaTHTb, YTOGb pacTAHYTb NPYXHHY, Ha-
XoAfuYylocs B TO/IOKEHHH paBHoBecHst, Ha 10 cM. M3BectHo, 4To mpH pacrsxe-
HHH TIPYXHHH Ha | cM cHjia HaTsikenHst paBHa 5 H.

55. Buuncinte pa6oTy, KOTOPYI0O HeoGXONHMO 3aTPaTHTb, 4TOGH BHKayaTb BOIY
H3 BEPTHKaJbHO cTOsillefi WHCTEPHH, PafiMyC OCHOBaHHA KOTOpO#A paBeH R, a
BHicoTa H.

56. BuunciHTe paGoTy, KOTOPYIO Hal0 3aTPaTHTh, 4TOGH BHKayaThb BOAY H3 pesep-
Byapa, uMeiouiero GpopMy yceyeHHOro KOHyca BHICOTOR H, €C/H pajiHyC HHXKHETO
OCHOBAHHSt paBeH 7, a BepxHero — R, R>r.

57. BouHC/IHNTe KHHETHYECKYIO 3HEpruio OXHOPORHOTO JHCKa Maccok m H pajgHyca r,
BpALIAIOWIErocss C YIJIOBOH CKOPOCTBIO © BOKDYr OCH, MPOXOAsllEeH uepe3 ero
IEeHTP NepneHAHKYASIPHO K ero MJAOCKOCTH.

58. Hafinure cuay naBjenusi BOAH Ha BePTHKAJbHYIO TPEYroJbHYIO INIACTHHKY € OC-
HOBAaHHEM @ H BHICOTOM h, MOTPYKEHHYIO B XKHAKOCTb TaK, YTO ee BepIIHHA JEeXHT
Ha MOBepXHOCTH (pHc. 28).

6. Ceofictea onpeaeneHHoro unrerpana. BoiBegeM HeKOTOphle
CBOMACTBa OMNpeAeJeHHOro HHTerpaJja, HeloCpeACTBEHHO BBITEKaloulHe
U3 ero onpeseneHHa. Mol 6yneM, He oroBapHBasi 3Toro 0oco60, CUHTaTh,
yTo pyHKUHA [ HMeeT nepBoOGpa3HYIO Ha OTPe3Kax, I'le OHa paccMmar-
pHBaeTcs.

1. I1pu nepecranoske npedeaos unrezpu-
posanus onpedeseHnbili UHTe2PAA MeHAeT

3HAK:
h a b
V£ (x)dx=—(F () dr. (1)
a b a
Puc. 28 B camom pene,
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b

[ F (x) dx=F (6)—F (a),

a

{ 7 (x)dx=F (a)—F (8).
b
Ho F (a)—F (b)= —(F (b)—F (a)).
2. [laa 2106020 3Ha4eHUs a cnpasediuBo paseHCT80

a

{f(x)dx=o0. (2)

a

B camoMm neJne,

ff(x)‘dx=F (a)— F (@)=0.

a

OueBHlleH TeOMETPHYECKHH CMBICJ paBeHCTBa (2): mpH a=b Kpuso-
JAuHeHasl TpaneuHs MpeBpallaeTcsi B OTPE30K H ee IVIOLIAlb pPaBHA

VS Jan woboix snauenud a, b u ¢ 6EPHO PaBENCTE0
if(x) dx=if(x) dx+§f(x) dx. (3)
B camom zede,
if(x) dx=F (b)—F (a), if(x) dx=F (c)—F (a),
if(x) dx=F (b)—F (c),
a F (b)—F (a)=(F (c)— F (a))+(F (b)—F (c)).

Feomerpuuecknit cmbicn pasenctBa (3) mpu a<<c<<b mokasan Ha
pHCyHKe 29.
Crenyioiee cBOHCTBO ONpe/le/IEHHOTO HHTErpaJia Jerko cleyeT U3
CBOHCTB NepBOOGpa3HOii.
4. Cnpasedausol pasencrea:
b b b

Vo 0+ w () dx={ ¢ (x) dx+ v (x) ax (4)
u a a a
b b
[ Ap () dx=41 ¢ (x) ax. (5)

Hokaxem cuauana paserctso (4). IMyctb nepsooGpa3nasi GyHK-
UHH ¢ paBHa @, a nepBooOpasnasi ¢pynkuuu p pasia W¥. Tak kak
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yA A

\"

Puc. 29 Puc. 30

A |

toria (P + V) =0’ + ¥’ =9+, To dyHkuua @+ ¥ asasercs nep-
BooGpa3noit 11s ¢+ . CrenosartenbHo,

[ (@ (04 (x) dx=[® () +¥ (0] I5=
=0 (b)+ ¥ (b)— (¥ (a +‘I’(a))—

=0 (6)—® (a)+¥ (6)— ¥ (a) Sw(x)dx+5w<x)dx

PaBeHcTBO (5) aHaJIOTHYHO BHIBOAHTCS M3 TOTO, YTO
(ADY =AD’'=Ag.

PageHcTBO (4) no3BoJssieT BHBeCTH GOPMYJTY MU BHIUHCIAEHHS IJIO-
ILafH TaKHX QHrYyp, Kak (urypa, nao6pakeHHasi Ha pucyHke 30. drta
¢urypa orpaHHueHa cBepxy rpapukomM QYHKUHH [z, CHH3Y rpadHKOM
(OYHKUHH fi, a TakKXKe BepPTHKAJbHBIMH NPAMBIMH x=a, x=0 (a<<b);
OyHKUHH fi H f, HempephLIBHH H HEOTPHIATeJbHH Ha OTpe3ke [a, bl

IMromaner S 3Toft ¢purypsl paBHa pa3HocTH miomaged S; u S,
rie S; — naowanp tpaneunH aA.Bsb, a S| — niomanbL TpameuuH
aA,B,b. Ho

=S fi (x) dx, SQ=S fa (x) dx.

3Hauur,
b

) b b
S=8,—S8={ fo (x) dx—{ 11 (x) dx={ (2 (x)— }: (x)) dx.

a

3ameuanue dopmyra

={ (Fa ()= (x)) dx (6)
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crpaBeJIHBa He TOJbKO IS CJjydas,
kordia ¢yHKuHH f, H [» HeoTpH-
paTeAbHH Ha oTpeske [a, b]

I1pumep. Hafinem naomanb ¢u-
rypbl, OTPaHHYEHHOA JHHHAMH y=x
H y=-/x (puc. 31).

PeumeHue B nanHom cayyae He
yKa3aHbl Tpelleill HHTerpHPOBaHHSI.
Yro6bl HAaHTH HX, HaIO BLIYHCJIHTb abc-
IMCCHI TOY€K MepeceyeHHs1 KPHBBHIX
y=+x 1 y=x". Tak Kak OpRHMHaTH
o6eHX KPHBHIX B TOYKax NepeceyeHHs
OHHAKOBLI, TO pelleHHe 3TOH 3ajlauH CBOAMTCA K PELIEHHIO ypaB-
ueHusi \x=x>. OHO uMeer nABa KopHA: x;=0 H xp=1. ITosToMy
Haf0 HHTerpuposaTth oT 0 no 1. [IpuMeHHB AJs1 OTBICKAHHA NAOMALH

¢dopmyay (6), mosyunm: :

=] E—ar=(- ) 1=

0

YnpaxHeHuns

59. Jlokaxwure, 4to eciu [ (x) — yerHast GyHKIHS, onpejeieHHas A5 BCeX 3HaYeHHHA
X, TO Aas Jio6oro a

{ Fax=2{Fax,

—a 0

a ecqd f (x) — HeueTHasi PYHKUHA, TO

a
{ 10 ax=0
—a
(mafiTe reomeTpHuecKoe AOKA3aTENbCTBO).
60. BriuHcAHTE MHTErpadini:

6 3
1) S (x*+3x—6) dx; 2) S (cos? x+cos* x) sin x dx.

wola

61. [lokaxxuTe, 4To ec/iH m — Llej0e YHCIO, OTJAHYHOE OT 0, TO

§cos mx dx= fsin mx dx=0.

62. Ilokaxure, uto ecin m H n — ueJible YHCHAA, NPHYEM M A1, TO

n n
S sin mx sin nx dx= S cos mx cos nxdx=0.

—x —n
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63. lokaxuTe, YTO MpH JIOGHX m U n -
g

S sin mx cos nx dx=0.
—n

64. C nomoibio reoMeTPHYECKHX paccCyXIeHHA BhiBenHTe (GopMmyay Ais
| var=rat.
0

7. Ouenka 3HaueHHs ONpeAeJeHHOro WHrerpasa. B cayudae, Kor-
na nepBoo6pasHasi GyHKUMH F AAsi NMOABIHTErpajbHOA (YHKUHH He
BHPAXACTCHA 4epe3 3/eMeHTapHbie GYHKUMH, A/l OTHICKAHHA 3Ha-

yeHHsl HHTerpaJa S f (x) dx npuxoautcs npuberaTb K NPHOIHIKEHHBIM

a
MerogaM. OHH OCHOBaHH Ha CJEAYIOIHX YTBEPXIECHHAX, AAIOLIHX
rpaHHUbl, MEXAY KOTOPbIMH JIeXKHT 3HaYeHHe HHTerpaJa.
Teopema. {Scnu a<<b u na orpeske [a, b] pynkyus [ neorpu-

yareavna, 10 S f (x) dx=0.

B camoMm gene, mycTb nepBooGpasHas A QyHKUHH [ paBHa F.
Toraa no ycioBHIO Ha oTpe3ke (@, b] BHIMOJNIHAETCA HEPaBEHCTBO
F’ (x)=F[ (x)=0, u notomy ¢pyHkuus F He y6biBaer Ha [a, b]. 3HauHT,
npu a<<b umeem: F (b)=F (a), u, clief0BaTesbHO,

b

{ F (¥) dx=F (6)—F (@)>0.

U3 3To#i TeopeMbl HeMmoOCpPeACTBEHHO MOJyYaeM:
Caencreue 1. Ecau a<<b u na orpeske [a, b] evinosnserca we-
pasencrao ¢ (x)<<y (x), 10

[ o) x| (x)ax

a

B camoMm znene, u3 yca0OBHS caedyeT, YTO Ha OTpe3Ke [a, b] HMeem:
¢ (x)<<¥ (x), u noromy ¥ (x)— @ (x)=0. Ho Toraa no nokasaHHOMY
b

Bhlllle Noay4aem, qTOS (Y (x)— @ (x)) dx>0, 1, crenoBaTesIbHO, B CHIY

cBoiictBa 4 n. 6

b b

b b
S (%) dx— S(p(x dx=0, 1. e. S ¢ (x) dx<s ¥ (x) dx.

Caencreue 2. Ecau a<<b u na orpeske [a, b] evinoansiorcs
nepasencrea m< f (x)<<M, 10
b

mb—a)<| f(x)dx<M (b—a). (1)

a
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B caMoM JeJie, H3 YCJIOBUH BLITEKAaeT, UTO

[4 b b
| max<{ f (x) dx<<| Max.

b b . b
Ho | mdx=m{ dx=mx | '=m (b—a) u | Mdx=M (6—a).

CaeRoBaTeIbHO, CIpaBeAJHBL HepaBeHcTBa (1).
leoMeTpHYecKHA CMbIc1 HepaBeHCTB (1) siceH M3 pHcyHKa 32 —
niolanb KpHBONHHeAHOA Tpaneunun APQB 3akmodyeHa MeXAy mio-
wajisaMH npsimoyroabHHKoB ASTB u AZRB.
IMpumep 1. Jokaxem, uro
2
1<| »* dx<8.

Peuenue ®Dynkuus x®Bo3pacraer Ha oTpeske [l, 2] H [IOTOMY

ee HaMMEHblee 3HAUCHHE m Ha 3TOM OTpeske paBHO 13=1, a Hau-
Goabluee 3HaueHHe M paBHo 23 =8. [To HepaBeHcTBaM (1) monyuaem:
2

1-2—1)<| Pax<8.@2—1),
1

2
1<| Pax<s.
1

[TonyuyeHHas oueHka HHTerpajsia BecbMa rpy6a. Uro6u mosyuuThb
Goslee TOYHYIO OLEHKY, MpHOeraioT K npeABapHTENbHOMY pa3GHEHHIO
oTpe3Ka [a, b] Ha yacTH. Ecsin 3TH 4acTH JOCTaTOYHO MaJibl, a (PyHK-
uus f HempephiBHA Ha [a, b], To Ha KaxXIO# M3 yacTell HaHMeHblIee H
HauGoJabllee 3HaueHHA 3TOH (YHKUHH Majo OTIHYAITCA APYr OT
apyra. Tlostomy aasi kaxjao#i H3 uacTell MOJiyuaeM CPaBHHTEJbHO
TOYHYIO OLIEHKY HHTerpajia no JaHHO#i yacTH. CYMMHPYSl 3TH OLEHKH
H YYHTHIBasl, 4YTO CyMMa HHTerpaJjioB Mo BCEM YacCTsIM paBHa HHTe-

yA y|
y4 R
M
p
S T
m f(xk-ﬁ,)
ﬁ )
A 8 - Xi Xl -
Ol a“— v /b X 0 a b—a b X
b—a n
Puc. 32 Puc. 33
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rpajsy mo orpe3ky [a, b] nosyyaeM rpaHHIb, B KOTOPHIX JIEXKHT
3HauyeHHe HHTerpaJja.

TakHe OUEHKH 3HaYeHHs HHTErpaja AAIOT pPa3jHYHble NpHGIH-
JKeHHble (POPMYJAH AJisl BHIUHCJAEHHS 3THX 3HauyeHHil. [Ipeamonoxum,
4T0 (yHKUHA [ MOHOTOHHO BO3pacTaeT Ha oTpeske [a, b] Pa3obbem
3TOT OTPE30K HA N PaBHBIX YAaCTEH TOUKAMH @a=1xp <X <...<<X,=b.
Torna Ha orpeske [xk, Xi4 1] HAHMEHBILIHM 3HauUeHHEM PYHKUMH GyaeT
f (x¢), a HanGoabwuM — [ (xe+1). [TOCKONLKY NMpH 3TOM AJIMHA KaX-
b—a

JOTO OTpe3Ka (X, Xr+1] paBHa , TIoJiydaeM, 4To mpH Jio6oMm R

BhITIOJIHEHBI HepaBeHcTBa (pHuc. 33):

Xk41

Fo) =2 <§ f (0 de<F(mar) L2 (@)
CyMMHpys HX, NOJy4aeM, 4TO
n—1 b n
23 )<l [ () dr <P E | (x0) ®3)

Ecau ¢yHkums f y6biBaer, To poJu JieBOH H mpaBoil uyacTeil B
HepaBeHCTBaxX (3) MeHsIOTCS.

[Tokaxxem, 4To MpH BO3pacTaHHH n Pa3HOCTb OLEHOK CBEPXy H
CHH3y cTpeMHTCSi K HyJi0. B camoM nene, cymMb cieBa H cnpasa’
B HepaBeHCTBax (3) OT/IHYAIOTCH JIHIIL TEM, YTO CJeBa eCTb JIHIL-
Hee cjaraemoe f(xo), T. e. f(a), a cnpaBa — JHIlIHee cJaraemoe

[ (xa), T. e. [ (b). TTo3TOMY pa3HOCTb OLEHOK CBEpPXy H CHH3y paBHa
b—a
n
3pIBaeT, 4TO0, O6epsi JOCTATOYHO GOJbiliOe 3HAYEeHHE 7, MOXHO TNO-
JYYHTb CKOJb YTFOAHO TOYHbie OLIEHKH HHTerpajia CHH3y H CBeEpXy.

ITpumep 2. Ha ckosbko yacted Hajo pa36uTb oTpesok [1; 2]

(f (6)—f (a)). OHa cTpeMHTCAA K HYJIO NPH n—>o0o. 3TO MNOKa-

4TOGH BLIYHCJIHTb 3HAUeHHe MHTerpana S x*dx ¢ Tounocrsio ao 0,01?

1
Pewenue. B nanvom ciysae a=1, b=2, f (x)=x° u noromy
f(a)=1, f (b)=8. Ham nano nafiTn TaKoe n, 4To E-Z—E(f b)—f(a) <

<001, T e 2;l'—l(S— 1)<<0,01. Ioayuyaem n=>700. Orpe3ok Hamo

pa36uts Ha 700 uacreii.
HepaBeHcTBa (3) cBoAAT npHGJH)KEHHOE BhIYHCJEHHE HHTerpaJa

Sf(x) dx K BBIYHCJIEHHIO 3HauYeHHH (QYHKUHH [ B TOukKax xo=a,

a

Xi, ..., Xa=0 H apHdMeTHUecKHM omepauusaM. Pasymeercs, no mepe
yBEJIHUEHHS] YHCJla 4acTeH, Ha KOTophle Pa3GHT OTpe3oK [a, b], pa3-
HOCTb OLEHOK CBepXy H CHH3y YyMEHbIUAeTcsi U TOYHOCTb BBIYHC-
JIeHH#H yBe/HYHBAeTCs.
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Mpumep 3. B npuMepe 1 M yj
ONYYHAH AJIsi MHTErpajia Sx3dx rpa-

1
unupt 1| H 8. Pasbusas otpesok [1; 2]
na 10 paBHBIX yacrei, nojay4aem no (3)

OLICHKH:
0,12(13+1,13+1,23+...+1,93)< L L -
<{rdr<on P12+ + Puc. 34

41,9342

BoliuHcsieHHs1 AaioT AJA HHTErpaja 6GoJsiee TOYHbE I'DaHHIIM:
2

3,407 < x3dx<<4,108.

Jlerko nmoHATb, uTo 6OJiee TOYHO 3HAUEHHEe NJIA HHTErpajsa aaer
cpefHee apH(pMeTHYeCKoe HaleHHHX rpanuu. B HameM cayuae oHO

paHO (3,407 +4,108)=3,7575.
TouHoe 3HaueHHe HHTErpajia paBHO:

2
S 3 x4 | 2 24_ 14
xdx==— = =3,75.
\ 411 4

OHo OT/IHYaeTcsi OT HaMJEeHHOro NpHOJHXKEHHOrO 3Ha4yeHHS MeHee
uyem Ha 0,0075, T. e. Ha 0,2%.
B o6uem Buae ¢popMyJia npHGIHIKEHHOTO BHYHC/IEHHS] HHTErpaJioB
C NMOMOLIBIO CpeiHero apH¢GMeTHUeCKOro HHXKHeH H BepXHeH rpaHHI
B (3) umeer BUA:
b
S f(x) dx~2 ~ a( f(a);'f(b) +f(x.)+...+f(x,,_|)). (4)

a
Aty ¢opmyay HasunBalOT popmyaold Tpaneyull, TaK KaK ee reOMETpPH-
YeCKHH# CMBICJI COCTOHT B TOM, YTO Ha KaXXIOM OTpe3Ke [Xe; X1
KPHBOJIHHeHHasi Tpaneuus 3aMeHsieTcsl o6biuHOA (pHC. 34).

YnpakHenuns

1
65. Haiina nanGoJsbluee H HauMenbilee 3HaYeHHs QYHKUHH y= T Ha OTpeske
[—1, 3], nokaxure, uro x

66. Haiinure oueHkd AJsi MHTErpajioB:
n
2 4 2

) S sin* xdx; 2) S x° sin xdx; 3) S (2 —4x+1Y dx.

1 0

L
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1
67. C nomoulbio paBeHcCTBa %=arctg 1=S —l% JOKaXHTe, 4T0 n<4.
0

68. Buuncnure no ¢opmyae tpaneuu#t npu n=10 HHTerpajhi:

s 2 4
SL 3)8-——L; 4) Ssin"xdx;
o 2 0

INFY

3
S tg xdx

0

(3nauennsi pynkumii 6parp ¢ TouHocthio Ao 0,001). Ias wuHrerpanos 2) u 4)
CpaBHHTe OTBeT C TOYHHM. [IpoBeiHTe BHIYHCIEHHS C NMOMOWIbLIO MHKPOKaJb-
Kyasitopa. CocTaBbTe NporpaMMy BHUHC/ICHHS STHX HHTETPajioB Ha MPOrpaMMH-

5) S cos® xdx;  6)
0

pyeMoM MHKPOKAaJIbKyJASITOpe HJH KOMMblOTepe.




Fnasa Vill

NOKA3ATENbHAS, NNOTAPUDMUYHECKAS
M CTEMEHHAS ®YHKLMM

§ 1. NTOKA3ATEJNIbHAS ®YHKUMA U EE CBOWCTBA

1. TMpoueccn oprannueckoro pocra u y6uisanus. B npupone, tex-
HHKEe H 3KOHOMHKE BCTPeyaloTCsi MHOIOYHCJIEHHHIE MpOoLecchl, B Xole
KOTOPBIX HEKOTOpHe BeJIHYHHH H3MEHSIIOTCA TaK, 4YTO OTHOWeHue
3nauenull seaudunvt 8 mMomenrsr epemenu t u t+ T ne 3asucur or t.
Hnoimu crosamu, 0an scex T>0 8 teuenue a106020 npomexcyrka
spemenu [t; t+T] 3naueHue seauduHbi MEHAETCA 8 OOHO U TO Xxce
yucao pas (Heszasucsuiee or t). (3HaueHHs { MOryt GHITb Kak Mo-
JIOXKHUTEJbHBIMH, Tak H OTPHIATeNIbHBIMH HJH paBHbIMH HyJio. Of-
punaTeJbHble 3HAYEHHA ! COOTBETCTBYIOT 3HAa4YeHHSIM BPEMEHH, KO-
TOphle MpEeAIIeCTBYIOT MOMEHTY HauaJsa Ha6JIIofeHHs.)

Ecau BenHunHa y=/{ (f) MensieTcA NO TaKOMYy 3aKOHY, TO BBINOJ-
HSETCSl PaBEHCTBO

[e+7)__
0 k(T). (1)
[Tonarasa B paBeHcrBe (1) {=0, noayuum ff((g)=k(T). IToatomy
u3 (1) caenyer:

Ft+D=rk(T)f ()=L050. b)

[TpuBenem mpHMepb, B KOTOPHIX BeJHYHHBl H3MEHSIOTCA NO yKa-
3aHHOMY Bhillle 3aKOHY.

[Tpumep 1. O603HaunM yepe3 m (f) Maccy KOJOHHH GaKTepwii
B MOMEHT BpeMeHH f{. EciiH HeT orpaHHYeHH# B KOJHYECTBe MHTATENb-
HBIX BelwlecTB H o6beMe cOCylda H NPHTOM OTCYTCTBYIOT XKHBBle CYy-
liecTBa, noefaioliHe 3TH GaKTepHH, TO 3a paBHbE NMPOMEXYTKH Bpe-
MEeHH Macca KOJIOHHH GyleT Bo3pacTaTh B OAHO H TO XKe YHCJO pa3.
Ecnu 3a enuuuny uamepennsi maccl MpHHATL Maccy OHOM GaKTepHH,
To m (f) 6yAeT PaBHO YHCJIEHHOCTH 3TOH KOJIOHHH.

AHanoruuHo 06GCTOAT nena AN JIOGOH COBOKYMHOCTH XKHBBIX
CyLUIeCTB NpH YCJOBHH, UTO HET OIPaHHYEHHH B MHLle H NPOCTPaH-
CTBe M Het HcTpeGasiiOUUX HX BparoB. [ToaTomy mpoiiecchl, B KOTOPbIX
BEJHYHHA yBe/IMUMBAETCs 3a PaBHLIE MPOMEXYTKH BpeMeHH B OJHO H
TO XXe yHcaA0 pa3, HA3LBAT NPOYECCAMU OP2AHUYUECKO20 DOCTA.

IIpumep 2. B npouecce paiHoaKTHBHOro pacnaja BeLIECTBa
€ro Macca m (f) 3a paBHble NPOMEXYTKH BPEeMEHH MEHSIeTCs1 B OJIHO H
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TO Xe uHcJ0 pa3. [TosToMy H 3eCh MPOHCXOAHT H3MEHEHHE N0 3aKOHY
(2), Ho mpu 3TOM Macca yMeHbluaeTcs. B Takux cayvyasix ropopst o
npoyeccax opeanu4eckozo ybuieaHus.

IIpumep 3. Cymma Bkiaga B cGeperaTeibHOM 6aHKe 3a faH-
HB MPOMEXYTOK BpEMEHH BO3pacTaeT B OAHO H TO XXe YHCJIO pa3
(nanpumep, 3a rog Ha 2%, T. e. B 1,02 pa3a). dra cymMa noguHHeHa
3aKOHY OpraHH4YecKoro pocra.

Chnenyer umerb B BHIY, YTO BO BCeX Pa306paHHHX MPUMEpPAX 3aKoH (2) BHMOJI-
HSleTCAl JIMUIL NPHGAHXKEHHO — MB TpeHeGperaeM TeM, YTO KOJNHYECTBO MHBHIX Cy-
IECTB HJIH aTOMOB BEIIECTBa BHPa)KaeTcsl HaTypaJbHHIM YHCJIOM, 4TO BKJaj B cGep-
Kacce YBeJHYHBAETCS He HENpepLBHO, a JHIb eXecyTouHo H T. A. OxHaKo 3TH oT-
KJIOHEHHSi OT 3aKOHAa OPraHHYeCKOro H3MEHeHHS TaK Ke He MeIlaloT NMPHMEHEHHIO
3TOro 3aKOHa Ha MPAKTHKE, KaK OTKJIOHEHHe (POPMbl 3eMJIH OT reOMeTPHYECKH NPaBHIb-

Hofl ¢opMH 11apa He MelIaeT BHYHCJIEHHIO ee o6beMa no ¢opmyae V=% R’

Ias onucaHHsA npouecca OpraHHYeCKOro pocra H yOblBaHHs HcC-
MoAb3ylOT (YHKLHIO, 3HAYEHHSI KOTOPOH MEHSIOTCA MO 3akoHy (2).
ITpu 3TOM KOCTaTOYHO 3HATH 3HaYEHHs 3TOH PYHKUHH NPH 106aBOYHOM
ycnoBuH, uto f (0)=1. Ecau 310 He TakK, TO 3HauYeHHs1 GYHKUHH MOJY-
yaTcsl H3 HaHJeHHBIX YMHOJKeHHEM Ha OIHO H TO Xe€ YHCJO, paBHOE
HayaJIbHOMY 3HauYeHHI0 GYHKuUMH (ecJH H3BecTHa cymMa f(f) Bkaana
B MOMEHT BpeMeHH, KOrja HavyaJjibHoe 3HauyeHHe paBHO | p., TO mpH
HayaJIbHOM BKJIaJie a CyMMa BKJajla B MOMEHT BpeMeHH { Gy/leT paBHa
af (2)).

IIpn ykasanHoM no6aBouHoM ycJoBHH f(0)=1 3aKkoH H3MeHeHHS
BeJIHUMHN (2) mpuMer GoJee MPOCTyI0 GopMy:

FE+D)=F @) f(T). (3)

OTMeTHM HeKOTOpble CBOACTBA BeJHYHH, KOTOphie GbIH PacCMOT-
peHBl Bhliie. Bce 3HaueHHs 3THX BeJHYHH (Macca KOJOHHH GaKTepHH,
Macca paJMOaKTHBHOIO BelleCTBa, CyMMa BKJaja B cOepkacce) —
NOJIOXKHTEJbHbIe yHcaa. [Ipu 3TOM 3a MaJibli MPOMEXYTOK BPEMEHH
3TH BeJIHUHHH MaJio MeHsiioTcA. Hakonel, CKOPOCTb H3MEHEHHs 3THX
BeJIHYHH MOXKeT ObiTb pa3iuuHod. EciH 3a elIHHHIY BpEeMEHH BeJH-
YHHA MEHSIeTCA B a pa3, TO ee 3HaueHHe B MOMEHT BPEeMeHH [==] paBHO
a. llpn a>1 BennunHa yBeauuuBaercs, NpH 0<<a<<! — yMeHbila-
eTcsl, ecyii XKe a=1, TO 3HayeHHs1 BeJHYHHbl He MEHSIOTCS, OCTAlOT-
csl OCTOSIHHBLIMH.

B 3ak/ioueHHe yKaXkeM ellle HEeCKOJbKO NPHMEPOB BeJIHUHH, H3-
MEHEHHe KOTOPBbIX NMPOHCXOAHT MO 3aKOHy (2).

1) Tlpn npoxoxjieHHH cBeTa uepe3 MYTHYIO Cpely CHJAa CBeTa
NpH NMPOXOXKHAeHHH JI060ro yuacTka AaHHOH AJHHH [ yMeHbLIaercs
B ORHO H TO Xe YHCJO pas3s.

2) B xone uenHo# peakiuMH KOJHYECTBO HeHTPOHOB, pacnaBLIMX-
cl B TeueHHe NPOMEXYTKAa BPeMeHH NaHHOA JJIHHH, yBeJHYHBaeTcCH
B OJHO H TO K€ YHCJO pas3s.

56




3) Ecan kaHaT npuJsieraeT K MeraJiiHueckoMy Gapa6aHy Ha mnpo-
TSKEHHH AYTH B @ PajiMaH, TO, NpHjarasi K OHOMY €ro KoHuy cuay F,
MOJKHO 'yAepXaTb B k pa3 6osiblIyi0 CHJIY, NMPHAOKEHHYIO K ApPY-
roMy KOHIlY, Ile k& 3aBHCHT JHIIb OT ¢, a He OT BEJHYHHBI NMPHJIO-
JKeHHOH CHJIBI.

Pa3syMeeTcsl, CpaBe[l/IHBOCTL 3aKOHA (2) HMMeeT MeCTO JHIIb B
cay4ae, KOria BHNOJHAIOTCA COOTBETCTBYIOIIHE YCJIOBHS, HallpHMeEp B
npHMepe 2, KOria He BCe HeATPOHH pacCnaJjiich, a B MpHMepe 3, Koraa
npujaraeMble CHJbl MeHbIUE Mpefesia MPOYHOCTH KaHara.

YnpaxHenus

69. TIpuBefuTe ApPyrHe mpHMepH MPOLECCOB OPraHHYECKOTO POCTA HJH OpraHHuec-
KOro YGhIBaHHA. '

70. BeqHuHHa x MeHSAETCA C TEUYEHHEM BpEMEHH { MO 3aKOHY OpraHH4YecKoro pocra.
H3BectHo, uto npn =0 ee 3HauyeHHe paBHAJocb 4, a npu {=23 OHO OKa3aJoCh

paBHHM 32. Hafinure 3HaueHHe BeJIHYHHH NpH (=1, —1, 4, %

71. Macca pasHOaKTHBHOTO BemlectBa mpH (=1 paBHssach 5 T, a npu =4 oHa

paBHssach 2 r. Bo cko/iibko pa3 Mensiercst 3Ta Macca 3a eAMHHIy BpeMmeHH? Ka-
1
Koe 3HayeHHe OHa HMeJa npH (=0, —4, 3, 7??
72. TlpH MpPOXoXAeHHH CBEeTa Yepe3 MYTHYIO CPelly CHJIa CBeTa Ha yuyacTke JJIHHOR
10 cM ymeHblIHJAach B TPH pa3a. Bo cKONBKO pa3 yMeHBLIHTCA CHJIa CBeTa Ha
y4acrkax ajauHo#t 5, 20, 25 cm?

2. OGoGuenne nousTua crenenn. IIpeanonoXuM, 4To HeKoTOpas
BeJINYHHA XapaKTepH3YyeT Npouecc OpraHHYeckoro H3MeHeHHsI H B MO-
MeHT BpeMeHH { =0 npHHHMaeT 3HaueHHe Mo, a 3a €AHHHIly BpeMeHH
H3MeHsieTcs B @ pa3. Toraa npu {=1 ona npuHHMaeT 3Ha4YeHHe Moa,
NpH =2 — 3HAauYeHHe Ma-a, T. €. Moa’, NpH (=23 — 3HaueHHe
mea®-a, 1. e. moa®, u T. A. C NMOMOUILI0 METOAa MaTeMaTHYecCKO
HHAYKUHH Yﬁexnaemca, 4TO NpH f{==~Fk 3Ta BeJIHYHHA NPHHHMAET 3HA-
YeHdHe moa’, T. €. 4TO

m (k)=moa*. (1)

EcTecTBeHHO NMpeanoJoXHTb, 4TO 3HaU€HHe 3TOA BEJIHYHHH B MO-
MEHT BpPEMEHH x Bbipa)kaeTcsi paBeHCTBOM m (x)==moa®. [Tokaxem,
YTO 3T0 AeHACTBHTEeNbHO Tak. CHayasia HanmOMHHM OGOGUIEHHS TOHS-
THs crenenH, AaHHble B VIII u IX kaaccax.

m

Ilyctb a>0. O6osHauum uepe3 a” BipaxeHHe 8/a™
m
n

o =4a. @

Tokaxewm, uto ans mo6oro HaTypasbHOro uHcAa p CrpaBejJIHBO
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m mp_
paBeHCTBO a” =a", T. e. 4TO 3HaueHHe @’ 3aBHCHT OT 3HAYE€HHA
NoKa3aTeJjsi CTENEHH, a He OT TOH HJIH HHOH (OPMHI 3aITHCH ero B BHAe
npo6u. [las 3TOro 3aMeTHM, 4YTO

mp np

(%) =CWaye=a

23

np
— mn\p __(M\P __ 7P
(a%) =@ar =(Wayy =(a"y =a™
M3 paBeHcTBa HaTypaJsibHBIX CTenmeHe#d JABYX MOJIOXKHTENbHHIX YHCeJ
m mp
BbITEKaeT pPaBeHCTBO HX OCHOBAHHH, a moromy a" =a™.

r

1
Ilasnee nonaraeM a =—H a’=1.

Tem caMbM onpefeneHbl CTEMEHH C JIOGHIM TNOJOXHTEJNbHBIM
OCHOBaHHEM H paUHOHAJNLHHIM NoKa3atejeM. Jlasi 3THx crenenei
6LIIH YCTaHOBJIEHH CJlelylOLlHe CBOHCTBA:

l) ar-as=ar+s, 2) lal_s'=ar—s, 3) (ar)s=ars’
4) (aby=a’-b", 5) (-;-) =2

Hanomuum, Hanpumep, nokasatesnbcTBo cBofictBa (1). IMpeacraBum

NOKa3aTelM 7 H S B BHAe APoGeil ¢ OGUIHM 3HAMeHaTeNeM n: r=T'",
\ m P m+4-p

s=-;L. Torna umeem: a’-a*=a"*-a”, at*=a " . Ho

m P

@ -a"y'=(a")-(a" ' =@a"\ -G/ =a"- =a"*"

3'5
S|

m+p
(@ " )=@®a"Fr=a"*".

Orciona creayer paBencTBo a’-a°=a’t°. OcraibHule cBoiicTBa
AOKa3bIBaIOTCS aHAJIOTHYHO.

Ecin a>1, To 1 a®>1 npu natypailbHom m, a toraa %/a”™ =

m

=a" >1. 3naunt, ecan a>1 u r>0, 10 a’ > 1. Otciona clefyer,
4yTO NpU a>1, r<<s nuMmeeM:

as=ar.as-—r>ar_l=ar

AHaJjornysHo HmokasbiBaeTcsd, 4TO eca O0<<a<<l, r<<s, To a’ ' >a’.

Hawm ocrajoch onpefe/nTb 3HaueHHe a* AjdA ciayyas, KOrjga x —
HppPallHOHAJIbHOE YHCJI0. 3TO MOXKHO ClenaTh CAeAyomHM o6pa3oM.
[Mycte a>1. OGo3Hauum uepe3 X MHOXeCTBO 4YHCeJl BHAA a’,

58




rae r — palMOHaJbHOE YHCJIO, MeHbllee, YeM x,-a yepe3 Y — MHO-
JKeCTBO YHCel BHAA a’, I'le s — palHOHaJbHOE . YHCJO, GoJbliee,
yeM x. Ecin a’€X, a’€Y, 10 r<x<s u noromy a’<<a’. 3ro 03-
HauaeT, YTO MHOXeCTBO X pacno/ioXKeHO cjiéBa OT MHoXecTBa Y H
MOTOMY 3TH MHOXKECTBA Pa3feJSIOTCA XOTA Obl OAHHM YHCIOM. MoX-
HO HOKa3aTh, YTO 3TO pasjiefifiollee YHCJIO OMNpedeseHO OJHO3Hau-
po. Ero HasmiBaloT 3HaueHneM a*. Ilpp 0<<a<<! mocrynaior aHa-
JOTHYHHM 06pa3oM, TOJbKO MEHSIOT pojH X H Y.

HUtak, MbH ONpele/HIH AJsA KaXAoro x 3HayeHHe a*. 3THM on-
penensiercs QyHKuMA y=a”, 3ajaHHas Ha BCedl YHCIOBOA ocH. Mox-
HO [0Ka3aThb, YTO 3Ta (YHKUHS HenpephiBHA, MPHHHMAET MO QIHOMY
pa3y BCe MOJIOXKHTe/IbHbIe 3HaueHHs, BO3PacTaeT, eciH a> 1, u y6u-
paeT, ecii 0<<a<<l. Ona o6Gaapaer cBoiictBamMH !) — 5), paHee
JNOKa3aHHbIMH JIHLIb JJSA palHOHAJbHHIX 3HaueHHA aprymenra. Or-
clofia cjefyet, uto ecyH [ (x)=moa*, To ansi moboro T HMeeM:

x4T « T
f(Jf+T)=moa+ a‘-fa —al=f(t).

f@x) moa*

310 noKa3biBaeT, 4TO (QYHKUHA y=moa" NEACTBHTEJbHO OIHCHI-
BaeT MpPOIECCH OPraHHYeCKOro H3MEHEHHS.

OnHako JeTaJjbHOE AOKa3aTeJbCTBO €IHHCTBEHHOCTH pas3felsio-
1ero Yucaa A MHoxecTB X u Y, HenpepulBHOCTH (YHKUHMH y=a"
M T. 1. AOBOJBHO KpONoTJHBasA pa6ota. Uro6nl H3beXkaTb ee, Mbl OI-
penesdM MNOKa3aTeJbHYI0 (YHKUHIO HHau€ H MOKaXKeM, 4TO TakK
onpejenieHHass (QYHKUHA o6najaeT BCEMH HYXHBIMH CBOHCTBaMH.
Chayana npHOeTcs OmMpefedHTh HHYI0 (YHKUHIO, Ha3blBaeMylo JIO-
rapupMHueckoi.

YnpaxHeHnsn

73. Kakoe u3 uHcesn Goabuwe:
1) 3,2)7" wm (3,2)~% 2) 277 uam (0,25)75;
3) (V24++3° nan (V2+4+3)7%%
4) (V2—3)? nam (2—+3)~ 2

74. Pacnonoxure B NopsiiKe BO3PacTaHHS YHCJA:
(0,45) =3, (0,45)~", (0,45)°, (0,45).
75. Kakoe H3 uHcen GoJblie:
N

1) 24 pau (0,25) 2; 2) 3% mam 3V%2
76. TonoxuTenbHa WAH OTPHUATE/]bHA PAa3HOCTH
) ey, 2 ()i
77. Onpegenure 3nak:
1) a, ec:m(%)a=2; 2) a—1, ecin a+ 4% =5
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78. (0,37)*<(0,37)*. Uto Gonbwe: o HAH B?
79. MoXHO JiH HafiTH TaKoe x, YTOGH BHIMOJNIHAJOCH PaBEHCTBO 2

3. Onpenenenne ¢ynkuun Inx, ee csofictea W rpadpux. Mu
yMeeM HaXOAHTb NepBooGpa3Hbie OT (PyHKUHA BHAA y=x" NPH yCJO-
BHH, 4T0 a 5= — |. Cpeau creneHHBIX PYHKUHHA HET TaKOH, 4TO ee npo-

H3BOHasi paBHa l— T. e. x~!. BeeaeM cienyioulee onpeieeHHe.

in2
SN X —sin x?

Onpedeaenue 1. HaryparvHoim 202apuhMOM TOJNOXKHTENb-
X

dt
HOro YHCJIa x¥ Ha3biBalOT 3Ha4YeHHe HHTerpaJa S—t— 310 3HaueHHe

» 1
o603HauyawoT In x:

X

lnx=S#n (1)

Tak kak dyHkuus %Henpepuaﬂa Ha Jayue (0; + oo) u y6niBaer

Ha HeM, TO 3HaueHHe In x ompeseneHo aasi Bcex x>0 (cM. Teope-
My | n. 3 § 3 rmaBsm VII). 3naunr, pyHkuns y=Inx onpejesena

Ha Jayye (0; + oo). [lpu x=1 3naueHHe 3TOH PyHKUHH paBHOS % ,
1
T. €. paBHO Hymo. 3HauHT, In 1 =0. PIHTerpanS
: 1
M3 nepBoO6Gpa3HbIX WA NOABIHTerpajbHod ¢yHKkuuu (cM. n. 3 § 3
raaswt VII). 310 o3Hauaer, uto npu x>0

x

(mw=6#y=%.

1

—dt—t AIBJISIETCS OJHOH

3HauuT, pynkyus In x dudpepenyupyema na ayue (0; + oo) npuuem
\ L 1
(Inx)'=—. 2

Tak kak Bcsikas aAuddepeHuupyemass QyHKUHS HelpephiBHA, TO
dynryus y=In x nenpepoisna na arywe (0; + oo).
[MockosnbKy x>0 Ha Jayue (0; + oo), To Ha 3ToM Jayue (In x)'=

=%> 0. 3x_iaqm (cM. n. 4 § 3 ranasu V), ¢yuxyus In x sospacraer

na ayue (0; + oo). Tak kak In 1 =0, To ¢pynkyus In x nosoxuressna
Ha ayue (1; + oo) u orpuyareavna na npomexcyrke (0; 1).
Hokaxkem Teneppb, uto mpu Jio6om a>0 ¢yHkKuusa Inax Toxe

ABJAeTC NepBoO6Gpa3HON AJs (PYHKIHH y=71c— Ha Jayue (0; + oo).
B camom pnede,
1

| ’
(In ax)’ =—(ax) ==
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Tak Kak ABe nepBooGpa3Hble OAHOH H TOA e (YHKUHH MOTYT
OT/JAHYATbCA APYT OT Jpyra JHIIb NOCTOAHHBIM CJaraeMniM, TO Ha
ayue (0; + oo) noMKHO HMeTb MecTo paBeHcTBO Inax=Inx+-C.
[lonaras x=1 ® yuurnBasg, yro In1=0, noayusaem: C=lIna.

Mu [0KasaJH clefyollee Ba)kHoe CBOHCTBO ¢yHKuuH In x: Ecau
a>0u x>0, 10

Inax=In x+4Ina. (3)

VHLIMH CJIOBAMH, HATYPAAbHbUE a02apudm npoussedenus pasen Cym-
Me HATYPAALHLIX A02GPUPMOS8 MHONCUTerel.

Hs pasencrBa (3) BHITeKaer:
Ecau a>0 u x>0, 10

In %:ln a—In x. (4)

Ecau x>0 u n— Harypasvroe 4ucao, 10
Inx"=nln x. (5)

[Tonaras B paBenctBe (5) x"=y H yudTHIBaf, 4TO x=4Jy, nonyuaem:
In %=:l—ln x, x>0. (6)
U3 popmyn (5) u (6) BHTeKaeT, 4TO

In %/)7"_=nﬂln x, x>0. (7)

B camom pede,

In 1"/x”‘='ll— In x"‘=—:ll In x.

HNokaxkeM, 4To ¢ynkyus In x npunumaer ckoab yeodno 6orvuwiue
no MOOYAIO KAK NOAOKUTEAbHbIE, TAK U OTPUUATEAbHbIE 3HAYEHUS.
B camoMm aene, Tak kak 2> 1, To In 2> 0 1 u3 paBeHcTBa In 2"=n In 2
nosyyaeM, 4TO Cpeid 3HaueHHH QyHKUHH y=In x ecTb CKOJb YrOJHO
2l’l
3blBaeT, YTO CPeAM 3THX 3HaUeHHH eCTb U CKOJb yrojHo GoJblilxe
MO MOAYJIO OTpHilaTesbHblE YHCJA.

Hrak, ¢ynxyusa y=In x nenpepoisna na ayue (0; -+ oo), 803-
pacraer Ha Hem U NPUHUMAET CKOAb Y200HO 6Goabuiue no MoOYaio
noaosuTeAbHble U OTpuyaTenvusvie 3nadenun. Orciona ciaelyet, YTo
3Ta (ynkyus no o0HOMY pasy npunumaer awoboe Oedcrsuterbroe
3HaueHue.

Hakouen nokaxewm, uto rpaduk ¢yuxkuuu In x Ha ayue (0; - oo)
OGpaiueH BBHIMYKJIOCTbIO BBepX. B camom neue,

7
(0 =(n 0y =(3) =—

X

6oJibIlIKe T0JI0XKHUTENbHBEe yHcaa. PaBeHcTBo In —= —n In 2 noka-
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YA A

A/%= 4 .

0 ) 2 3 X

Puc. 35 Puc. 36

i

flcHo, yTO Ha Jayue (0; + oo) uMeeMm (In x)’’ <0, oTKyAa H caenyer
Hale ytBepxaenHe (cM. n. 5 § 3 ruasuw V).

[Tockonbky ¢yHKUHSA In x npHHHMaeT NO OQHOMY pa3y Bce AeHCT-
BHTeJIbHble 3HauyeHHs, TO HaHJeTCsl TaKoe YHCJO, YTO ero HaTypatb-
Hblil JorapudM paBeH l. D10 YyHCJO GHJIO BBEJEHO B MaTeMaTHKY
neficTBHTENbHLIM wiieHOM [lerep6yprekoit AkajeMHH Hayk JleoHapaoM
Aiinepom (1707—1783) u noayuuso o603HaueHHe e.

Urak, 4epes e o603Hauaor wucro, Haryparvuolli rozapupm Ko-

T0pO20 pasex 1, T. e. AJil KOTOPOrO BHIMOJIHEHO PaBeHCTBO In e=
e

=S%= 1. OueBunHo, yto e >1. Tak kak njiomanab ksagpata ABCD

1
Ha pHcyHKe 35 paBHa 1, To BHAMM, uTO In 2<<1 M motomMy 2<Ze.
C npyro#t cTopoHnl, miowianab ¢GHrypol, 3alITPHXOBAHHOH HAa PHCYH-
Ke 35, paBHa |, H noTomy BHAHM, uT0 | <<In 3, oTKyAa e <<3. 3Hauwur,
4HCJIO e 3aKJioYeHo Mexay 2 u 3. Bosiee TouHble MoACYeTH, KOTOpbLIE
Mbl TpoBeleM MNO3AHee, MOKa3kBaloT, uTo e=2,7182818284590...

3TO YHC/IO HPpaLHOHAJBHOE.
m

U3 pasencrBa (7) caeayer, uto Ilne” =-:;£1" e=Ln"-. ITosTomy
HMeeM cJelyiouylo Tabauny 3HadyeHHHA PyHKuuu In x:

1 i 1 : 2
X —e’; —eg ? e e

Inx -3 -2 —1 0 1 2 3

HUcnonb3ys ykaszaHHOe Bhlllie 3HayeHHe e H CBOHCTBAa (pyHKuHH In x,
crpouM rpaduk 37oft pyukuun (puc. 36). M3 storo rpacuka BuIHO,
YTO MO Mepe YBeJHUEHHS X 3HauyeHHs Inx MeAJieHHO yBeJlHYH-
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BaloTcsl. A Koria x npuGIHXKaeTcsi K HYJIO, OCTaBasCh MONOKHUTEb-
HbIM, 3Ha4yeHHd In x cTpeMaATca K — oo. TakuM o6pasom, lim In x=
+

X—> o0

=400, lim In x=— oo.
x—->+40

YnpaKHeHHnn

80. Hajfizure npou3BofHHE caefylOWUX GYHKIMH:
1) In(dx+1); 2) In(x>—x41); 3) Insinx; 4) Inarctgx; 5) Indx;
6) sin (In x); 7) arctg*(In x); 8) arcsin (In°® x).

IMocrpoiite rpaduku dpyukuui (81—85).
81. y=In (16 —8x+x*)—In (2x—8).

82. y=ln(2—%) +1n (x* — 12x + 36).
83. y=ln(x———,-1)—) +In w/4x’—4x+l.

84. y=ln(%-—x +1In0xT—6x+1.

85. 1) y=In(lx—el+x)
2) y=IIn (x—2)| +In 3x—6).

4. Jlorapupmuueckan QyHKUHS H CTeNeHb ¢ JIOGbHM MoKa3areseM.

Mycte a>0 n as=1. Oynkuua :rr'l—: NpHHHMaeT 3HaueHHe | npH
x=a. Ee Ha3nBaloT a0capugmuuecxold ¢pynxkyued no ocnosanuio a
H 0603HayaioT log, x. TakuM 06pa3oM, No onpeneeHHIO

In x

1 =—

08a X=11a
Ecin a>1, To Ina>0. IMo3ToMy sicHO, uTO cBoicTea PyHk-
yuu log, x npu a>>1 re xe, uro u y pynxkyuu In x: sra pynkyus
nenpepoterna Ha ayve (0; + o), so3pacraer, npunumaer noioxu-
TeAbHble 3Ha4erus npu x=>1 u orpuyaresvnoie npu 0 <<x<<1, npu-
4YeM OHa NpHHHMaeT Bce AelcTBHTeNbHHe 3HaueHus. [Ipu stom

lim logsx= 4 o0, lim log,x=— oo.
x—> 40

X — 4 00

Ecan xe 0 <<a<<1, 10 In a <<0. [TosToMy cBoicTBa PpyHKIHH log, x
npH 0<<a<<! B HeKOTOPOM cMhIC/Ie MPOTHBOMOJIOXKHH CBOHCTBaM
¢ynkunn In x. B sToM ciyuae ¢pyHkuus log, x, octaBasich onpeneJeH-
HOH H HempepbiBHO#H Ha Jyue (0; 4 co), yOhIBaeT Ha ITOM Jyue, NPH-
YeMm ee 3HAYEHHs MOJIOXKHTeJbHH Ha npomexyrtke (0; 1) u orpuna-
TeJbHel Ha Jyde (1; 4 oo). Ilpu 3tom lim logox=—o0

X = 400

xlirzologax=+oo. Ha pucyuke 37 n3o6paxkeHol rpaduku ¢yHk-

uuit logs x 1 log, x.
F)



H3 paBencrBa (7) n. 3 cuenyer,

mom
m - —lna
Iog a® _ln_a"_ L2 __"m
a Ina Ina n
m m

OGo3Hauum 4Hca0 a” yepe3 b, b=a".

y=logy x

Tak kak T’" =log, b, T0 b=a'"%’. Ta-

KAM o6pa3oM, B cayvae, Korda a>0,

Puc. 37 a1, b>0 u norapudpm yxcaa b no

OCHOBaHHIO @ — palHOHAJbHOE YHCIIO,

JorapudM siBJsiETCA MOKa3areJeM CTeNeHH, B KOTOPYIO Ha0 BO3BECTH

OCHOBaHHe @, YTOoGhl MOJNYYyHTb YHca0 b. O6o6ias 3T0 yTBepKIAEHHE

Ha Jio6ble NOKa3aTeNH, NMPHXOAHM K CJELYIOLIEMY OIpeJesieHHIO:

Iycts a>0, as~1. UYepe3 a* o603HayaloT Takoe 4yucyio b>0,

uto log, b=x (KaK Mbl 3HaeM, TaKoe YHCJO BCEerja CyLIECTBYET H

ONIHO3HAYHO onpejesieHo). 3amHCh a° YHTAIOT «a B CTENEHH X».

IMpu a=1 nonaraem 1*=1 pas Bcex x.

Hrak, HMeloT MecTO iBa OCHOBHBIX PaBEHCTBa

log, a*=x, (1)
atb=p, b>0. 2
B yactHocTH, In x=log. x 1 noToMy
In ef=1x, (1"
e"’=p, b>0. )
OrmeTHM, uTO NpH Jio6oM a >0, a5~ 1 BHINOJHAIOTCA PaBEHCTBA
log, xy=log, x4 log.y, x>0, y=>0, 3)
log, % =log, x —logay, x>0, y=>0, (4)

m
loga x” =-loga x, x>0.

Ilnst HX noka3aTeabCTBa AOCTATOYHO 3aMEHHTD JIOrapH(MH ¢ OCHOBa-
HHEM a HX BhIpaXKeHHeM 4epe3 HaTypaJibHble JIOrapH(MHL.
OrMeTHM ewe popmyay

logab=:—gg%, a>0, b>0, c>0, c~1, (5)

NO3BOJIAIOLLYIO BHPAa3HTb Jorapu¢pmnl ¢ oCHoBaHHeM a, a0, a1,

yepe3 Jorapudmu ¢ ocHoBaHueM ¢, ¢>0, ¢=1. Jlas nokasareib-
In b Ina Ind

CTBa 3aMeTHM, YTO logab—-m, log. a=—, log,b—mc. IMon-

CTaBJIsIsl 3TH 3HaueHHsA B ¢popmyay (5), ybexxaaemcs B ee crnpaBen-

JIHBOCTH.
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OrMeTHM HekoTOpble yacTHhle caydyad ¢opmyant (5). lonaras
c=>b, nojsyyaem B cuily paBeHc'rBa logs b=

logab— ,a>0,b6>0, as=1, b=+1. (6)

Jlanee, npH a=c® HMeeM B CHJy paBeHCTBa log. c*=a:
log,. b=1%b_ L jog. b, >0, c>0, c~1. (7)
logee* @

IMpu b=c* ¢>0, c~1, umeem:

a_logec®
loga ¢ log: a Iog a

=a log. . (8)

U3 (7) u (8) caenyer, uto
log.. b*=log. b. 9)
Jlorapu¢mul o ocHoBaHHIO 10 Ha3bIBaIOTCA decATU4HbiMU H 0603-
Hayatorcs lg. Takum o6pasom, Ig x=1loge x. IecsaiTHuHble Jorapud-
Mbl paHbllie HCIIOJIb30BAJHCh ISl BHIMIOJHEHHS] FPOMO3AKHX BhIUHCJIE-
HHH.
[Tpumep 1. BoUHCAHM 3HaueHHe:

a) login 1000;  6) logy; /2.
Pewenne. a) Hmeem:

logio 1000_1g10° _31g10__ 3
logoo 1000 = =1 1 —3Tg 10— 2 -

6) Hmeem:

lng 2

logsz %/—

1
logﬂ -V_ .3_ Iog2 2 3

[Tpumep 2. Buipa3um JorapHpm no OCHOBAHHIO a Bbipaxe-
HHSA

5 4 (4
(x2+12 (Q +l27. 2tg x
A= ) Ya

yepes sorapuMu Bepaxennit x2 41, y*+41, X+ 47
Pemeunune. INo crofictBam sorapugpma

4

1 2tgx l
logaA_[ogag__LMlia te +4=
@+

=+ log, (x*+ l)+—;—loga '+ 1)—?loga **+y))+2tg x+%.

B3ﬂTHe norapndma HeKOTOPOPO Bhlpa)l(eHHﬂ C noc.rlenyloumM
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yOpOLLEHHEM, KaK B pa3o6paHHOM MpPHMepe, Ha3HBAIOT A02apupmu-
posaruen.

[Ipumep 3. Hahimem BoipakeHue, Jorapu¢MoM KOTOpPOro no
OCHOBaHHIO a fIBJAeTCS

A=%Ioga (x*+42¢°— 1)—%cos 5x——3—loga (x4 642).
Pewenune. Ilo ceolictey JorapupmMoB uHMeeM cOS Sx=
=log, a**°*. Tlosromy

A=-{ 6 loga (x'+24°— 1)—3 loga a™ > —2 loga (x-+64%) =
=‘;—<loga (x4+2y2_])6_|0ga aacossx___loga (x+6y2)2) —
l X420 —1)° A/ w—n®
=L jog, XX =D _ o0, )
7 Og a3cos5x(x+6y2)2 Og a3cos 5x (x+6y2)2
Hrak, A=log, B, rae

B_.7 !x4+2!f_126
v a3 cos 5x (x+6y2)’ *
OrTbickanne BbIpa>k€HHAl MO e€ro Jlorapmpmy Ha3blBalOT nNOTEeH-
yuposanuem.
YnpaxHeHHS

86. Buuncamure: 4108448
1) log_. 64; 2) logs/243; 3) logiooo W; 4) |og7w5/343; 5)
2

3loga 16

87. Ilpu KakHX 3HauYeHHAX X CMpaBelIMBH HePaBeHCTBa:

1) log; x<<log7 2x; 2) loggs x> loggs 12‘— ; 3) log: 5<log; 6;
4) log: V2<log, 1,2; 5) log, sin % < log, sin —;—; 6) log. (0,3)>log; 3?

88. Uro Goabuwe: log: N uan log,,iN , €CJIH:
1) a>1, N>1;2) a<], N>1;3) a>1, 0<N<I1; 4) a<], O<N<I?
89. Haitnure o6aactb onpenesieHHs clelylomHX QYyHKIHA:
1) log_. (4x—8); 2) logi2 (8 —2x); 3) logs (—4x—6); 4) log | (4x+-6);
3 5
5) logz (x—4)+log | (4—x).

90. Haueptute rpaquugq)yﬂxunﬁ H3 NpeibAylIero ynpaXXHeHHs.
91. Hauepture rpaduk ¢pysxunu logs (x—4)+ logs (8 —x).
92. Kakasn u3 ¢yHkuui:

1) logs x, logz x; 2) log | x, log ; x — GuicTpee Bo3pacraer, Koraa x — - oco?
3 K

Kakas u3 3Tux QpyHKUHA Goablie Ha mpoMexyTke 0 <<x<<I?
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93. INocrpoiite rpadukn pysxuui:

1) log_. ixl; 2) Ilogs x|; 3) |logs (x—2)I.

3

94. [Mocrpofite NTHHHH, 3afaBaeMble PaBEHCTBAMH:

1) lyl=logs (x—1); 2) lyl=1logs(2x—1)I.
95. 3uas, uro g 2=10,3010, g 3=0,4771, naiinure lg 75.
96. SlBnsiercss M paBeHCTBO

logs (x* — 4)=logs (x —2)+logz (x +2)

ToxaecrBoM? B kako#i 061aCTH OHO TOXIECTBEHHO BHIMOJHSAETCHA?

97. IIponorapudmupyfite MO OCHOBAHHIO @ CJIEAYIOIIHE BhipaXKEeHHS:

R/ &bm ] _ 24m*b4c
1) x= - : 2) x=\bVb+b 3) x_w_;_:,

b2+ c?

4 —3.2
4) x= alb”’e Nmtn
d—Sy—_B
98. INposorapupmupyiite BHpaxeHHe x=27b5¢? V274 2:
1) no ocHosanuio 3; 2) mo ocHoBauuio 1/3.

99. Haifinure x, ecau:
1) log, x=%(loga b——% loga ¢+ log, d+4) ;

2) loga x=%[loga y+%(log,, z—-2)] ;

3) loga x=3{% logay+ %[loga z—%(loga t+2log, w)]} .

100. [{okaxwure, urQ
lligg;_lvl\—/'__ 1+ log. k.
101. Yro Gonbiue:
1) log_, 2 uan logg-;—; 2) logs5 uau logg 6?
102. I[oxax(:n‘e, 4ro:
1 1

1 1 1
1) loga N+loga, N+logaa N+loga‘ N+log,,5N_15 logya;
1
2) log,, o, x= N —
log,, x+"'+logan x

loga N logs N log. N
logace N )

3) logs Nlogy N+log, N log: N+log: N logs N=

103. 3nas, uto logs 2=a, logg 5=">, Hailaure log; 5.
104. 3uas, uro log 2 2=a, nafnure logg 16.
105. 3uas, uro logio 20,301, naaure logio 125.
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106. Jlokaxkure, YTO eCiH @ H b — AJNHMHH KaTeToB, a ¢ — JJHHA THNOTEHY3H NPSAMO-
YTOJILHOT'O TPeyroJbHHKa, TO

logs+c a+log.—» a=2logs4. alog:._s a.

107. Ynpocrure BhipaxeHHe:

2 3 1
1) log,,—l— +Iog,,-2— +...+logan_: ;

2) (logs a—log, b)2+(logb_; a—log . b)*+ ...+(logb’_: a—log . b);
logs logs a

3) a logs a
108. BuiuHc/HTE npeediHi:

1+inx . In x

1) lim 2) lim 3) x—»lTom;

1
x.,+o4+ln2x’ ,_.+m3+51n2x’
. 14In x
4 lim 3 smx

5. Mokasarteabhas QyHKunsi, ee csoficrBa H rpapmux. B n. 4 mMu
onpejie/IH/IH 3HaueHHe a* mpH Bcex a0 u mo6uXx x. Ecin a=1, 10
a*=1 npu Bcex x. [Ipn APyrHx noJoKHTENbHHX 3HAYEHHSAX @ NMOJyYa-
eM (YHKIHIO @*, OTJIHYHYIO OT OCTOSIHHOA. Ee Ha3nlBaloT noxkasareas-
noll ¢ynkyuel c. ocnosanuem a. VI3 pokasaHHuX B N. 4 paBeHCTB

log, a*=x,
at’=p, b>0,

BBITEKAEeT, UTO NoKa3aTeabHas yHKyua ¢ ocHosanuem a, a0, a5~ 1,
naganerca obparnol Kk rozapudmudeckol Pynkyuu ¢ Tem He ocHosa-
nuem. Otciona cienyer, 4To ynkyun a* 3adana Ha eceld 4ucaro8od
npAMOU, NPUHUMAET BCe NOAOKCUTENbHbIE 3HAYEHUsl N0 OOHOMY pa-
3y u Henpepoisna. Ona 8o3pacraer, ecau a>>1, u ybuisaer,
ecau 0<a<l.

Ha pucynke 38 u3o6paxeHH rpadHKH noka3aTeJIbHOH (QYHKLIHH

npua=2H a=%. OtmeTHM, uTO NpH a > |

YA
y=(%)x HMeeM: IETma‘= + oo, x_li_rpm a*=0. Ecmn
xe 0<a<l, 10 lim a*=0, lim a*=
x> +4 oo X —> — oo

Kaxagomy cBoiicTBy JsorapudmMuueckos
(yHKUHH COOTBETCTByeT CBOHACTBO NOKa3a-
TesibHOH (pyHKUHH. JlokaxkeM cHayazaa, 4To
/i1 Bcex 3HaueHHH x M ¢ npH a>>0 HMeeM:

o
x|

Puc. 38 a“-a'=a"t'. (1
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Ecan a=1, TO 3TO paBeHCTBO OYEBHIHO, MOCKOMbKY ¥ =1'=1*+/=]1.
Ecan ke a1, to no (3) n. 4 umeem:
. logs a**'=x+t n log, a*-a'=log, a*+log, a’'=x+t.

Ho ABa 4uciaa, HMeEOIIHe OAHHAKOBLIE JIOrapH(PMHI 0 OCHOBAHHIO @,
ree a>>0, as%1, pasun. Orcioga noayuaem (1).

Hokaxewm Tenepb, 4To npu a>>0 A JMOGHX X ¥ ! BHNOJAHAETCH
paBeHCTBO

(@ =a*. @

B camom gene, npu a=1 o6e yacTu paBeHcTBa paBHH 1. Ecau

xe a>0, as=1, o no (8) n. 4 umeem:
logs a* ==xt u log, (@) =t log, a*=xt.

t
3HauHT, JIorapudMul 0 OCHOBAHHIO @ uKces (@) U a* paBHH, a MOTOMY
paBHbl H CaMH 3TH 4HCJA.
H3 cBojictBa (2) BbiTEKAalOT paBeHCTBa

a"‘=(a‘)_'=aL, ©)

x
n /ax= a n (4)
(10CTaTOYHO B3fITb COOTBETCTBEHHO = —1 M t=%).
Tenepb nokakeMm, Y4TO AJsi JMIOGLIX MOJIOXKHMTEJAbHBIX YHCeNA a H b
BLINOJIHAIETCA PaBEHCTBO
(aby*=a*b". (5)
Ias aToro nocTaTouHo 3ameTHTb, YyTo Mo (3) H (8) n. 4 HmeeMm:
In (ab)*=x In (ab)=x (In a+In b)
" \
In(a*-b")=Ina*+Inb*=xIna+xIn b=x(In a+In b).
U3 noka3aHHOro yTBep>KAEHHSI BHITEKAET, YTO Js JIOGLIX MOJO-
XKHTeJIbHBIX YHCeJ a H b BepHO paBeHCTBO

x

(+) =5 ®

YnpaxHeHHSn

109. okaxure padencrso (6).

110. 1) Tocrpoiite Ha omHoM ueprexe rpadukH ¢yHKuuA y=2* u y=3* mnpu
—l<<x<1 B Macwrabe 1:5 cm.
2) Hso6pasute Ha oaHoM uepTexe rpaduku yukuuii y=2%, y=3.2%, y=
=0,8.2%, y=—3.2% y=-—0,8-2"

111. Kak no rpaduky QOYHKUHH y==c-a* onpe/leJIiTh OCHOBaHHEe @ ¥ K03 PULHEHT C?
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112. JlokaxuTe, 4To Aasi J0GOA nokasaresbHOR ¢YHKUHH f(x)=a* # J1060fi reo-
MeTpPHYecKo#i nporpeccHu b;, bz, bs, ... ¢ NOJIOKHTENbHHMHA UJeHaMH Ha#gercs
TaKasi apHQMeTHYecKas MNpOTPecCHst X, X2, X3, .., YTO 1A Bcex n Gyzmer
f (Xn)=b. ’ ‘

113. Pemnre cienyioune ypaBHEHHS, MOJb3YSiCh, Tlle 3TO HEOGXOAHMO, rpadHKaMH
NMoKa3aTeJbHHX (PYHKUHMA:

1) 5*=25; 2) 3'"*=81; 3) 2=0,125; 4) 2*=0,4; 5) 5*=5;

x
-

6) 6> '=1; 7) 4=8; 8) 8*=10; 9) 8°~%*=14; 10) 0,012 =70.
114. YnpocTHTe BHpPaXKeHHSA:

l) (21)'2_3_4x+(_\/'2’)4x; 2) 22x'3x+12x_2x+l.6x;

3) 5% —1—(5"—1)(5°+41); 4) a®>*42a*bY+4 b% —(a*+b¥>.

Buuncaure npepenn (115—119).

. 1 | |
115. xllem. 116. x—»llToo e 117. x-»‘lToo 1

. 0,342 . 0,3* 42 . 341
118. leTw0‘3,+5. 119. leTw 03 +5 120. x-»llTw—-5‘+2'

§ 2. NOKA3ATENLHLIE U NOTAPUOMMUUYECKME YPABHEHUA
M HEPABEHCTBA

1. Mpocrefimue noxasareabHuie ypaBHeHust W Hepasenctsa. [1po-
CTEALIHM H3 noKasareabrbix ypasHenud (T. €. ypaBHeHHH, coaep-
JKallHX HEH3BECTHOE B NOKa3areJie) ABasieTcs a*=b, rae a0, a5~ 1.

Ecin 5<<0, To 31O ypaBHeHHe He HMeeT pelleHHH, MOCKOJBbKY
3HayeHHs a* noJoxureabhbl. Ecan xe >0, T0 cyuiecTByeT emMH-
CTBEHHOe 3HaueHHe X, YAOBJETBOPsAIOlIee 3STOMY YPaBHEHHIO, a HMEHHO
x=log, b.

3nauenne log, b paBHO l'é—‘% H TMOTOMY MOXeT GhTb BHIYHCJIEHO

C NMOMOIIbIO Ta6GJHL AECATHYHHX JIOrapH(PMOB HJIH MHKPOKAJIbKYJISl-
TOpa.

[Tpumep 1. Pemnm ypaBHeHHe 5*=8.

PemeHune EAHHCTBEHHHIM KOpDHEM AAHHOIO ypaBHEHHS SIBJIfA-
ercs yHcyo log; 8, T. e. —llg%. [To TabanuaM AecATHYHBIX Jorapuo-
MOB HaXOJAHM:

—lg8 0903
x 165~ 0,699 1,29.

Hrak, npu6IHKEHHOe 3HaueHHe €JHHCTBEHHOTO KOPHSA AaHHOro
ypaBHeHHsI paBHO 1,29.

HHorna ypaercs npeacraButh uucyo b B Buze a‘. Toraa kopHem
ypaBHeHHs1 a*=b siBAsieTCA YHCJIO C.

[Tpumep 2. Pemnum ypaBHeHHe 16" =256.
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Pewenue. Tak Kak 256=162, To x=2.

Mpumep 3. Pemum ypaBHeHHe 16"=0512.

Pemenune. Yncao 16 moxuo mpeacrasutb B Buiae 16=2%
yueao 512 — B Buge 512=2° 3HauHT, NaHHOE ypaBHEHHe 3alHChi-
paetcs B Bue (24 =2°% uan 2**=2°% Orciona uaxoaum, 4to 4x==9,

9
U MOTOMY x=~4—.

ToT Xe pe3yJbTaT moJy4aercsi CJlelylOLHM o6pa3oM:
loga512__ 9
lOg2 16 —T.
[NepefineM K pelleHHIO NPOCTEHIUHX MOKa3aTeJbHHIX HEPaBEHCTB.
Mpu b<<O nepaBeHCTBO a“<Cb He yNOBJIETBOPSIETCH HH MPH KaKOM

3Ha4YeHHH X, MOcKobKy a*>0. HepaBeHcTBO ke a* b BHINONHSET-
ca aaa Bcex x. IlostoMy HHTepeceH aumb cayvai b>0.

Mbi 3naeM, uyto npu b>>0 BHINOJHAETCA paBeHCTBO a'°®*’=b.
Ecin a>>1, T0 B cHJ1y BO3pacTaHHsi NMOKa3aTeJbHOH QYHKUHH a*
npu x > log, b BbIMOJIHSETCA HepaBeHCTBO @ =>b, a npu x <<log, b —
HEpaBEHCTBO a” < b.

Hrak, npu a>> | peuieHHeM HepaBeHCTBa a* =>b sIBJsieTCA OTKpHI-
Thiit 1y4 (log, b; + oo), a pellleHHeM HepaBeHCTBA a* << b — OTKPHITHIH
ayu (— oo; log, b) (puc. 39, a).

Ecan 0 <a<<1, 1o pyHKuns a* y6uiBaer. [Tlostomy npu 0 <<a<<1
peilieHHEM HepaBeHCTBa a* = b ABJsieTcs OTKPLITHIA Ay (— oo ; log, b),
a pellleHHeM HepaBeHCTBa a*<<b — orkpuiThifi ayu (log, b; 4 o)
(puc. 39, 6).

[Ipumep 4. PemuuM HepaBeHCTBO (—1—) <L

4 16 °
X
Pewenue CHavasna peumum ypaBHeHHe (%) =ll—6. Tak kax
2
T16—=(l—) , To x=2. [lockosbKy B HalleM ciyyae a=~l—<l, TO pe-
X
IIEHHEeM HepaBeHCTBA (—l-) <% saBasercs Jayu (2; 4 oo).
v yA
y=a¥ =aX
a>1 o<a<i
b b

al |

0 loggb loggb |0 x
a) )]
Puc. 39
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YnpaXueHns

121. Pelinrte ypaBHeHHs:
1) ¥=729; 2) =8 3) ¥=243; 4) (VBF=-.

122. PemnTte HepaBeHCTBa:

x L x l.’ 1" l X 2x
1) 2 <732 (+/3) >?,3)(—9-) >‘27,4) 3 >9%

2. Pemenne noka3sarenbHbiX ypaBHeHHHA M HepaBeHCTB. B ocHose
pelleHHs NMOKa3aTeJIbHBIX YPaBHEHHHA JIEXHT cJelyiollas TeopeMa:
Teopema. Ecau a>0 u a1, 10 ypasnenusn

a D=qg8® (1)

f(x)=g (x) (2)
PasrOCUNbHOL.

IlokasateabcTBo. Ecin o — KopeHb ypaBHeHHs (2), TO
HMEeT MeCcTo paBeHCcTBO f(a)=g (a), a Toraa a' (P=af®. O6par-
HO, €CJIH @ — KopeHb ypaBHenusi (1), To a/ @ =a? @, a torna B cuay
MOHOTOHHOCTH pyHKUHH a* uMeeM: [ (a)=g (a). Teopema noka3aHa.

ITpumep 1. Petunm ypaBHeHHE

33x’+2=3x’+5x. (3)

PeweHHe. I10 ypaBHeHHE PAaBHOCHJBHO yPaBHEHHIO 3x42=

1
=x?+5x, KOPHAIMH KOTOPOrO SIBJSIIOTCH X|= x2=2. OTH uHCcIa

7»
ABJSIIOTCA H KOPHSIMH ypaBHeHHs (3).
K ypaBHeHusim Buaa (1) cBoaATCs ypaBHEHHsI BHIa
a @D=peg® 4)
Mul 3HaeM, uto b =a'""%®. [lostromy ypaBHeHHE (4) MOXHO NnepenucaThb

B BHIE
al )= qg&®@log.d

A 310 ypaBHeHue npH a0, a5~ 1 paBHOCHJbHO YpaBHEHHIO
f(x)=g (x) loga b.
[TpuMep 2. Pemum ypaBHeHHE
32:—5___ 5x.
PemeHHe. D10 ypaBHeHHe PaBHOCHJBHO YPaBHEHHIO
32x—5=3xloga5
a NoToMy H ypaBHeHHIO 2x —5=x logs 5. KopHeM 3TOrO ypaBHeHHs

ABJIAETCHA x=m .
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PaccMoTpHM Tenepb ypaBHeHHst BHAa f(a*)=0. Ouu pemaiorcs
¢ MOMOLUBIO NMOACTAHOBKH a*=1{, KOTOpasi CBOJAHT HX K YpPaBHEHHIO
f(H=0. Ilycte t, ..., tn — KOpPHH nosydyeHHOro ypaBHeHHs. Tak
Kak @ NPHHHMAET JIHILb NOJOXKHTE/IbHbIE 3HaYeHHs, TO Hafo oTo6paTh
U3 3THX KODHEH NOJIOXKHTEJbHbE, CKaXeM {), ..., fy, H PeIIHTb ypaB-
ueHusl a*=t, ..., a*=1t;. Orciona HaxodHM x)=log, ¢, ..., xe=10g, ts.

[Ipumep 3. Peminm ypaBHeHHe

4" — 2"+ _24=0.

Pemenne. Tak kak 4*=(2%?% 2°+'=2.2%, 10 310 ypaBHeHHe
MOXKHO MepenHcaTh B BHIE

(2)2—2.2%— 24 =0.

ToAcTaHOBKA 2° = CBOAMT €ro K KBaApaTHOMY ypaBHEHHIO {> — 2f —
—24=0, umelouieMy KOpPHH ¢, =6 u {;= —4. 3 HHX nosoXHTeseH
Jauiib KopeHb 6. [TosTomy ocrazoch pemwHTh ypaBHeHHe 2° =6, u3
KOTOPOrO HaxoAHM: x=logs 6=:—§%.

Iasi pelleHHs oKa3aTeJbHbIX HEPAaBEHCTB HCNOJb3YeTCsl CBOACTBO
MOHOTOHHOCTH Noka3aresbHo# ¢ynkuun. Ecan a> |, To HepaBeHCTBO
a @> g @ paBHOCHABHO HepaBeHCTBY f (x)>>g (x), a ecin 0 <a <1,
TO HepaBeHCTBY [ (x)<<g (x). ’

[Tpumep 4. PelunM HepaBeHCTBO

0’5x’+2x+ 1 > 0’5x’—-3‘

Pemenne. Tak kak 0<<0,5<<1, TO 370 HepaBeHCTBO paBHO-
cubHO HepaBeHCTBY x°+2x+41<<x’—3. Pemas 310 asre6pan-
YecKoe HepaBeHCTBO, HAXOAHM, UTO x << —2.

[Tpumep 5. PeunM HepaBeHCTBO

22x’+3x+2 < 2x2

Pemenne. Tak kak 2>1, TO 3T0O HepaBEeHCTBO PaBHOCHJbLHO
HepaBeHcTBY 2x2+3x+42<x’ T. e. x*43x+2<<0. Pemas ero,
noayyaem, uro —2<<x << -—1.

HepaBencrBa Buaa f(a*)<<0, rae [ — HekoTopasi yHKuHus, pe-
1AI0TCSA ¢ NOMOLEbIO NoAcTaHOBKH a*=1. [lonyuaem ansa ¢ HepaBeHcT-
Bo [ (f)<<0. Tak kak a*>>0, To Hal0 HaATH nepeceyeHHe peIleHHs
3TOro HepaBeHCTBA C OTKPHITHIM JyyoM (0; 4 oo) (T. e. B3ATb yacTh pe-
IIeHHs1, Jiexawylo Ha 3ToM Jyde). Eciau (a, Br) — OAHH H3 npome-
XKYTKOB MOJIyd4eHHOH 4acTH pewmenuss aas f(f)<<0, To anA oTeicka-
HHSl pelleHHS1 HCXOAHOro HepaBeHCTBa nojydaeM o <<a*<<f:. Ilpu
a>1 orciopa uMmeeM log,a,<<x<<log.f:, a ecm O0<a<l,
T0 log, Br<<x<<log, a:. Hdanee Hano OGbEAHHHTb BCE MOJYYEHHbIE
MPOMEXYTKH.

[Ipumep 6. PelunM HepaBeHCTBO

4* -9+ _24<0.
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PemeHue. INoacranoska 2*=1¢ cBOJAT NaHHOE HEPABEHCTBO K
HepaBeHCTBY (?—2f—24<0. Ero pemendeM sBisierci HHTepBaJ
(—4; 6). [Nepeceuennem 3Toro HHTEpBaJa c Jay4oM (0; 4 oo) siBAsIeTCS
(0; 6). Pemas HepaBencTBo 0<<2*<<C6, moayyaeM, 4To — oo <x<<
<log: 6.

YnpakKHeHHS

123. Pemute noka3sare/bHble ypaBHEHHS:
1) 4°~'4+4=320; 2) 5°+3.5"2=140; 3) 5*—5"*=20;
4) 2.3+'—5.9°~2_8l; 5) 5% —7*—385.5*4+35.7"=0;
6) 2939913+ = _28p; 7) 05" 06158 |

%

1 .
x— x4 — —_— —
8) #-3 =3 2 _gu-1 9) 4V*=216=10.2V""%

10) 52+4+6+ +2x=0,04—45.

124. Pemnte noka3sare/bHble HepaBEeHCTBA:
1 xt—2x? PV
1) (?) >2 ;2) 4—T7-2°412>0;
3) 2%+ _5.2°42<0; 4) |2°—2| —|2"—1|=2"+1| —5.

3. Mpocrefinine Jorapudmuueckue ypaBHeHHE M HePaBEHCTBA.
[Mpocreiimum r02apupmuueckum ypasnenuem (1. . ypaBHEHHEM, CO-
JepiKallHM HeH3BECTHOe I0J] 3HaKOM Jiorapu¢pma) sasiaserca log, x=
=b, rae a>0, a*1. Tak kak paseHcTBO log, x=0 paBHO-
CHJIbHO PaBEHCTBY Xx=a’, To moaydaem:

Ecau a>0, a1, 10 xopenv ypaswenus log, x=>b pasen a’.

[ITpumep 1. Pemrnm ypaBHenne logs x=7.

Pem e HHe. Kopuem ypaBHeHus siBAsieTcsi yHcao x=3'.

[Tpumep 2. Peminm ypaBHenue lg x=0,5.

\/I?_e weHHe KopHeM ypaBHenHsi sBAsieTcs uyHcao x=10°=
=+/10.

B cuny MoHOTOHHOCTH JlorapudMHUYeCcKOH QYHKUHH pelleHHe JIora-
pH¢pMHUECKHX HepaBeHCTB BHAa log, x<b (a Takxe BHAa log, x> b,
logs x<<b, log, x>b) cBoAMTCA K pelleHHIO ypaBHeHHs log, x=b.
KopHeM 3toro ypaBuenus sBasiercs uucio x=a’. Ecan a>1, 10
¢yukuus log, x Bospactaer, H notomy npu x>a’ umeem log, x>b,
a npu 0 < x<<a’ umeeM log, x <<b. Mul A0Ka3a/H ciaeayiollee yTBep-
XKACHHe:

Ecaua>1, ro pewenuenm nepasencraa log, x > b asanercs orkpoi-
Toud ay4 (a’; + oo), a nepasencrea log, x<<b — unrepsaa (0; a’).
(puc. 40, a).

[Tpy 0<a<<l o¢yHkuus log, x y6uiBaeT, H NOTOMY BEpHO Cle-
Ayiolilee yTBepXKAEHHE:

Ecau 0<<a<<l, 10 pewenuem nepasencrsa log, x>>b sasanercs

74




yA yA
y=loggx, a>1__~ y=log,x, 0<a<?
b
- ab
0 ab X 0 2
b
a) 0)
Puc. 40

unrepeaar (0; a’), a mnepasencrsa log,x<<b — orkpeitoul ayu
(@®; + o) (puc. 40, 6).
[Tpumep 3. Penm HepaBenctso log, x<<3.
4
Pemenne. Kopuem ypasHeHus log, x=3 sBasieTcss 4ucio
4
1 1

3
(T) =57+ T4K KaK OCHOBaHHe a=%<l, TO pellileHHEM HepaBeH-

CTBa fiBJISIETCSA OTKpthhlﬁ Jayd (é, + 00) .

ITpumep 4. Peunm HepaBeHcTBO logy x<<0,5.

PeweHnue KopHem ypaBHeHusa logsx=0,5 sABasercs umucio
4°5—=+/4=2. Tak kak B NaHHOM ciayyae a=4>>1, To peuenne
AaHHOrOo HepaBeHcTBa HMeer BHA: (0; 2).

YnpaxHeHHn

125. Pewmnte ypaBHeHHS:
1) log, x=2,5; 2) logvgx=—6.
2

126. Pemnre HepaBeHCTBA OTHOCHTENbHO X:

1) log3x>—%; 2) loglx<-;—; 3) log\/;x>logax/§; 4) logs x<<logs 10.
3

4. Pewenne sorapudmMHuecknx ypaBHeHMH W HepaseHcTB. B cH-
Jy MOHOTOHHOCTH JiorapH¢pMHueckoi ¢pyHKUHH npH Jio6om a >0, as= |
paBeHcTBO log, f (x)=Ilogs g (x) BHINOJIHSIETCA JIHIIb NPH YCJOBHH
f(x)=g (x). [lostoMy ypaBHenne log.f (x)=log. g (x) B o6aacrth,
rie f(x)>0 u g (x)>0, paBHOCHJIbHO ypaBHEHHIO f (x)=g (x).

Hrak, cnpaBeqnnsa cieapyiomas Teopema:

Teopema 1. Ypasuenue log,f (x)=log. g (x), ede a>0, a1,
PasHOCUNbHO cucTeme
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f (x)>0, (1)
g (x)>0,

cocroaweld u3 ypaswenuna u 08Yx HepaseHCTs.

{f (x)=g (x),

3ameuaHue. B 37O cHcTeMe MOXKHO ONMYCTHTb OJHO H3 HEPABEHCTB, TaK Kak
KaXxioe H3 HHX BHITEKAaeT M3 ypaBHEHUS M JIPyroro HepaBeHCTBa.

Takum 06pa3oM, 0af peweHus YpasHeHus log,,f(x =log. g (x)
npu a>>0, as=1 HyxHO:

1) pewwurs ypasnenue [ (x)=g (x);

2) u3 nailldennvix KopHel oTobpare Te, KOTOpbie YOOBAETBOPAIOT
nepasencrsy [ (x)>>0 (uau, 4T0 TO XKe camoe, HepaBeHCTBY g (x)>0;
OGLIYHO HCMOJIL3YIOT 60Jiee MPOCTOE H3 ITHX HEPABEHCTB), a OCTaJIbHbIE
KOPHH OTGPOCHTb, TaK KaK OHH SIBJIAIOTCA AJSl NAHHOTO ypaBHEHHA
NOCTOPOHHHMH.

[Tpumep 1. Peuum ypaBHeHHE

logs (x*—3x — 5)=logs (7 —2x).

Peuw e Hue. [lo Teopeme |1 310 ypaBHeHHEe PaBHOCHJILHO CJIEAYIO-
ed CHCTEME:
{ x> —3x—5=7—2x,
7—2x>0.

Kopusimu ypaBueHuss x*>—3x—5=7—2x saBasiOTCA uyHcaa —3 H
4. Ocrasocb 0TO6paTh H3 3THX UYHCEJ T€, KOTOphle YAOBJIETBOPSIOT
HepaBeHcTBY 7 —2x>(0. EMy ynoBJsieTBOpsieT KOpeHb — 3 H He yIOB-
JeTBopsieT Kopenb 4. 3HauuT, 4 — mocTopoHHH# KopeHb. MHrak,
x=—3.

[Tpumep 2. Peinm ypaBHeHHE

Ig (x+4)+1g (2x+3)=1g (1 —2x). (2)

Pe e H ue. Jlorapudpmbl, BXoAsALIHE B 3TO ypaBHeHHe, OnpejeJe-
Hbl JJS1 3Ha4YeHHH X, MPH KOTOPBIX

x4+4>0, 2x+3>0, 1 —2x>0. (3)

[Mpu sTHX 3HaueHHAX x AaHHOe ypaBHeHHe mnpeoGpa3yeTcsi K BHAY
lg (x-+4) (2x+3)=lg (1 —2x)
H JaJjiee K BHAY
(x+4)(2x+3)=1—2x.

M3 storo kBaspaTHOro ypaBHEHHS HaXOAMM: x;= —1, xo= —55.
Ocranoch 0To6paTh H3 HaWJEHHBIX KOpHEH Te, AJA KOTOPHIX Bbi-
noJHAIOTCA HepaBeHcTBa (3). MM ylnoBaeTBopsieT KopeHb x| H He
yIOBJIETBOPSIET KOPEHb X2. 3HAYMT, X = —
JlorapugmHueckue ypaBHeHHsI BHIa f(logax) 0 pewaiorcsa ¢
NOMOLbIO MOACTAaHOBKH log, x=1¢. OHa NPHBOAHT YpaBHEHHe K BHIY
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f()=0. Ecmm ¢, .., {, — KOPHH NOJYYEHHOrO YpaBHEHHS, TO

KOPHSIMH 3aJlaHHOTO YPaBHEHHSl AIBJISAIOTCA YHCaa a, ..., a™

[Ipumep 3. Pemium ypaBHenue

logi x+logs x4 1= -
lOgsg
Pemenue. Tak Kak ]og3%:logax—log33=log3x—l, TO

JaHHOEC ypaBHEHHE€ MOXHO nepenHcatb B BHAE

log3 x+logs x+ 1 =—~

logax—1"~

[TonoxuB logs x=t, nosyyaeM ypaBHEHHE

Ptpl=—-,
T. e. (—1)E+t+1)=7, uan, uto To Xe camoe, £—1=7.
Orciofna HaxomuM, uto 2=8, T. e. t=2. U3 ypaBuenus log; x=2
nonyyaeM x=23%=09. Urak, x=09.
[Ipumep 4. Pemunm ypaBHeHHe
logd x—5 logs x+ 21 =0.
Pemenue. Tak Kak

logs x __logs £

logs x=15="2

TO 3TO ypaBHEHH€ MOXXHO NMpEACTaBHTb B BHAE

lig4§—"t—510g3 x+21=0.

[MoncraHoBka logs x=1¢ NPHBOAMT K ypaBHEHHIO
2 —20t 4 84=0.

Ero kopusimu siBasiioress £ =6, ty=14.

Sgaqm, KOPHSIMH JaHHOTO ypaBHEHHsi sIBJAsOTCH x;=3°=729 u
Xo= .

B cuay MOHOTOHHOCTH Jlorapu¢pMuuecKod (PYHKIHH pellleHHe Hepa-
BeHCTBa BHIA

loga f (x)> loga g (x) (4)

CBOAMTCH K PelleHHIO COOTBETCTBYIOLIEro HepaBeHCTBa, CBSI3HBAIO-
wero f(x) u g(x). Ecim a>1, o u3 (4) caenyer f(x)>g(x), a
ecan 0<<a<<l, 10 f(x)<<g(x). [Ipn 3TOM B OGOHX cayyasix Haao
y4YecTb, 4YTO AOJIXKHB BHIHOJHATHCA HepaBeHCTBaA [ (x)>0 u g (x)>0.

Takum o6Gpasom, cnpaBefinBa cieaylOlIas TeopeMa:

Teopema 2. Ecau a>1, 10 Hepasencrso log. f (x)>>log. g (x)
PABHOCUABHO OBOLUHOMY HepABeHCT8Y

f (x)>g (x)>0. (5)
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Ecau 0<<a<<1, 10 nepasencreo log, f (x)>log. g (x) pasnocuare-
HO 080lHOMY HepaeeHcT8Y .
0<f(x)<g (x). (6)

[Tpumep 5. Pemnm HepaBeHcTBO log; (4x—14)<< —1.
3

-1
Pemenne. Tak kak (;—) =2, To —l=log2 u nanHoe
HepaBEHCTBO MOJXKHO 3aMHCaTbh TakK: ?
log, (4x—14)<log, 2. (7)
Fl z

[MTockosbKy B JaHHOM cilyyae OCHOBaHHe JIorapH()MOB a=% MeHbllle,
yeM |, HepaBeHCTBO (7) paBHOCHJbHO ABOAHOMY HEpaBEHCTBY
4x—14>2>0,

H3 KOTOpOro HaxOAHM, 4TO X =>4.
Urak, pemeHHe 3ajaHHOr0O HepaBeHCTBA HMeeT BHA X =>4, WJH

HHaye [4, + oo).
[Tpumep 6. Pelunm HepaBeHCTBO
Ig (x+27)—1g (16 —2x)>Ig x.

Pe m e H ue. Bee sorapudpmul, Bxoasiiiue B 3T0 ypaBHEHHE, ONpe-
JeJieHH AJs1 3HayeHH# x, NPH KOTOPBIX BHIMOJHAIOTCA HepaBeHCTBa
x4+27>0, 16—2x>0, x>0. [Iaa 3THX 3HaUEHHHA X MMeEEM:

g (x+27)>1g x+1g (16 —2x),
H lanee:
g (x427)>1g x (16 —2x).
INockosbky ocHoBaHue 10 aecsituuHOro Jorapudma GoJibilie e JUHHLb,

TO JaHHOe HEPaBEHCTBO S3KBHBAJIEHTHO CJejylollell CHCTeMe He-
PaBEHCTB:

x>0,

x+427>x (16 —2x),
16 —2x>0.

H3 Hee nosyuaem:

{ 2x? —15x427>0,
0<x<8,
H JaJee:

{ 2(x—3)(x—4,5)>0,
0<x<8.

Orciona chaepyer, uro 0<<x<<3 uan 4,5<<x<<8. 3ro peleHHe
MOXHO 3anHcatb B Buze (0; 3)U(4,5; 8).

B 3akmiouenue paccMoTpuM HepaBeHcTBa BHAA [ (log, x)>0.
Cnenaem noacraHoBky log, x=¢. Toraa HepaBeHCTBO NpPHMET BH.:
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f(t)>0. Pewasi 3170 HepaBeHCTBO, MOJy4YaeM KOHEYHOe HJH GecKo-
HEUHOe MHOXKECTBO HHTEPBAJIOB BHAA (G, Pr). A Kaxkaoro H3 HHX
umeeM: ar<<log,x<<B.. Ecam a>1, T0 orcioga ciaeayer, uTO

a*<x<a™ a ecmn 0<<a<l, To a*<<x<<a™. Pellenne siBasieTcs
o6beMHeHHeM HaHJeHHHX HWHTEPBAJIOB.
[Ipumep 7. Peminm HepaBeHCTBO

log’ x—6log: x—16<<0. (8)
3 3

Pewenue. [Noacranoska log, x=1{ NpHBOAHT 3TO HEPABEHCTBO
K BuAy t*—6f—16<<0. Pemas éro, nojayyaem, uto —2<<t<<8.

Tak Kak ocHOBaHHe Jiorapudmos a=% MeHbllle eIHHHLBI, TO peillie-
8 -2

1

HHeM HepaBeHcTBa (8) ﬂBﬂﬂeTCﬂ(%) <x<(—:l‘-) , T e.(—i%-l<x<9.
3ameuanue Ecay aas ¢ nonysaem HepaBeHCTBO BHAA — oo <f< s, TO Npu
a>1 eMy cooTBeTcTByer HepaBeHCTBO 0<x<aﬁ", a npu 0<<a<<1— HepaBeHCTBO

ap'<x< ~+ oco. AHa/NOrU4YHO AAS HEPABEHCTB BUIA ap<f<{ 4 oo.

[Tpuwmep 8 Pemnm ypaBueHue
- log x2— 14 log e x°+40 logs, \/x=0. (9)
2
Pewenue. Bouto 66 OMLIHG0YHO, BOCIONb30OBABIIHCH (OPMYJIOH

nepexojia K HOBOMY OCHOBAHHIO JIOrapu(MOB, 3aMEHHTDb 3TO YPaBHEHHe
Ha

2 3
log: x* 14 logx x +4010g,w/;=0' (10)

1 log, 16x ' log, 4x

log,?x

Ileno B TOM, 4TO yka3aHHasi ¢opMyJa He MOXKET MNPHMEHATHCH,
ec/ii ocHOBaHHA Jorapupmoe paBuHul !. [losTomMy Hamo chauana
BLISICHHTb, He fiBJseTcAd Ju 4uciao | kopHem ypaBuenus (9). Iloxn-
CTaHOBKa MOKa3blBaeT, YTO x;=1 — KOpeHb. TOJbKO mocJje 3TOro
nepexoAuM B o6jacTy, rae x>~ 1, K ypaBHeHHio (10), paBHOCHIbHOMY
B 310l oGnactu ypasHenuio (9). [To cBoiicTtBam JorapudmoB noay-
yaeM:

2 42 20
l—log,,2_I—|~4log,,2—+-l+2log,,2_'0

Ilonaras log, 2=y, uMeem:

2 _ 42 . 20 _,
I—y 1+4y ' 142y
Ecin ys£1, y:;&—-l—, Y —%, TO 3TO YypaBHEHHE PaBHOCHJIBLHO

KBaapaTHoMy ypaBHenuio 2y°>+3y—2=0. Ero kopusMu sBAsIOTCH
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1
yHcaa —2 H %— Ecnu log, 2= —2, 10 logs x= —;— Hxe=2 2=

=$ . Ecau log,2=%—, 10 x3=2>=4. [lanHOoe ypaBHeHHe HMeeT

TPH KOPHS.

TMpumep 9. Pemnm ypasHenune xV*= =-/x".

Pemenue. B 3ToM ypaBHeHHH x MOXET NpPHHHMATb TOJbKO
NOJIOXKHTeNIbHble 3HaueHHs. IIpH 3THX 3HaueHHSX ero MOXHO nepe-
nHcaTh B BHAE

x

xF=x2. (11)
Ecau x5~ 1, To H3 3TOro paBeHCTBa BHITEKaeT, YTO W/; =% H NOTOMY

x=4. Onnako paBeHcTBo (11) cnpaBemauBo u npu x=1. Hrak,
ypaBHeHHe HMeeT ABa KOpHA x=4 u x=1.

YnpaxHenus

127. Pewnte sorapudMuYecKHEe ypaBHEHHS:

1) Ig(4.5—x)=Ig4,5—1gx; 2) lg\/x—5+lg\/2x—3+l=lg30;

3) x'8%—ylo0, 4) 0,lx lex=2_100; 5) 2I°g'x=é; 6) A8 F—g2 a>0;
7) logs (' — 11x+43)=2; 8) log. (642" ~**)=0;
9) 4—lgx=3+/Igx; 10) Ig 10+—:13—-lg(27l+3‘/’_‘)=2;

11) logs (x+12) log,2=1; 12) Vlogﬂ/ﬁ;logax=—l;

13) x'/'€* =10"; 14) Ig\/T54+5Vx—1=1;

15) log, x®+logs x=2,5; 16) log. a+ log o5, (x*a)=4;

17) log,_sa+logaa x=1; 18) (1+4log.a)log. x logs c=Ilogs x—log, x logac;
log.a _
19) 2log. a+3|og,,z,,a+ll o8, o

128. Peinnte JorapHpMHYECKHe HepaBeHCTBaA:

1) log 1 x+logs x>1; 2) loga x+loga (x+1)<<log.(2x+6)
2
(pa3o6patb cayuyan a>1 u 0<a<l); 3) Iog,% <Iog,%— ;
4) log,+24>log.2; 5) lg (2x—3)<1; 6) 4log§(x—l)—log_. (x—1)>5;
2

1 2 logax+1._ 2.
7) 1 —m-<l+lgx' 8) X >a‘x,

9) log: Ioga <Iog. log.i 10) Iogn x>log,3—%

1
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. 1 —
11) log:+p 2<<log: 4, 0<P<T; 12) log23 2; <l;

13) Ig |2x+1 l <0; 14) log,2_ Bx—)<log,2_ %

15) logs (2x"'—x——%) >1.
8

§ 3. AMODEPEHUMPOBAHUE U MHTETPUPOBAHME NOKA3ATENbHOA
M NOTAPMDOMHMYECKOR ®YHKUMA

1. Jlorapudmuueckoe anddepenuuposanue. B n. 3 § 1 6nyi0 no-
Ka3aHo, 4TO '

(In x) =—. (1)

s Toro uto6u npoanddepeHUHPOBATD JOrapHpMHYECKYIO PYHK-
UHIO C MPOH3BOJIbHBIM OCHOBaHHEM, BCIIOMHHM, YTO

Inx
lOga x*—'—‘m .
[TosTomy
p_flnx\"_ 1 1 _ 1
(lqg"x) - M) “Ilna x xlna’
Hrak,
’ 1
(loga xY =——. @)
Orciona caenpyer, uto
d(In x)=%, (3)
d (log, x)= ln —. 4)

U3 paBencrBa (2) moayuaem, yto

857 = () ==

xlna

Tak kak x>>0 npu mo6om x, To 3Hak (log, x)” MpOTHBONOJIOXKEH
3Haky In a. Uubimu ciioBamH, (logs x)” <<0 npu a>1 u (logs x)”" >0
npu 0 <<a<<l. Orciona BHTeKaeT cjaefyiollee yTBepKIeHHe:
T'pagux pynxyuu log, x o6pauser 86inyKa0CTHI0 88epx npu a1 u
8oINYKA0CTbIO 8HU3 npu 0<<a<<l.
IIpumep 1. Hafinem npousBoaHble PpyHKUHHA:

1)1mx;ﬂannms)ﬁ;.
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Peumenue. Umeem:
1) (In®x)’ =3 In? x(lnx %—5

2) (In sin x)’ =——-(sinx)’ = =S2Z —=ctg x.
l ’ —_ ’ — 4 l
3) ( lnx) =(In"'xy=—In"%x(Inx)=——1r.

[Tpumep 2. Hafinem npousBoaHyio pyHkuuu f, rae
f(x)=In Yr=L0+3
(x2+4)5 esmx

PemeHnne B naHHOM cilyuae OoThICKaHHe NMPOM3BORHOH ympoc-
THTCS, €CJIM CHayaJjia BOCNOJb30BaThCs CBOACTBaMH Jiorapu(pMHUYECKOH

$yHKUMH:

f(®)==-In (x—1)+4 In (t+3)—5 In (x*+4)—sin x,

H NOTOMY

NS 10x

f (x)_3(x—1)Tx+3 xX+4

Ecan u3BectHa npousBogHas ¢yHkuuu In f (x), T0 Jerko HafTH H

NpoH3BOAHYI0 ¢pyHkuuH f. B camoM peJe, mo npaBuiay auddepeHun-
pOBaHHS CJIOXHOH (PYHKUHH

(in f () =i+ F (=18

— COsS x.

3Haumr,
[ ()=Ff (x)-(In f (x))". (5)
A1y dopmyay Ha3uBalOT GOpMYJIOA s02apudmuteckozo dupgepenyu-

posanus.
[Tpumep 3. Halinem npoussoanyio ¢pyHkuuu f, rae

f(x)=_.____“_l(x-'-34.
(x2+4)5 esmx
Pemenne. Tak Kak
In f (x)=—-In (x—1)+4 In (x+3)—5 In (> +4)—sin x,

TO

(In f (x)) = )+x13 T cosx,

U NOTOMY
[ ()=F (x)- (In f (x))" =

__%/x—l(x+3)‘.( 1 4 10x_ )
—-(x2+4)5e5i"" 3(x—l)+x+3 x244 cosx)-
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IMpumep 4. Hafinem npoussonnyio pyHkumu f, rae f (x)=x'¢*.
Pemenue. Tak Kaxk In f (x)=tg xIn x, 1O
(In f (x)) =(tg x In x) =2 4 &x

Cos™ x X

Mo ¢opmyne norapudpmuyeckoro AuddepeHUHPOBAHHA TNOJydaeM:

?
tgr) — ,lgx In x tgx)
(x * (cos’x+ x /-
I[Tpumep 5. Halinem MunuMym ¢yHkunu x In x.
Pew e ue. INponsBonnasa naHHo# PyHKUHH paBHA

(xIn x)’=In x+x-—i— =Inx+1.

[IpupaBHHBas ee HyJ0, nojsyyaeM ypaBHeHHe In x4 1=0, kopHeM
KOTOPOTo siBJAsieTCs x=e~ . Tak Kak

7 (9)=(x In 2y =(in x+ 1y =

TOJIOXKHTE/NBbHO NPH x=¢e"', To HalileHHO®e 3HAUYEHHE X ABJIAETCS TOU-
KO MHHHMyMa. 3HaueHHe (YHKUMH B TOYKe MHHHMyMa paBHO
e 'lne”", 1. e. Yyu= —%.

Mpumep 6. INposenem kacaTenbHyio K rpaduky ¢pyskuuu In? x
B TOYKe xp==e. L

Pewmenne Hmeem: xo=e, f(xo)=In’e=1. Manee, f (x)=

21“e=—§-. YpaBHenne Kaca-

=(In? x)’=2l%, M notomy [’ (xo)=

TeJbHOH y—l=%(x—e), HJIH y=%x—l.

[Ipumep 7. Hafinem npubaumkeHHoe 3HaueHue In(e+0,01).
Pemenune Ham nvago uaiitu f(xo+h), rae xo=e, h=0,01,

f)=Inxo. Tak xak f(xo+h)~f (x0)+hf"(x0), a (In %)=L, 10
noJiyyaem:
In (e40,01)~1n e+0,01 -~ =1+~ 1,0037.

e

B 3axioueHHe sanuimeM ¢opMmysy HHTErPHPOBAHHSA, COOTBET-
CTBYIOLLYIO BbiBeleHHOH paHee ¢opmyie AHdepeHUHPOBaAHHSA:

Sde=ln x+4C. . (6)

3ameuaunne Tak kak (ln(—x))'=—%-(—l)=-£—, TO NpH x<<0 HMe-

eMZS d—; =In (—x)+4C. INostoMy B o6ueM Bule NMHIIYT:
S d7x=ln lxI+C. . )
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[Tpumep 8. Buuucaum uHTErpan S ;‘%_x—l-

Pemenue. Tak kak (x4 1)’=2x, noacraHoBka x’+41=z

naer dz=2xdx, u OTOMY xdx=d—2z-. 3HauHT,

2z

xdx___ 1 \dz __ 1 2
S}?‘ﬁ—zg =Lin(@+14+C.

3ameyaHnune. BooGuwe, ans aoGoi aupQepenuupyeMoii (yHKuMH HMeeT
MECTO paBeHCTBO

["(x)dx_
S = Fel+C. (8)

Hanpumep,
S tg xdx=S S'I:H-T:%f= —In |cos x| 4C.

ITpumep 9. Haitnem miowmanp, orpaHHuYeHHYIO NPAMBIMH x =0,
y=0, x=3 u rpadpukoM PyHKUHH y=)—$z.

PemeHue. HckoMas miomans Bhpaxaercs HHTErpaJom

3
de

x+4°
0

[ToncranoBka x-+4=t¢ naer dx=dt, u noromy

dt dt
Sm_g & —in 1t =In |x+4].

3

3

3HayHT, S x‘_i:4=ln |x+4|| O=ln 7—In4=lIn Z—.
0

YnpaxHeHHs

129. Hafinute npousBoanble QyHKIMI:
1) In (x£*—1); 2) xIlnx; 3) x*Inx; 4) sin®(Inx); 5) Insinx; 6) Intgx;
7) In"x; 8) In*x—41Inx; 9) In®x+In(x*); 10) In ’;%:; 11) In (x4~/x*F1);
12) In (2 4-/x"F4).

130. Halizure npoussoaHyio or y=log; a.
(Yka3anue. Bocnoassyiitech ¢opMysofi mepexosa K HOBOMY OCHOBaHHIO
Jaorapu¢$pmoB.)

131. Hiccnenyfite Ha 3kcTpeMyM (PYHKLHH:

_ . 2. *+2 _xz
1) x—In(14x); 2) xIn*x; 3) In P 4) TP
5) Lln x—arctg x; 6) Incos x—cos x.

2
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132.

133i

134.

135.

136.

137.

138.

139.

BuiBenure GopMyay AAsi NPOH3BOAHBIX n-ro MOPAAKA PyHKUMA:

1) Inx; 2) In(x—1); 3) ln?%___

Hafinute npon3soanbie ¢pyHKuMi:

8 J(* + 1P (P +6x+14° 12 [(x"—1)® (x®+4x45)
1) In 1 2) —= ;
tg 2x(x3+5)4 (x+3)|oesm X

3) (cos )&% 4) £ 5) £~

BHYHC/IHTE HHTErpasH:

dx dx Ldx
D Sx-—2; 2)S4x 5’ »3) S 142 4) S]+x4’ 5)Stg7xdx;

. dx ) dx
6) SCtg @x—1)dx; 7) S I+ arctgx’ 8 S w/l‘—-?arcsinx'

Hafiqure niowans ¢uryps, orpanuuenHoii runepGosofl y _2xl—4

H TPAMBIMH

x=3, x=8, y=0.

Ha#figure mnowans ¢urypu orpanuuenHodi rpadgukom ¢yskumn x~'In x, ocbio
abcuuce H NpAMbHIMHE x=1 U x=e,

Hafinure nponasonnyic dyuxumu In (x++/x*+a). [Toxb3ysick MoAyueHHHM pe-
3y/AbTATOM, BHIYHCJHTE CJAEAYIOLIHE HHTErpadhbi: ’

V=l ol e ¢ Sw/ﬂi—ﬂ

1
IMpencrasbre apo6b g7 B BHle pa3HOCTH npoGefi co 3HaMeHaTeJNsIMH X—a

H x-a. [loab3ysicb NoNyyeHHHIM Pe3yNbTATOM, BHYHCIHTE HHTErPaJbi:

dx dx dx . dx
I)S 2)S —1 3)8 ©46x+8° 4)8 4" +8x+3 °

Hokaxure, uto GyHKuHS f(x) sIBASETCA pPelICHHEM aHHOTO RH(depeHiHalb-
HOTO ypaBHEHHA:

1) ¢”4+y"P=0, f(x)=(x+Ci)In (x4 C\)+ Cax+Cs;

2) y'=é, f(x) =lnl !

3) ¢ —-35%2-)"‘ f (®)=1In sin x+ C1x®+ Cax+ Cs:

4) Xy +xy' —y=0, f ()=x(Ci+Cs In x4 C; In? x).

2. Nnddepenunponanne noxkasareannoi pynxuun. Tak kak noka-

3aTesbHast GyHKUHSI o6paTHa JorapHpMHuecKoH, Kotopas AHpepeH-
uMpyeMa, TO H noka3artesibHasi GyHKuHs AuddepeHunpyema. Urobnl
BLIYHCJIHTb €e MPOU3BOJHYIO, BOCNOJb3yeMcs ¢opMyJoH Jorapudmu-
Yeckoro au¢¢epenunpoBanus. [lockosbky In a*=x In a, 10 (In a*)’'=
=(x In a)’=In a, a notromy no ¢popmysne (5) n. 1 umeem:
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(a*)Y=a*(In @*)’=a* In a.

Hrak,
(@*) =a"Ina. (1)
OtMeTHM YacTHHIA ciayyail nosiydeHHOR (POPMYJIHL:
(ex)/ =" ( 1 /)

3HauHT, NPoU3B0OHAA NOKA3ATEAbHOU PYHKYUL C OCHOBAHUEM e PABHA
camol 3Toll QhyHKyuu.
U3 popmyant (1) BhiTeKkaer, uTo

(@)’ =(a* In @) =a* In? a.

Ho a*>0 npu n060M 3Hauernnn x 4 In® a>>0 npu M060M NOJOXKH-
TeJIbHOM 3HaueHHH a, oTIHYHOM oT 1. [Tosatomy mas Bcex x M Bcex
a>0, a1 BunojaHseTcs HepaBeHCTBO (a*)” >0. CuemoBaTesbHO,
npu aobom a=>0, a1 epagux ¢pynkyuu a* na eceil yucaosold ocu
obpawen 8bLNYKAOCTHIO BHUS3.

ITpumep . Halinem npousBogHbe (YHKUHH:

X%, . ¢
1) e*; 2) cos ¢€*; 3) e
PeweHue. Hmeem:

1) (e) =e* (x?) =2xe*"
2) (cos €*)’ = —sin €* (")’ = —¢€* sin €.
3) ( & ) (PO (Y = (P4 e (P —2x+4)
44 (F*+4)* G
ITpumep 2. Hafinem npubixKeHHOE 3HaYeHHe 1Jis e
PemeHue. [IpuMeHuM npHGIHIKEHHOE PaBEHCTBO f(x0+h ~
[ (xo)+ hf’" (xo0). B HameM cay4ae f(x)=e", xo=1, h=0,01,
1 noroMmy [’ (x)=¢€*, [’ (xo)=e'=e.

3HauHT, HMeeM: ehol =e+e-0,01 =e-1,01.

IMockosnbky e~2,7182, TO HCKOMOe npntSJm)KeHHoe 3HayeHHe
paBHo e'*! :2,7454. Bosee TouHoe 3HaueHHe TaKoBo: e*! =2 7456,

IMpumep 3. Haiinem, noa kakuMm yriiom rpaduk QyHKIHH ¢ ne-
pecekaeT OCb OpJAHHAT.

PemeHHe. Toukofi nepeceueHHsi rpadpuka U OCH OpPAHHAT fIB-
asiercsi Touka M (0; 1). Tak Kak B TouKe x= 0 npou3BoaHas

(GyHKUHH npHHMMaer 3HaueHue e’=1, TO KacaTeJbHasi K rpagHKy
B 3TO# TOuke o6pa3syeT C OCbIO a6cuncc yroa ¢, Tako#, uro tg o=1,

l01

T. €. (p=%. Ho Toraa u c ocbio opAHHAT KacaTe/lbHasi 06GpasyeT

n
yroJa —4—

3ameuaHne CBOACTBO YHC/Ia e, BHACHEHHOE B 3TOM NMDHMEpe, MOXHO MpH-
HATb 3a JAPYroe ero OMpeNeJeHHe: YUCAOM e RBARETCA OCHOBAKUE NOKA3ATeAbHOU

dynKyuu, npu KOTOpOx ee zpaguK nepecexaer ocb opOUNAT nod yzAoM —1—‘-
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YnpaXHeHHS

140. Hafinure npon3aBoaHble PYHKIHIA:
1) & (+x+16); 2) & sinx; 3) &°; 4) &M% 5) sin (¢*);

6) 4" (2 —1); 7) ?i—; 8) ;‘;% 9) In (¢ +1); 10) arctg ().

141. JlokaXHTe, 4To PyHKRHS y=¢"* yNOBIETBOPSIET yPaBHEHHIO Y’ =ay.

142. Hokaxure, 4T0 OQYHKUHA y=xe* yAOBJETBOPsieT YpaBHEHHIO y'=% Y.

143. TpoBeaure KacaTtelbHyI0 K KpHBOH y=x’e~* B TOuKke xo=1.
144. Hafinure TOYKH 3KCTpeMyMa (YyHKIHIA:

1) x%7% 2) x'e™% 3) xe™ ¥ 4) tPe—*; 5) xe~*te %
6) e *sinx; 7) %, 8) e*+e *—2cosx; 9) In(14e7%.

" 145. Jlokaxure, 4To QyHKUHA y=e¢" sin x fAABJsAETCA ONHHM H3 peweHH aHPepeH-
[{HaJIbHOTO ypaBHeHHSA

¥ —2y' +2y=0.
146. Iokaxnrte, uro ¢yHKUHA y=¢" sin x4 sin 2x siBAAeTCA OAHHM H3 pelleHHA
JupdepeHHaNbHOTO ypaBHEHHS

Y’ —2y’'+2y=—2 sin 2x—4 cos 2x.
147. BHUYHCAHTE HeompejeseHHHe HHTEIPaJH: .
1) S 2%dx; 2) S e**dx; 3) S e~ ¥dx; 4) S e* sin (e*) dx; 5) S x* In xdx;

6) S xe**dx; T) S In xdx; 8) S xIn xdx.

148. BuuHcaHTe Onpejie/ieHHHE HHTErpaJn:

2 1 2
7 3
1) Sesxdx; 2) S In xdx; 3) S ﬁ%{;dx.
0 4

4 2
149. Ouenure HHTErpan S xPe~*dx.
1
150. Buuncaute no ¢opmyse tpaneumii npa n=10:

2 |
1 S Ig xdx; 2) S e dx.
1 ]

151. Hafignre nmaomans KpuBOJMHeRHOM TpalelHH, OrpaHHYeHHOH cBepXy rpadHKoM
bynkuun 2%, a cHH3Y Ocblo abCiUHcC, ¢ GOKOB MPAMBMH x=0 4 x=1.

3. HInddepennnaibhoe ypasHeHHe NPOUECCOB OPraHHUECKOrO M3-
Mexenus. B n. 1 § 1 npouecch opraHHuecKoro H3MeHeHHs GblJIH OXa-
PakTepusoBaHn paBeHcTBOM f (4 T)=f tf(ggn. Beeznem BMecTO yH-
Kunu f ¢dyHkumio ¢, cBsisaHHyio ¢ [ pasenctBoM f(t)=f (0) ¢ ().
Toncrapnss sto BupaxkenHe BMecTo f, noJiy4aeM JJisl (¢p COOTHOLIEHHE
PE+T)=¢@ () @(T). Bn. 2 1 5§ | 6u0 nokazaHo, 4To 3TOMY pa-
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BEHCTBY yJOBJETBOPSIOT JHIUb QYHKUHH BHAA a', rae a>>0. Orcioaa
‘CIeflyeT, YTO MNpoUecChl OPraHHYeCKOro H3MEHEHHSl ONHCHIBAIOTCS
¢yukuusimu Buga f(f)=f(0)a’, rae a>>1 Aas npoueccos opraHu-
yeckoro pocra H 0 <<a<<1 AJa npoueccoB OPraHHYeCcKoro yGhiBaHHS.

OGo3nauuMm [ (f) uepes y, f(0) yepe3 yo u In a uepe3 k. Toraa
a=é*, a'=e" W 3aKoH H3MeHEHHs BENMYHHB y C TEYEHHEM Bpe-
MEeHH NPHHHMaeT BHA:

y=yoe", (1)

rae k>0, ecsin BeJHYHHA y Bo3pacTaeT, H k<<0, ecin oHa y6hiBaerT.

®ynkuun Buaa (1) ynosinerBopsiior AH(pdepeHUHANLHOMY YypaB-
HeHHI0 y’=ky, npHYeM pelleHHA HHOro BHAAa OHO He HMeeT. B ca-
MOM JieJle, pa3fieiasi nepeMeHHbe B ypaBHEHHH y’=ky, nosyyaem

-‘1;1=kdx, OTKyla S%L:S kdt, 1. e. In |y| =kt+4In C. Ho 310 ¥ 03-

Hauaer, uto y=Ce*.

ITockonbKy y’ AABASIETCA MTHOBEHHOM CKOPOCTbIO H3MEHEHHS BeJIH-
YHHB Y, TO MHl JIOKa3aJH CJefylollee yTBepXKIeHHe:

MenoeenHas ckopoCTb USMEHEHUR BeAUHURbL 8 NPOYECCe OP2aHUYe-
CKO20 pOCTa uau Yybouisanus 8 KaNwObll MOMEHT BPeMeHu nponop-
YUOHANLHA 3HAHEHUIO BEAUHLHBL 8 3TOT MOMENRT 8pemeru. [Tpu 3ToM KO-
agpuyuent nponopyuonarbHocTu pasen 3naveruro k 8 paserncrse (1).

C¢opmyaupoBaHHOe CBOACTBO AIBASIETCS, KAK Mbl BHIEJH Bhillie,
XapaKTePHCTHYECKHM JJIfi IMPOLECCOB OPraHHYeCKOro H3MEeHeHHS.

K paccMoTpeHHOMY THITYy npoueccoB GJIH3KH npoyecco 8vipasHusa-
HuA, NPH KOTOPBIX MTHOBEHHasl CKOPOCTb H3MEHEHHs BEJIHUHHH Y NPO-
NOpUHOHANbHA He 3HA4YeHHI0 3TOH BEJHYHHB, a Pa3HOCTH MeX1y
HEKOTOPHLIM YHCJIOM @ H 3THM 3HauyeHHeM:

vyw=Fk(a—y), rae k>0. 2)

IMockonbky v,,,=y’, U3 ypaBHelns (2) mnoayuaem au¢¢epeHLHANDb-
HOe ypaBHEHHE MpOLECCOB BblpaBHHBaHHA:

Yy =k(a—y).

IToacraHoBKa @ —y=2z CBOAHT 3TO YPaBHEHHE K YK€ H3y4YEeHHO-
My cayyaio. B camoM gene, 2’ = —y’, 1 NOTOMy NoJiyyaeM ypaBHEHHE
2’= —kz. U3 Hero Haxomum z=Ce ¥, otkyna

y=a—z=a—Ce ™. (3)

ITpumep. CkopocTb OCTHIBAHHSI HAarpeToro Tesia B KaXXAblA MO-
MEHT BPEeMEHH NpONOpUHOHAJbHA Pa3HOCTH MeXAy TeMnepaTypo#
T\ oxkpyxaioler cpenl H ero TeMnepatypoit I B 3TOT MOMEHT BpeMe-
HH. BbiBeJleM 3aKOH OCTHIBaHHSI TeJla C TeYEHHEM BPEMEHH.

Pewenue. INo ycnoBuio nmMeeM aupdepeHuHabHOe ypaBHEHHE
T’=Fk(T\—T). 3HaunT, Kak GbLJIO NMOKA3aHO BHIIlle, 3aKOH OCThIBa-
HHSA BHIpaxkaercsi popmyJiod

T= Tl _— Ce_'".
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3nayende C Jerko HaWTH, €C/M H3BECTHA NepPBOHaYaljibHasi TeMIepa-
Typa tena To: npu =0 noayyaeMm To="T,—C, u noromy C="T; — T,
T. €.

T=T\+(To—T) e~ *. p (4)

Yro6nl HaHTH 3HaueHHe k, HAJO elle 3aAaTh TeMnepaTypy Teaa T
B HEKOTOPHIA MOMEHT BpeMeHH f;. VI3 ypaBHeHus (4) nosyyaem, uto

T:—T, —kty. bt Ih—T,
7 —¢ "% H noromy 2=In T 3Hauur,
1 To-—Tl
I;e—--_—t2 In T (5)

K ypaBHennsiM pa3o6paHHOro B 3TOM NYHKTe BHIA CBOASITCH
HeKoTophle AH(depeHHaIbHBE YPABHEHHS] BTOPOrO NMOPAAKA, B 4acT-
HOCTH ONHCHIBAIOLIHE [BHXKEHHE TeJa B CONPOTHBAAIOLIEACH cpele.
Ecin conmpoTHBJIEHHE Cpelbl NpPONOPLUHOHAJIbHO CKOPOCTH TeJa, TO

HMeeM ypaBHeHHe mx” = —kx’ (cM. ypaBHeHue (2) n. 1 § 2 raaBn

VII). INoacraHoBKka x’=v CBOAHT 3TO YpaBHEHHE K ypaBHEHHIO Mep-

BOro mnopsiika mv’= — kv, oGllee pellleHHe KOTOPOro HMeeT BHI:
——t

v=Ce "

Ecnn HauanbHas ckopocThb ABHXEHHS DaBHA U, TO

?e

—t —_t

v=uvoe " .TlockonbKy v=x’, TO x'=vee ™, H MOTOMY

Il i!
x=S voe " dt——Cn—Me ", (6)

Ecin HayanbHas KoopAHHATA TOUKH paBHa X, X (0)=x,, T0 H3 (6) BHI-

TeKaeT, 4To xp=C, —%, H NOTOMY C.=xo+%

k
—_——t
.._JCo-|—mv°( ]—e m )
_k,
Mpu t—-4 0o cnaraeMoe e ™ CTPEMHTCA K HYJMIO, H TIOTOMY IBH-
KYILIASIC TOYKA CTPEMHTCS K TOUKe C KOOPAHHATOM xo+— UYucao
Xo —I%" TeM GoJbllie, yeM GOJIblle HaYaJbHOE KOJAHYECTBO ABHIKEHHS

muvo H 4eM MeHblle KO3(p(HIUHEHT R, XapaKTEePH3YIOIHA CONPOTHB-
JieHHe Cpefbl.

Ynpaxuenus

152. Pewnte auddepenunaibune ypaBHeHHN:
1) y=—9y; 2) y=3(y—4)

153. TTposepyre, 4t0 ecan ry H ry — KOPHU KBAaJPATHOTO ypaBHeHHs r’+pr+4q=
=0, To pyuxnna y=C.e"* 4 C:e"™" npu mo6ux suavenusix C, u C; siasercs
peiienneM A epenunanbuoro ypasuenns y” +py’ +qy=0.
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154,

155.

156.

157.

158.

159.

161.

162.

163.

165.

IMonb3ysick pesyabraTtom 3agauu 153, pemure audpepeHnHasbHLE yPaBHEHHs:

1) y”—6y’+5y=0; 2) y”+2y’—15y=0; 3) y”—16y=0;
4) y”"+8y’+15y=0.

Fu6kuit wWHYp AjMMHOA [ JeXHT Ha CToJIe TaK, YTO OTPe30K IIHypa IJIHHOH a
ceucaer BHH3. [Tox feficTBHEM CHJIB TSXKECTH LIHYP COCKaJb3hiBaeT BHH3. 3a
KaKoe BpeMfi OH COCKOJIb3HeT co crtosia? (CHJOR TpeHHsi mpeHeGpeub.)
KoanuyecrBo cBera, morJomaemMoe CJIOeM BOJb, MPONMOPLUHOHANLHO KOJHYECTBY
najaiouiero Ha Hero cBera. Cjofi BOAW TONIIMHOA 3 M MOrJOILaeT MOJNOBHHY
nepBOHAYa/JbHOrO KoJMYecTBa cBera. Kakasi 4yacTb nepBOHaYaJbHOTO KOJiHYe-
CTBa cBeTa Aofjer R0 ray6uHn 60 M?

Ha cko/bKo yBeNMUHTCS AJKMHA [ 3/1aCTHYHOIO IIHYpa, HMEIOLLEro Maccy m, eciii
MOJBECHTb LIHYP 3a OJMH KOHEll, a K HHXXHeMY KOHIly NOJBeCHTb I'py3 Maccoi M?
(Mcnonb3oBath 3akon I'yka.) :

Cocyn, uMelomuii GopMy yceueHHOro KoHyca C BHICOTOH h, pagHycoM BepXHero
OCHOBaHHS R M paJMycOM HHMXHEro OCHOBaHHfI r (R>>r), HanojHeH BOJOH.
3a KaKkoe BpeMsi BHTeueT H3 3TOFO COCyAa BOJa Yepe3 OTBEPCTHe MJowiagbio S,
cle/laHHOe B HHXKHeM OCHOBaHHH? PelinTe Ty Xe 3ajauy, eciH R<r.

B Gake naxoaurcs 60 & pacrBopa, cogepKaiuero 5 Kr coiH. B 6ak HenpephiB-
HO MOJAeTcs BOAa CO CKOPOCTbIO 3 JI/MHH, KOTOpPasi MFTHOBEHHO MepeMellHBaeTcs
C HMEIOUHMCS pacTBOpoM. CMech BHITeKaeT H3 6aKa ¢ TO# e CKOPOCTbIO 3 J1/MHH.
CKOJIbKO COJIH OCTaHeTcst B 6aKe yepe3 yac?

MoropHasi Jofka ABHXKeTCS B cTosiueil Bolie co cKopocThbio 5 M/c. Ha nonxom xoxy,
ee MOTOp Gbis1 BHKJIIOUEH, 1 yepe3 40 c ee ckopocTb cTaja paBHo#t 2 M/c. Cuuras,
YTO CHJIa COMPOTHBJIEHHS BOAH MPOMOPLHOHAJbHA CKOPOCTH ABHXKEHHS JIOIKH,
onpejesuTe CKOPOCTb JIOAKH yepe3 2 MHH MOC/ie BHK/IIOYeHHS MoTopa. Pemwiu-
Te Ty Xe 3ajayy, CYHTasi CHJY CONPOTHBJEHHS BOJW NMPOMOPLHOHAJbHON KBaX-
paTy CKOPOCTH JIOAKH.

MarepuasibHasi TOUKa Maccoii m noOAGpollleHa BEPTHKAJbHO BBEPX C HayaJbHOH
CKOpOCTbIO vo. HaiiauTe 3aKoH H3MeHeHHSI CKODOCTH, €C/IH Ha TOUYKY, KpoMe
CHJIN TSAXKECTH, JeHCTBYeT TOPMO3fiILasi CHJIA CONPOTHBJIEHHS BO3JyXa, Npo-
NOPUHOHANbHAA CKOPOCTH (K03 PHUHEHT NPOMOPUHOHANBLHOCTH PpaBeH k).
PagunoakruBHoe BeiectBO A MMeeT B MOMEHT BpeMeHH f{=0 Mmaccy mo. OHo
pacnapnaercsi, o6pa3ys paiuoakTHBHOe BeuiectBo B. Hafinure 3akoH u3MeHeHHS
MaccHl BeulectBa B npu 3aJaHHBIX KO3(GHIUHEHTaX k| H Rz, XapaKTepH3YIOLWIHX
cKOopocTH pacnaga BeuwiectB A u B. B kaKofi MOMEHT BpeMeHH KOJIHYECTBO
Beuiectsa B Gyner HauGoabwuM? (HauanbHasi Macca BeuiectBa B paBHa HyJ0.)
3a 30 auedt pacnanoch 50% nepBoHaya/NbHOrO YHCJAA aTOMOB PaAHOAKTHBHOrO
BemiecTBa. Yepes cKosbko aHelt octaHercs 1 % OT MepBOHaYaJbHOTrO YHC/Ia aTOMOB,
€C/H H3BeCTHO, UYTO YHCJIO aTOMOB, pacNajaioliWXCs 3a eQHHHLY BpPEMEeHH,
NPONOPIUHOHANIbHO YHCJAY aTOMOB 3TOTO BeLIECTBA, HMEIOMIMXCA B JaHHHHA Mo-
MeHT?

Kyabrype u3 100 6akrepuit npemocraBjieHa BO3MOXHOCTb Pa3MHOXKATbCA NpPH
6aaronpusATHbIX ycaoBHAX. Uepea 12 y uucao 6akrepuii nocrurao 500. Ckoabko
Gakrepuii OyleT yepe3 2 CyTOK Mnocje HayaJjia onmbra?

DHeprus cBeTa, NOrJOWlaeMas NPH MPOXOXKIAEHHH Yepe3 «GECKOHEUHO TOHKHMA»
cJIoi BOABI, NMPOMOPLHOHAJbHA 3HEPTrHH MaJaloOLIero CBeTa H TOJILIHHE CJOSA.
Ecin nmpH NpOXOXXIeHHH CJIOSi BOAM TOJIIHHOA 3 M NOIJIOLIaeTcs MOJIOBHHA
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nepBOHaYaJbHOMA 3HePTHH CBeTa, TO KaKasi YaCTh 3TOA SHEPTHH JO#AJET 10 ryOHHB
30 m? )

166. Cocyn BmectHMocTbio 40 s coaepxur 809 asora u 209 xkucaopoma. B cocyn
KaX1ylo CeKyHAy nocrynaer asor o6bemoM 0,2 J1 M BHTEKAeT CTOJIBKO XKe CMeCH.
Yepe3s cKoJbKO BpeMeHH B cocyae Gyaer 99% asora?

167. CocraBbre nHddepeHnnasbioe ypaBHeHHe ABHXXEHHS NapalllOTHCTa, CYHTaSl, 4TO
cHJ1a COMPOTHBJIEHHS BO3/lyXa NPONOPUHOHE/bHA CKOPOCTH JIBHKEHHSA (32 HCKOMYIO
(YHKILHIO TPHMHTE CKOPOCTH ABHXKeHHs1). Hadfiinre npenes, K KOTOPOMY CTPEMHTCS
CKOpOCTb MajJleHHSl ¢ TeYeHHeM BpeMeHH, eCJH HauyajbHasl CKOPOCTb MNajeHHs
paBHANach Hyao. Hafinure xoapHUHEHT NPONOPLHOHANLHOCTH B paBeHCTBe
F=—kv,, eCJIH H3BECTHO, YTO MapalIlOTHCT Maccod 80 Kr OmycTHJICH CO CKO-
poctbio 5 M/c. Hafiqure 3aKoH MaMeHeHHs BHICOTH MapalIIOTHCTAa HAJ YPOBHEM
3eMHOH NOBEPXHOCTH, €C/IH HauyajibHasi BHcOTa GHijia paBHAa h M.

168. Jnf HEKOTOPHX XHMHYECKHX pPeaKLHH CKOPOCTb PeakLHH MPOMOPIHOHAJNbHA MPO-
H3BEeJIeHHI0 KOHLleHTpaLHH ABYX pearenToB. [IpH 3ToM B mponecce peakiHH oAHa
MOJIEKYJ/la MIePBOro BelllecTBa pearHpyer ¢ OJHOH MOoJieKyJiofi BTOPOTO BellecTBa.
HafinnTe 3aKoH H3MeHeHHA Macchl m NMEepBOro BEIIECTBA C TEYEHHEM BPEeMEHH, eCJH
HayaJbHasi KOHLEHTPAlHs MNepBOro peareHTa paBHAJMacCb a, a BTroporo — b.
Pas6bepure Takxke cay4a#t, korna a=>b.

4. HexoTopbie npeaeabl, CB3aHHbiEe C YHCAOM e. Mul 3HaeM, 4TO
(In x)’=%. B yacTHOCTH, NpoH3BOAHAA PYHKIHH y=In x IpPHHAMAET
B Touke x=1 3Hauenue 1. Ho no onpele/ieHHIO NPOH3BOAHOA HMeeM:

l =([n x)l_l — limll’l (l ih)—ln l= hm In (l+h) .
x= h—0 h ) h

3HayHT, HMEET MeCTO PaBEHCTBO

lim 2040, (1)

t—0

ITonoxkum B paseHctBe (1) In(14¢)=x. Torna 14t=e". Ilpu
3TOM ecJH {—0, To H x—0, a ecain x—0, To H {—0. 3HaUHT, paBEHCTBO

(1) paBHOCHIBHO paBeHCTBY ]in(1) ﬁ=l, T. €.
s _ef—1_
LT(} — =1.. 2
JlokaxkeM B 3aKJiOueHHe, 4TO
1
lim (14-1) =e. ' (3)

t—>0

Ilnsi 3TOrO 3aMETHM, UTO B CHJIy HENPEPLIBHOCTH JIOTapH(MHUECKOH
GYHKUHH BHINOJNIHAETCA PaBEHCTBO

In lim (14£)

Orciona u cneayer pasencrso (3).
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IMonaras t=%, nosyyaem H3 (3) paBeHCTBO

lim( 14— ) =e. 4)

X—>00

YnpaxHueHHus

Buiuncnnre npegean (169—174).

|
2 2x? —
169. 1) lim (i,i“—) ;2) lim ("_,ﬂ—' :3) tim (sin )¢5
x—>o00 \ X -2 X—> 00 2 3x
t—»—z—
Inx—Ina . Incosax
170. 1) lll'l'l (l —2x) 2) I;-»a_x_"T' 3) lxl—n:()m
171. 1) lim (sin 0% 2) lim (tg »'® %.
n
t»? x———4— .
; (F*—x+1) ctgx ( cosx);!'
172. 1) wa—m-—-ln FrF) 2) llm (14+3tg’x) 3) ;lzl—.o o5 Ox
. e — e . 2) lim In (1 +sin 3x)
x>0 Sin cx—sin dx ' 0 In(14tg4x) °

173. 1) lim

In (14 arcsin 5x) Ig cos x
174- 1) ,lc'_r.[:) In (1 —arctg 2x) °’

5. Hexoropue nepanenc-rsa AAs noka3sareabHoR Qynxumn*. Tak
KakK (pyHKuml e* BO3pacTaer, T0 Npu Jio6oM x>0 BBINOJHAETCA He-
paBeHCTBO e*>e’=1. Kpome Toro, sicho, uto e*<<e*. DTH Hepa-
BEHCTBa SABJISIIOTCSI YACTHBIMH CJIYYasiMH CJEAYIOIEro yTBepXKACHHS:

Teopema. Ecau x>0, 10 025 2106020 HATYPANLHOZO N BLINOAHA-

0TCAa HepaseHncrsa

2) lim

e lpxt it 2 (1)
u
< +rtit ot S @

HDokxasarteabctBo. HepaBedcrBo (1) nmpu n=0 npuHuMaeT
BHI €°>1 H, KaKk 0TMeyasoch BhIllle, CIPABEAJIHBO B CHJY MOHO-
TOHHOCTH PyHKIHH e*. [IpeanosokuM, 4To HepaBeHcTBO (1) HOKasaHo
npu n=k=k:

2
e">l+x+i2‘!-+...+%, 3)
MOKaXeM, 4TO OHO cnpaaenJmBo npH n=k+l-
_pH

Ins 3Toro o6pasyeM BCHOMOraTesbHYIO q)ynxumo ¢ — pasHoOCTb
JIeBOH M mpaBoil yacteli HepaBeHcTBa (4):
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£ x* xit!

Ipu x=0 3ta pyHkuus o6pawaercs B HyJb: ¢ (0)=0. Ee npous-
BOAHAS HMeeT BHI:

2 kxt! R+ x*
¢ ()=e—0—1—2_ 2 ((k+l)! =
N L o

B cuay nmpeanosioxkeHusi HHAYKUHH 451 Bcex x =0 umeem ¢’ (x) =0
¥ NOTOMY QYHKUHSA ¢ Bo3pacTaer Ha Jyue [0, + oo). [Tockoabky ¢ (0)=
=0, 10 ajaa Bcex x>0 umeem @ (x)=¢ (0)=0, a 370 H 3HaAuHuT,
4TO BHIMOJIHAETCS HEpaBeHCTBO (4).

Hrak, HepaBenctBo (1) BuinoaHsiercsi npu n=0 1 H3 ero cnpasej-
JIMBOCTH NMpPH n==Fk BHITEKaeT, YTO OHO BEPHO H NMpH n=k -+ 1. 3Ha-
YHT, OHO BRLIMOJIHAETCS NPH BCeX HaTypajbHbiX n. HepaBeHcTBo (2)
AOKa3blBaeTCA aHAaJIOTHYHO, HO BCIOMOraTeJbHasl PYHKUHS HMeeT BHA:

At
(p(x)=e"——1—x—...—;!——m—.
Hrak, Mbl nokasanu, 4yto npu x>0 BHINOJHSIOTCA HepaBEeHCTBA
et
1+x+...n—!<e‘<1+x+...+ SR EER (5)

C nomouIbio 3THX HEPABEHCTB MOXKHO HAaATH ¢ JIIO60H TOYHOCTLIO 3HA-
yeHHe e* npu Jo60M x. ITO BEITEKaeT H3 cnenylomero yTBepXKIECHHSA:

n
Mpeden —:T npu n-oo pasen wymo: lim Z-=0.

—»oon

B camom pene, HaiiileM OTHOLIEHHE 3HAUEHHH n—' VIS COCeAHHX
3HaueHudt n+41 u n:
£t X xenl  xnl x
(n4+1 "n!" (m+D T al(nd1l) a1

Ecan n>2x, To 310 OTHOIWEHHE MeHbiue, YeM '/, H MOTOMY KaXKAbl#
nocneAyOlWHA YieH no KpaiiHe# Mepe BJBOe MeHbllle NMpelbiAyILero.
[losToMy ¢ Bo3pacTaHHeM n 3TH UYleHBl CTPEeMATCA K HYJIO, T. €.

ex +1

(n41)
npaBoit W JeBOH dYacTelt HepaBeHCTBA (D) CTPEMHTCS K HYJI0 NpH
n—-00, @ 3TO M 3HAYHT, YTO OHH JAIOT MPH AOCTATOYHO GOJIBIIMX 3HA-
YEHHSIX N CKOJIb YTORHO XOpolLIHe NPHOJHKEHHS K e”.
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3ameuvanne. B npapoit yuactu HepaBeHcTB (5) HMeeTcsl cjaraeMoe, KOTopoe
caMo coepxut e*. Ho 3To cnaraemoe HyXHO JHUb 1Js OREHKH MOTPELIHOCTH,
H NOTOMY €r0 MOXXHO 3aMeHHTb KaKUM-JH60 NMpHOAHXXEHHBIM 3Ha4yeHHeM MO H3GHITKY.
Hanpumep, ecin m<<x<<m+1, To BMecto &* MOXHO B3sth 3™%! (yBe/HueHH H
OCHOBAHHE H MOKa3aTelb).

Mpumep 1. Haiinem snauenue e*° ¢ TounocTbio 10 0,01.
n+l
Pemenne. CHayana HaliieM Takoe n, 4To JL<O ol.

(n+1)!
Tak Kak e*®<<e<3, To AJs 3TOro AOCTATOYHO, q'ro6u BHIMOJIHSAJIOCH
HepaBeHCTBO 10—§L—< l . Ho npu n=3 nmeem: L —-—l-<-1—
P CEE] pu n= 24l 384 300"

3uaunt, yuciao 140, 5+%§'L+50+35'Lz 1,65 siBasieTcs npHGAHIKEHHEM

no Hexoctatky aas e ¢ Tounoctbio 1o 0,01. Bonee Tounnie noacyers
NoKasnBaloT, 4to e*5~ 1,6487.
OTMernM ellle HEPaBEHCTBA, BHINOJIHAIOUHECH Ha Jyde (— oo, 0):

I +x+;—j+...+—"—2"*—'——<e*< x4+

x2n

!
+.. +(2n 0! + @n)!

Mu onyckaeM [0Ka3aTeJbCTBO 3THX HEPaBEHCTB.
ITpumep 2. Hafinem npubauxkeHHoe 3HaYeHHe A/ e~
HocTbio no 0,001.

PeweHnne CHauasna HafijeM Takoe n, 4TO ' (%;5)'1 <ﬁ

9T0 HepaBEHCTBO BHINOJHSAETCA NPH n=2>5. 3HaYHT, AOCTATOYHO B3AThb
CYMMY HepBHIX NIATH 4JICHOB:

05 ¢ Toy-

‘°'5zl—0,5+oé —052- °5~0607

Bosiee Tounnie noacyeTn moxkaswBaloT, 4to e~ %*=0,6065...
3amMeuanue. Mb yCTaHOBHJH, 4To NMpH x>0 BHMNOJHSETCS HepPaBEHCTBO
2
1+x+;—'+...+%<e‘, MpHYEM 1O Mepe BO3DACTaHUS N 3Ha4YeHHs CYMMH B

JleBOH YaCTH HeorpaHH4YeHHO npubauxkaiorcs k e*. [Ipn6aumxkaerca sta cymMma kK ¢
H npH x<<0. [TosTomMy roBopsiT, uto npu JIO60M x OQYHKUHA € SABASAETCH CyMMO#H
6GECKOHEYHOro psjaa

PEUFUE S A ©

YnpaxHeHHS

175. Jlokaxwure, 4To npu x>0 BHMNONHAIOTCA HEPaBEHCTBA:

2 3
1) e*>1—x; 2) e“<l—x+;—|; 3) e*">1—x+;—2|—;—';

4) f<(l+x+;—j+...+:—:):(l—%) )
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176. C NMOMOLIbIO NOKa3aHHHX B 3TOM NyHKTe HEPAaBEHCTB BHUMCJIHTE C TOYHOCTHIO
a0 0,001:
1) €% 2) e %%
atb
3 ea+eh
177. JloKaXXHTe HEPaBEHCTBO € < )

(— oo <a<<b<< o).

6. Hepasencrea aasn Jorapnpmuueckoit pynkuun*. Mol yxe 3Ha-

2 n—1__1—g" 1 q"
eM, uto l4¢g+¢q +I...+q =T —i—7 1=, (em. m. 2 § 2

rnasbl 11). OTcliona ciaenyer, uto npH ¢= —1{ HMeeM:

P p-tpet L=y
=t — (= I = =

Ecau n 4eTHo, n=2k u t >0, TO

2_ 3 2% —1 1
| —t4+t—t 4. —t <ﬁt_

Ecau ke n HeuetHo, n=2k-+1, TO npH t>0 HMeeM:

2 3 2k
| — P —P l+t

Hrak, nokasaHo, 4To npH {>=>0 BHNOJHAIOTCS HepaBeHCTBa

1—t+t2—t3+...—t2"_'<l+t Sl—t482—B4 ..+ (1)

[Mpounrerpupyem stu HepaBeHctBa oT 0 no x. Tak kKak

X

| 1 =In (14| j=In(14x)—In 1=In (1+2)

0

H
4 ke 1 x_ !
S tdt“k—-p-_l 0 k41’
TO npH x =0 uMeem:
PR S N 2 1| G P
2 '3 2k 2% S
< _x:' 2 e 23 2
=¥ T+3 T (2)

BhiBe ieHHbIe HEPABEHCTBA M03BOJAIOT HAATH MPUGAHIKEHHbIE 3HA-
deHus In (14x) npu 0<<x<<1 ¢ M1060# CTeNneHbIO TOYHOCTH.

ITpumep 1. Haitnem 3unavenue In 1,2 ¢ Tounoctsio a0 0,01.

Pewenue. Ipu x=0,2 BLNOJHAIOTCA HEPABEHCTBA

02—2Z <In 12<02 22 4 02

Mostomy umeem: 0,18<In 1,2<<0,183. 3nauur, In 1,220,18. Boiee
TOYHoe 3Hayenue In 1,2 Ttaxkoso: 0,1823...
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)

Ha unrepBase (—1, 0) aaa In (1 4 x) uMeeM HepaBeHCTBa

e (et
X 2+3 et Py

<r—L4r 0w (3)

AO0Ka3aTeJbCTBO KOTOPHX onyckaeMm. Uto6u HafiTh 3HaueHHe In (1 4-x)

<Iln(l4x)<

npH x>1, penaor 3aMeHy |+ x= +z HecnoxxHo noka3aTtb, 4To
npH x> 3Hauenusl y NpHHaAJAERAT npome)xy'n(y( ) . Mpn
3TOM

n(l4x)=In l‘—j%—_—m (1 4y)—In(1—y)

a npu6auxkenHnte 3Hauenns In (1 4y) u In (1 —y) HaXOAAT, KaK GHJIO
yKa3aHO Bhillle.

ITpumep 2. Hafigem npn6nmxeﬂﬂoe 3HaueHue In 3 ¢ TouHoCThHIO
ao 0,01.

Pemenune. B namem cayuae 1+x 3, u nostomy x=2. Pe- |

[IHM ypaBHeHHe 3_1—_%. Umeem: y=7. TosTomy

ln3=ln&—%—)—=ln I+LY—1n(1=-1).
()

Ho no (3) umeem:

ROXCWO S

GG G) L, G)

OTKyJla HaXxOJIHM, 4YTO 0401<ln(l—|— l)<0,407 Hanee, mo (3)

’

HMeeM!:

< J—
Orciona nonyyaem:
—0,695<In( 1 —) < —0,688.
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M3 nody4YeHHBIX HepaBeHCTB -BhiTekaer, urto 0,401+4-0,688 <
<ln<l +%) —ln(l —;—) <0,407 40,695, T. e. 1,089 <In 3<1,102.

3naunt, In3a1,10. Bosee ToyHhle mnOACYETH NOKA3LIBAIOT, 4YTO
In 3=1,098...

YnpaxHeHRSs
178. Buuncaute ¢ touHoctsio 0 0,001:
1) In 1,2; 2) In 0,85.

1 Inb
179. JJokaxxute HepaBeHCTBO In a;b>% 0<a<<b<<oo).

§ 4. CTENEHHAS ®OYHKUMS.
MPPALIMOHAIJLHLIE BLIPAXKEHMS, YPABHEHMA M HEPABEHCTBA

1. Crenennan GpyHKUuS ¢ NPOH3BOJIbHLIM NoKa3ateneM. [Tycrb o —
HEeKOTOpoe AeHCTBHTEeIbHOE YHCJIO. Toraa ais Jio6oro nojioXKUTeabHO-
ro uucia x onpenejieHo 3HadeHne x®. Kak 6blio nokasaHo B m. 4
§ 1, 310 3HaueHue pasHO e®!"*:

Kr=e*"% x>0, (1)

Tem caMbiM 1/ KaXaoro a cyumiecTByeT QyHKUHS x®, 3aflaHHasi Ha
MHOXKeCTBE MOJIOXKHTeNbHbIX 4Hces. Ee Ha3nlBaoT crenennod (ynx-
yuell ¢ nokasaresem o.

3ameuvanne. EciH a=n — naTypansHoe 4HCIO, 3HaueHHe x" OMpeeieHO
AAsi BceX (a He TOJNBLKO MOJOXKHTeNbHHX) 3HaueHHd x. HmerHo, x"=x-...x (n
mHoxHrenel). Ecii @ = —n — nejoe orpuiaTesibHOe YHCIIO, TO x~ " ONpeie/ieHO Aas

_ 1
BceX OTJIHYHHX OT HyJs 3HauyeHH#d x no ¢opmyae x "=x—,,. IMockoabky paBencTBO

(—x'=(—1)"x", rme n — ueaoe 4YHCJO, CBOAMT H3yueHHE CTeNeHHOH OYHKUMH ¢
Le/HM NOKa3aTeieM Ha Jyue (— oo, 0) K H3ydeHHIo To#t :ke QpyHKUuH Ha jayde (0, + oo),
Mbl OrpaHHYHMCS B JajibHefillleM PacCMOTPEHHEM MOJOXHTENbHHX 3HaYeHHHA .

B sTom nyHkre GyAyT M3yuyeHH CBOMCTBA CTeNeHHOA (QYHKUHH C
MPOH3BOJILHBIM NOKa3arteneM. Popmysa (1) mokasmiBaeT, 4To 3Ta 3a-
aya CBOAMTCH K HCMOJIb30BaHHIO CBOACTB JiorapupMHuecKod H noka-
3aTeJIbHOH (PyHKUHA.

1) Crenennas ¢ynxyun onpedesena 0as 8cex NOAOIUTEALHOLX
3Ha4enud x apeymenra.

AT0 CBOHCTBO cjeqyeT H3 ompeneseHHs.

2) Bce 3nauenusn crenennod ¢ynxyuu na ayue (0, + oo) noso-
HCUTEeAbHOL.

3ro0 crepyeT H3 NMOJNOKHTENbHOCTH 3HAYEHHU NIOKA3aTeNbHOMA (YHK-
LHH.

3) Crenennan pynxyusn nenpepoisna na ayue (0, + oo).
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Caenyer H3 TOro, 4YTo Ha 3TOM Jyue HempepbiBHAa JOrapHpMH-
yecKasi GyHKLHS, a IOKa3aTelbHast QYHKLUHS HeNpephiBHA HAa BCeH YUC-
JOBOA npsaMoi. 3HauuT, (QYHKUHA x* HenpephiBHA KaK KOMNO3HLHA
HenpepuBHHX QyHKuuA f=Inx u y=e*.

4) IIpu a=>0 umeror MecTo pasexcrsa

lim x*=0, lim x*= 4 oo,
x40 X—+ 0o + (2)
a npu a<<0 — pasencrsea
lim x*=+4 oo, lim x*=0. 3)
x—>+0 X—>4 o0
B caMmoM aene, MBI 3HaeM, YTO lirerl0 Inx=—o0n lim In x=-+4o00.
x> x>+ o0
Ecim a>0, TO oOTCiOAa CJemyeT, 4TO lim0 alnx=—oc #
x>+
lim alnx=+4 . Ho x*=¢e*""*, lim €=0, lim &=+ o0, u
x—+4 oo X — 00 X~ 4 0o
notomy npu a >0 nojyyaem:
lim x*= lim e*"*= lim ¢'=0,
x—++40 x—>+40 t—— oo
lim x*= lim e*'""*= lim e'= 4 oo.
X~ o0 X~» 4 00 t—> 4 oo

Cayuait & <0 paccMaTpHBaeTcsi aHaJIOMHYHO.

5) ]Ipouasodnaﬂ dPynkyuu x* ewvipamaercs dopmyrol (x*) =
=ax®

B camom zene, no popmysam auddepeHHPOBaHHSA NOKa3aTeNbHOM
H CcTeneHHOH (GYHKUHHA H MO npaBuiy AH¢depeHUHPOBaHHS KOMMNO3H-
UMH QYHKUHA HMeeM:

(xa.)/=(ea lnx)r=ealnx(a.ln x)r=ealnx%=xa %=axu—l (4)

(MBI BOCNOJIb30BAJHCh TOXAECTBOM fxa—=x“"').
H3 ¢opmyant (4) caenyer, uto
@Y =(ax*""Y =a(a—1)x*~2
6) Ecau a0, o ¢pynkyus x* sospacraer na Ayue 0, 4 o0),
a npu a<<0 ona ybuisaer Ha ITOM ayHye.

3ameuanue 310 yTBepKACHHE MOKHO OJAYUHTH B CHIY paBeHcTBa x*=e® '™~

H3 TOro, urt0 QyHKuHH In x W ¢' BO3pacraloT.

B camom Jene, mpu x>0 umeem: x*~'>0. [Mostomy ecan a>0
10 (x*) =ax*~' nonoxurenbHo Ha (0, 4 oo), H MOTOMY (byHKuPlﬂ x*
BO3pacTaeT Ha TOM Jyte. Ecan xe a<<0, 10 (x*)’=ax*~'<0 Ha
(0, 4+ o0), u PpyHKUHA X y6uBaeT Ha 3TOM Jyye.

7) Tpagukx ¢ynkyuu x* obpawien 86INYKAOCTHIO B88epx npu
I<a<l u 86INYKAOCT6I0 BHUS NpU a<<0 u npu a>1.

B camom gene, x*~2>0 npu x>0. Muoxurenb xe a(ax—1)
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o 7 2 3 x ol 7 2 3 4 5 6 7 8 9§ 'x

Puc. 41 Puc. 42

fHoJIOXKHTeJNeH NpH a<<0 u mpw a>1, orpunarened npu 0 <<a<<l.
3naunt, (x*)"=a(a—1)x*"°<0 npn O<a<<! u (x*)”>0 npu
a<<0u npu a>1. O'rcmna BhITEKaeT Hale yTBep:xKAeHHe (CM. 1. 5
§ 3 raaBu V).

8) Ecau a=0, To epagux crenennod ¢pynxyuu napassresen ocu
abcyucc, a npu a=1 on cosnadaer ¢ 6uccekrpucot nepsozo Kkoopdu-
HaTHO20 Yyeaa.

JloKa3aHHbIX Bhlllle CBOACTB AOCTAaTOYHO AJS1 TOro, YTo6hl MOCTPO-
HTb rpadHKH CTeNeHHbIX (YHKUHH MpH PasHYHEIX 3HAYEHHSX a. Ha

pHCyHKe 41 H306paKeH rpadpHK pyHKIHH x2. AHaJIOrHUHbIA BUA HMEIOT
rpapuku CTENEeHHBIX ¢ynkuuit npu o> 1. Ha pucyske 42 n306pa)KeH

rpaduk QyHKUHH x2. AHaJOTHUHBIA BHA HMEIOT rpaduKu CTeneHthX
byHKIHA npH 0<a<l Hakonel, Ha pHcyHKe 43 #3o6paxeR rpaduk

¢yukunn x 2. AHanOrHYHbIE BHA HMEIOT rpadHKH 3TOA GYHKIHH NPH
Jo60oM a<<0.

W

y=x%

o 7 2 3 45 6 7 8 9§ x

Puc. 43
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3ameuanne. Ecainm x>1 u a<<B, 10 x*<x’. 310 nokaswBaer, 4T0 NpH
a<<p rpapuk ¢ynkuun x* pacnonsoxen Ha ayue (1, 4 oo) BHiie rpadpuka GyHKUHH
x*. AHanorHYHO HOKa3nBaercs, YTo NPH a <P Ha npomexyrke (0; 1) rpapuk Pyuk-
unn 1P pacnonoxen Huxe rpaduka GpyHKUHH x°.

YnpaxHeHRS

180. HauepTHTe cxeMaTHYecKH rpadHkH (PyHKuHHA:
1 7 ]

1) x3;2) x4 3) % 4) £ 5) x*;6) x 3.7 x4 8) 2.
181. Haueprare cxeMaTH4ecKH rpaQuku QyHKRMIA:
1 t 1 1 1

1) 1615 2) 1x—113; 3) le—11°4+6; 4) lx—11°+Ix+11°;
1 l

5) 116x—321"; 6) (x—1)3 +6.

182. BuuyHC/IHTe npenenl:

1) lim L 5 2) im —___23\/;+7§/§+l;
1 1
Ky 'y
3 tim 2F2. 4 gim 22
x—++40 1 x—>+0 __l_
4t 41 an 4

2. HekoTophbie TOXAECTBA AJs creneHHod dynkuun. U3 toxaects
/11 nokKa3aTeJbHOA H JorapH@Muuyeckor ¢yHKUMHA, BHTEKAIOT COOT-
BETCTBYIOLIIHE TOXIECTBA AJISl CTENEHHOH (YHKIIHH.

1) Haa aobbix noromuressroix uuces x u y u 041 206020 o 8bi-
NOAHAETCA PABEHCTE0

(xy)*=xy" M

(caenyer u3 paBencrBa (5) m. 5 § 1).
2) [daa awb6oeo x>0 u aoboix o, B 6bINOAHAETCA PABEHCTBO

(x*)P =x"*. (2)

(cnenyer u3 paseHctBa (2) n. 5 § 1).
CaeactBne. [Jasa 2106b6ix NOAOKUTEAbHBIX wuces X & Y u 2106020 o
BLINOAHACTCA PABEHCTBO
x\*_ x*
2 N 3
( Yy ) y* @)

Mul 3HaeM, YTO NpH HaTypaJbHOM n HMeeT MecTo ¢popMyJsia GHHOMA
Hoiotona (cm. n. 9 § 3 raaBut V):

(x+yy =o'+~ ly+ 20Dy

pree kbl by Ly (4)
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AnasornuHas popMyJsia UMEET MeCTO AJfA J1I060ro a NpH x>y > 0:
(x+yr=x"tarly4.. 2= @b D jamkp L (5)

OnHako B oTJuuHe OT (popMyJinl (4) mpaBas 4acTb ¢opmyan (5)
ABJISIETCA CYMMOA GeCKOHeYHOro MHOXeCTBa cjaraeMuXx (6eckoHed-
HbIM PSZIOM) . DTa CyMMa HMeeT CJeAYIOLIHA CMbIC/: HAXOAAT CYMMY S
nepBHIX R 4IEHOB H NOJIaraloT CyMMYy BCero psiia paBHOH npezeay S
npH k—oo: S=,lzim St (mpu x>y>0 3TOT mNpemea CYyIECTBYeT).

C nowmoiupio popMyJnl (5) MOXKHO HaXOAHTb NPHGIHKEHHble 3HA-
yeHus (x + y)*, 6epsi IOCTATOUHO MHOTO WIEHOB CYMMB (5) H oT6pachl-
Basi OCTaJIbHbie YJIeHb.

ITpuMep. Haiinem npubaunkeHHoe 3HaueHHe 4,18 2 C TOYHOCTbIO
npo 0,0001.

Pemenne. Tak kak

i
2

3
4,182 =(44-0,18)?,

TO NOJIOXKHM B (opmyse (5) x=4, y=0,18, a=%:

3 3 3, (3-1) 2,
4,187=47+3.47 -018+—1—2—-42 -0,182 4
373 3 -
+?(7_1)(?_2)-4%‘3-0 183+ =

1.2.3
_.\/—+ {018+ v_ 00324--E f -0,0058...

=840,54 4 0,00608 — 00’Z4+...z8,54603.

3
To Ta6auuam nonyuaem: 4,182 =8,54604.
®opmyan (1), (2), (3) BepHH Aas .n{o6ux 3Ha4yeHHH o, B TOM YHC-

Je Ans paunuoHanbHuIX 3uaveHni. Ho x" =4/x. [TostoMy H3 ykasaH-
HBIX (pOpMYJ1 BHIBOJHM CJIEeYIOLIHE CBOACTBA KOPHEH H3 MOJIOXKHTENb-
HbIX YHCEJ:

1) Ecau x>0, y=>0, T0

Yy ="/xy. (6)

B camom gnene, no ¢opmyase (1)
i

Yry=(xy)" =x"y" =YAy.
2) Ecau x>0, 10
&f3x="4/x. @

Pl
n,n



HeficTBuTenibHO, no ¢dopmyJe (2)

LA I
SR =) = X,
3) Ecau x>0, y>0, 10
X ﬂx
e . 8
VN ®
ITo popmyne (3)

Vi-(2)-s-E

1
n

YnpaxHeHHn
183. CocraBbTe TaGaully 3HaueHHH M HadepTHTe rpadHKH QyHKUHA:

L L 3 2 2
D 2t et 9 5 i’
3 2 2
6) 151 ) =112+ x+113 8 A
184. TTocrpoiite mo Toukam rpaduku pyHkuuf:
1 1
1) VPFT1; 2) Wk 3) = 1) \[x¥—4.

185. BuiuncanTte npenesni:
1 1
1) lim (2 +4)7%; 2) lim (2+9)%; 3) lim YET4,
x—0 x—3 X=> 4 00 x
4 lim L
X—> 4 0o X
3. Cpasnenne pocta crenenHofl, nokasareqbHoRk u Jorapumuue-
CKO# q:xnxuuﬁ Ipu Bo3pacTaHuH x Ha jyue [0, 4 co) 3HauUeHHAA PYHK-

u#t x° u 10* Heorpannqenﬂo yBesnunBaorca. [IpH atoM cHavaJa
GuicTpee pacter ¢yHKuMs x'°; uTO BHAHO H3 caelylOmed TaGJHLLL:
x 1 2 3 4 5
x1° 1 1 024 59 049 1 048 576 9 765 625
10* 10 100 1 000 10 000 100 000

IMpn x=10 3HayeHHsA 3THX (PYHKUHA OJHHAKOBHI (pam-m 10'%,
npH HajibHefimem yBennueHun 10* pacrer Gnictpee, ueM x'°. Hanpu-
Mep, npu x=100 umeeM: 10"—10‘°° n x'°=100""=10%, a npu
x=1000 yxe 10*=10', a x'®=1000""=10%.
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Onpedenenue. Oyukuua f pacrer npu x—-4 oo bsicTpee,
yem ¢yHKuus g, ecam lim gi—— + oo.

X— 4 oo
W3 cka3sanHoro BhE BHAHO, 4TO ¢byukuua 10* pacrer npu
x—>-+ oo O6uictpee, yem x'°. ITo yTBepXKIEHHe SIBASAETCA YaCTHBIM
cayyaeM CJeLyIomiero odmero yTBEpXKAEHHS:
Teopema. Ecau a>1, 10 npu x—-+ oo ¢pynkyus a* pacrer
6oicTpee a10604 cTenennol ¢pynkyuu x", 20e n — HaTypaabHoe 4UCao.
HHuiMu caioBaMH, BepHO paBeHCTBO

lim 2=+ co. (1)

HNocraTtouHo noka3atbh paBeHCcTBO (1) npu a=e. B 3TOM cayuae
OHO BHITEKaeT M3 HepaBEeHCTBa
!

e>1trtit S+

I'padpuueckn yTBepxKaeHHe 3TOH TeopeMbl O3HayaeT, YTO MpPH A0O-
CTaTOYHO GOJNbINHX 3HAYeHHAX x rpadHK QyHKUMH a®, rae a>> 1, pac-
MOJIOXKEH Bhillle rpaduka QyHKUHH x".

| Jlorapudmuueckas ¢pyHnkuusa o6paTHa nokasaTebHOH, a QyHKUHSA

x" — ¢ynkuun x". Ho rpa¢uxku B3auMHO oGpaTHbIX (YHKUHA CHM-
MeTPHYHBI OTHOCHTENbHO NpaAMof y=x. OTciofa cpa3y BHTeKaeT, YTO
rpaduk pyHkuuu log, x, a>>1 npu AOCTaTOYHO GOoJIbIIHX 3HAYEHHSAX

X pacrnojioxkeH HHXKe rpa¢Hka (pyHKUHH x", T. e. dyskuus log, x

pacTeT NmpH x— -+ oo MejaJieHHee, ueM (PyHKuHA x"
1

lim - =4 o 2)

X—»+ 00 loga

1
Hanpumep, npu x=10°%, n=3 umeem: x" =100, a log;o x=6.
3ameuanue. CoorHowenne (2) cpa3dy BhTeKaer H3 cooTHowmeHnns (1), ecan
nonoxutb B (l) a*=t. Torma umeeM x=log.{, npHueM YycJIOBHA x—>-| co H
t—-+ oo paBHOCHJbHH. I'IosTomy lim logt =+4oco. Ho 310 H 3Haumr, uTO
a
1

n

li
HT,,, logs ¢

YnpakHeHnnn
186. BuiuHC/IHTE MpefesH:
5_—
D tim 2= o m 2 e05

Xx—> - oo 2 X— — 00
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3) lim %)x(x25+2x'5+6); 4 lim 2t2°
xrt

X+ o0 oo 2:_2—1 ;
¥ — Inx In® x
5 hm 7—— 6) lim —; 7 lim ————; 8) lim xlInx.
) 25 44 ) x-—+00 ‘\/J_C ) x—++ 00 v;+l ) x40

187. Tlocrpofite rpadpukn Qpynkumi:

1) xe=* 2) £l * 3) e‘+2e"‘

7) In x—arctg x; 8) e~ *sin x; 9) €% 10) In(14e~%);
11) cos x—In cos x.

; 4) xe=*%; 5) xInx; 6) x%In x;

4. AnreGpanueckue BoipaxeHnus. BeesieHHe KopHe#l paclHpsieT Bbl-
pasHTeJbHble CPeACTBa aJjre6phl, MOCKOJbKY TENepb MOXHO paccMar-
pHBaTh BhIpaX<eHHSl C NepeMeHHbIMH, COJAEPXKAILIHMH 3HaK KOpHs.
Ha3oBeM mnoJsyuaeMble NpH 3TOM BHIPAaXX€HHS UPPAUUOHANLHLIMU.
OGrvennHss paunHoHa/JbHble H HPpPalHOHAJIbHbIE BHIpaXKeHHs, NoJyda-
eM Kjaacc ajare6paH4yecKux BulpakeHHd. TouHee 3TOT Kaacc onpenens-
eTcsl cnefyiomuM o6pa3oM:

Onpedenenue. <<AacebpauuecKkue B6IPANCCHUA™ =
= < yHcaa > | << 6yKkBol > | << anre6panHueckoe BhipaXKeHHe > -
+ <<aare6panueckoe BhlpaxceHHe > | << ajreGpaHyecKoe BhHIpaxe-
HHe > . <C aare6panueckoe BhipaXkeHHe > | < ajre6panyecKoe BhIpa-
JKeHHe > : < anre6panyecKoe BhipakeHHe ™ |

< #/anre6panueckoe BHpaXeHHE > .

BMecTo 3Haka neNleHHsl NPHMEHSIETCA TaKXe 3HaK JAPOGH.

U3 storo onpeneneHus BhiTekaeT, YTO BCe palHOHaJbHble BbIpa-
XKeHHsl ABAAIOTCA anre6panyecKHMH BhIpaXkeHHsIMH. Bce asreGpau-
YyecKHe BBIPaXKeHHsl, He fIBJIAIOLIHECS palUHOHaJbHHIMH (cM. m. 1 § |
raasul II), Ha3biBaloT uppayuonarsreimu soipaxcerusmu. Ipumepa-
MH HPPaLHOHAJbHHX BHPaXKeHHA MOTYT CJyXHTb

VTR, VAT

M3 onpenesieHns ierko BHTEKAeET, UTO, n0ACTABAAA 8 arzebpaude-
CKoe 8bipaxceHue 6mecTo Oyks aszeBpauuecKue e BbLPANCERUR,
CHOBG noayuaem arzebpauueckoe swvipaxcerue.

I1pu oTeickanuu o6nacTedt cyuiecTBOBaHHS ajiire6panyecKHX BhIpa-
XeHHRt HaJlo YUHTHIBATb, 4TO suipadcenue *A/A umeer wucaosoe 3naue-
Hue Auwb npu Tex 3naueHuax 6Gyxse, dan xoropovix A umeer HeoT-
puyatesvHoe 4uCA080€e 3Ha4UeHUe.

MIpumep 1. Hafinem o6aactb cylleCTBOBaHHSI Bblpa*KeHHS

\/x7 —6x—17.

PemeHnne. 3ro BhpaXxceHHe HMEET 3HAuEHHE JHIIb A5l 3Haue-
HHRA X, IpH KOTOpHIX x> —6x—7>>0. Pewas 3to HepaBeHcmo Me'ro-
IOM NPOMEXYTKOB, IOJy4aeM oTBeT B BHAe (— oo; —1]U[7; + o0)
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3T0 _MHOXECTBO H siBAsieTcsi 06JacTbi0 CYIECTBOBAHHA JUIf
x*—6x—7.
ITpumep 2. Hafinem o6nacTb CylieCTBOBaHHSA AJISA BbIPAXKEHHSA

VF=9—T6—2 (1)

Pemenne. I/chomaﬂ o6aacTb CyIIeCTBOBaHHS COCTOHT H3 3Ha-
YeHHA x, AN KOTophix x°—9>0 u 16—x*>>0. Peuennem Hepa-
BEHCTBa 16 x*>=0 sBnsercs o1~pe30x[ —4; 4], a peleHneM Hepa-
BeHCTBA x°—9 >0 — MHOXeCTBO (— 00} —3]U 3; -+ o0). O6aactbio
cyliecrBoBaHus Ans (1) aBasercs nepece-lexme Haﬂnennux MHOXECTB,
T. e. [—4; —3)U[3; 4]

Kaxnomy asare6paHyeckoMy BbIpaXK€HHIO OT X COOTBETCTBYIOT
(yHKIHH, 3aflaHHBIe 3THM BhipaXkeHHeM. Haun6ouibiie#t Bo3MoXHO# 06-
JacTbiO onpejesieHus1 ITHX PYyHKuH# siBasieTcs 06JaacTh CYIeCTBOBA -
HH$1 3TOrO BhlpaXkeHHusi. Mbl Gyziem Ha3nBaTb aszebpauseckumu’ Gpynk-
UHH, 3a/laHHble aare6paHyeCKHM BhIpaXkeHHEM B €ro o6JaCTH CyLiecT-
BOBaHHS.

Onna # Ta Xe PyHKUHSA MOXKeT GHITb 3ajaHa Pa3jHYHBIMH aj-

re6paHyecKHMH BhpaeHusiMH. Hanpumep, Bupaxcenus 3/(x+1)° u
x-+1 sanaiorT oaHy H Ty e ¢YHKUHIO, XOTH NepBOe H3 HHX Hppa-
IIHOHAJIbHO, @ BTOpOe pauHoHaJbHO. [loHAITHE TOXAECTBEHHOro pa-
BEHCTBa aJjre6paHyecKHX BbIpakeHHH omnpejensieTcs TaK Xe, Kak H
IJ15l palHOHAJIbHLIX BhIpaXKeHH#: OJKHBI COBNaAaTh 06JaCTH CYLIeCT-
BOBAaHHS 3THX BhipaKeHH#, a mpH Ji060M x H3 3TOi o6eit o6aacTH
CYLLECTBOBAHHSI 3HAUEHHS BhHIPaXKeHHHA NOJKHB OLITb OAHHAKOBLIMH.

[lpaBusa ToXkaecTBeHHBHIX MpeoGpa3oBaHHH aare6panyecKHX Bbi-
pakeHuii OCHOBaHH Ha paBeHcTBax 1) — 11) n. 2 § 1 ranasut I1 (oHu
BepHHl H JJIsl HPPaUHOHAJIbHEIX BhipaXKeHHH), a TaKXe Ha HH)KecJe-
JNYIOLIHX paBeHCTBaX, HEMOCPEJCTBEHHO BBHITEKAIOWIMX H3 CBOMCTB
KopHe#t (cM. n. 3). B 3tux paBeHctBax GykBamu A, B 0603HayeHH
Jio6ule anre6paHyeckne BbipaxKeHHd OT X, Y, ..., 2. Bce atu gpopmyas
cnpasedaussbi 8 cayuae, K020a nOOKOPEHHbIe BbLPANCEHUA HeoTPpuya-
TeAbHBI, G TaKXe 8 cay4ae, Koe0a 6Ce noxasaresu Kopred u CTe-
nenei HeueTHbl.

1) GAr=A; 2) *-\ATT_4A; 3) 4AB=444B;
7) #A%=|A|.

[Tpumep 3. BHACHUM, NPH KaKHX 3HAYEHHAX X HMEET MECTO

paBeHCTBO
Vx—3PF=x—3.

! B BHclmeli MaTeMaTHKe NMOHATHIO «asnreGpanyeckass QyHKUHsA> MPHAAT Gosee
WHpOoKH# cMmuicA. Tam axszebpauueckod HasbiBalOT JIO6yl0 PyHKUHIO f, Takylo, 4TO
NpH MOACTaHOBKe 3TOf (YHKIHH BMECTO y B HEKOTOpoe ypaBHeHHe BHAa P (x, y)=0,
rae P (x, y) — MHOrOYJieH OT X H y, MOJAYYAeTCs TOXK/AECTBO.
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Pemenne. Tak kak \/(x—3)5= |x—3|, To paBeHCTBO HMeeT
mecro, ecqH x—32=0, T. e. Ha ayue [3; + oo).
[Tpumep 4. BuscHuM, NpH KakKMX 3HAUEHHAX X HMeeT MeCTO

PaBeHCTBO
Vx—4+x+4=-/x’—16. (2)

Pemenue. PaBsedctBo (2) umeer mecto, eciimi x—4>=0 u

x+42=0, 1. e. Ha Ayue [4; + oo). 3aMeTHM, YTO BHIpaXKeHHE \/xi— 16
MMeeT YHCJIOBOE 3HaUeHHe W Ha Jyue (—oo; —4]

YnpaxHeHHn

188. Haiimure f(—1), F(0), f(I), f(—2) f@. fla+1) ecan f(x)="—x.
189. Mycts f (x)=x>+ px+q. Jlokaxure, uro

190. Buipasure nuomiagb NpAMOYTOJAbHHKA, BNHCAaHHOTO B KPYr pagHycoM R, Kak
$YHKIHIO OT AJHHH €r0 OCHOBaHHSA.
CpaBHHTe 06/1acTh 3aflaHHsi (QYHKUMH C 06JacTbio CYIIECTBOBAHHS BHIPaXKeHHS
3TOH Ke QYHKIHH.

191. Bupasute naomanb paBHOGeNPEeHHOrO TPEYroJbHHKA, HMEOLIEro MepHMerp 2p:
1) kaK pyHKUHIO OT JAHHH ero BHCOTH;
2) KaK QYHKUHIO OT AJHHH OCHOBAaHHSI TPEYrOJNbHHKA.

192. Boipa3nte AJHHY CTOPOHH MNPABHJBLHOTO UIECTHYFOJbHHKA KaK (QYHKIHIO OT
JJHHB ero anogemu.

193. Bupa3nTte niomags, NpaBHABHOrO IIECTHYTOAbHHKA KaK (DYHKIHIO OT JJHHH ero
CTOPOHH.

194. Buipasute npoHaBefieHHe KOpHeHA yepe3 ONIHH 3HAK KOpHSA:

/3:1 /2a‘b3 / 5a’x / 4a
6y
195. Cnenafite MORCTAaHOBKY u—%(x+—) , v-——l-(y+ ) B BbIpaXKeHHA:
1) 2(uv—u>—1~/F—1); 2) (uo++u"—1 1/o*=1).
196. BHecuTe MHOXHTENH MOA 3HAK KODHA:
36 _(li
1) 2a% Yab?; 2) 2805/
c a‘h
197. BuoiHecHTe MHOMHTEJNH H3-NOX 3HaKa KOPHA:
128a%6° 2) 5 / 729a'"*
72905x'3 ’ 64ctx™

198. YnpocrHTe BHpaXeHHs:

2x (1 —x?)

1 ,
) 14+ x)1=2"Fx*

rae a) lx|<<1, 6) |x|>1;
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2) VE—10x+25 ++/x>+6x+9, rae a) xr<< —3, 6) —3<<x<<5, B) x>=5;

o ()G o (V) /)

5) ‘\/xz Vx/; 6) /x4«

199. He Hcnonb3ysi 3Haka MOAy/s, 3aMHUIHTE BHPaXKeHHA AAS QYHKIHA:

) %(x—lxl); 2) %Ix—lxll; 3) Ix+3l+I1x+21; 4 I¥*—5x46l;

X
5) ————.
) T
200. Hafinure o6nacre 3afanHus yHKuHi:

1) —;9) VE—r=12; 9) \T—r—+; 4) VEF6rFo+F—2r—8.

Vixl+x

201. Ilpn KaKHX 3HaYeHHAX x HMEET MECTO PaBEHCTBO:

) Vex(x—=D)=+vxVx—1; 2) Vx x— ) =y —xT—x?
202. Mocrpofite ¢yHKUHIO, 3aXaHHYIO ONHHM aHAJHTHUYCCKHM BHIDAXKEHHEM, s
KOTOpO#: .

1) D(H=(—3; 7); 2) D()=I[2; 5} 3) D (f)=(—o0; —3);
4) D (f)=[3; + o0); 5) D (f)=(— o0; —S5JU[5; + o);
6) D (f)=(—o0; —4)U[0; 8]

5. Ynpoienue HppauuoHaabHbX Buipaxennit. [Ipu ynpouteHun up-
pauHOHa/NIbHBIX BHIPa)KeHHA NPHMEHAIOTCS CJeAYIOlHe OCHOBHHIE
MpHEMBIL:

1) npuBeieHHe KOpHeR K OAHOMY Noka3areJio (1o ¢popmyJe 6 1. 4);

2) 3aMeHa NpoOH3BeNeHHS] HJIH YACTHOrO KOPHedA ¢ OJHHAKOBHIMH
NOKa3aTe/IsIMH KOPHEM H3 IIPOH3BECHHS HIIH 4acTHOro (no popmynam
34 4n 4);

3) cokpameHnHe nokasareneit (no ¢opmyse 6 n. 4);

4) 3aMeHa KOpHSl H3 KODHSl OJlHHM KOpHeM (no ¢opmyse 5 n. 4).

Takue npeo6pa3oBaHHs MO3BOJAIOT 3aMEHHTD JI060€ BHIpAKEHHE,
COCTaBJICHHOE H3 YHCeJ H MNepeMEeHHOH x ¢ NOMOIILIO onepauui
YMHOXEHHS, JeJIeHHS H H3BJICUEHHS] KOPHS, TOXIECTBEHHO DaBHHIM

n
€MY BhIpaXKeHHeM BHJA ‘Vax HJIH BHJA ‘\/-.L: .
X

[Mpamenp.

1321065 2 = {27 6 =427 65 1.
[MosyueHHoe BHIpaXKeHHe MOXHO 3amHcaTh TaKXe B BHIE
12x2 3/18x, nockosibky
3/2%.6%- x7 =6x2 3/27. 6% =6x? /2. 3%x =12x% /18x.
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Ecan nokasatesab KopHsi ueTeH, ucnoJb3yercs ¢opmysaa 7) n. 4.
Hanpumep,

§/x%y* 20 =3/x14%l2]°.

YnpaXHeHHR

203. YnpocTHTe BHpaXKeHHS:

1) /64a*6%%*; 2) /256a%b%c”".
204. IpuBeaure K 06memy noxasarenio kopun: 42a%0°c u Yab’c
205. Kakoe H3 uncesn Gosblue:

1) V2 man 4/3; 2) /7 wan 3/5; 3) /11 nau /82
206. YnpocTHTe BHIpaXKeHHS:

1) Va’+6a+9++/a®*—6a+9, paccmorperp caydan a<< —3, —3<a<$,

() 6ot

» p=>0, g>0, pg>1;
1 1
N )

a=3;

a’+4’
2ab ’

rae x= a>b>0;

o (=) )

" 1+(a+~a@@—1)? (b 4~/6°—1)
(@+~a—=1) (b +~/6"—1)

- BTN Y o
14x"—x 2 b a

6) ( (4a) *+ei—a)

(+a) T —(—a)

,a>1, b>1;

1
~2 m?+n? 2
) , rge x-—a(—w) ,a>0,

2 4 1 4 2 1

o= |-

m>n>0;7) (x"24+a *x °) 4(a’4a °x °) 2, rme

108




207. JlokaxXuTe, 4TO:

1) %/’\/_5:_1=\3/%t - 'a\/_%.Jr\a/% ;
2) VAB—Vi= (2+V20—425)

9 WV =1 0 (FE38) =gt

s 39 5 [a7\?3 _VT \5/? ;"\/3
%) \/;—\/;) =Vt Vz -~ V&’
|
3 1
6 (\@ﬂ@) —( 3B+ ) Var oy T o =
=% a+3/b+3/c, ecnn ax*=by’=cz* n %4—% +%=l:

1 1
8) 2 ((@®+6*)° —a)(@®+b%)° —b)? =a+b—a@+b%, a>0, b>0;
1 1 1 1

1 1 1 2 1
9) 3((@®+5)° —a)(@®+6%° —b)° =(@+b)° —(@®—ab+5)°.

208. [lokaxwure, YTO

¢ /L2 \3[_1_1/4_’ L
V‘?”" Ttat 2 T

ABJAETCA KOpHEM ypaBHeHHSI Xx°+px-g=0.
209. Jlokaxwure, uto npu A>0, B>0 u A2—B >0 BepHO paBeHCTBO

vm=\/ﬂV:§r—Bi_\/A—VA2—B .

2

210. YnpocTHTe BHpaXeHHS:
1) V2—2: 2) V2—3; 3) Va—Va¥—b% 4) Va+~a—0%
5) Va+b+c+2ac+ be+Ja+b+c—2vac+be,

a>=0, b>=0, c=0.

211. JlokaxHure, 4TO:
1) 243 218
VE+V2+V3  2—2—3
2) 4/20+ 142 +3/20— 142=4;

3)—{/ Vo+2 [ VB—2 1., 3[9-5v8 3—1
V5 V5 48 9+5v3 V341
R e == et
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212. Haiipnre 3navenne sin 15°, cos 15°, sin 22°30’ u npeoGpasyfite mojydeHHHe
BHPaXXeHHs.

6. YHnuTOXEHME HPPALHOHAABHOCTH B 3HAMEHATEAE HAM B YHC-
Jutene. 3ameHa Apo6GH, 3HaMeHaTe/Nb KOTOPOH — HppalMOHaJbHOE
BhlpaKeHHe, TOXAECTBEHHO PaBHON efi Apo6bio, 3HaMeHaTeJb KOTO-
poit — paluHOHaJIbHOE BHIPAXKEHHE, HA3bLBALTC YHULTONERUEM UpPa-
YUOHAALHOCTU 8 3HAMeHaTese. AHANOTHUHO ONpelessieTc YHHYTO-
JKeHHe HppalUHOHAJbHOCTH B yHcaHTene. [IpHBeneM npumepnl Takoro
npeo6pa3oBaHHA HPPALHOHAJbHLIX BbipaXKeHHH.

MpuMep |. YHHYTOXKHM HPPALHOHAJLHOCTL B 3HaMeHaTese

Ipo6H 2.

X
Pe il e H H e. YMHOXHM YHCJHTENb H 3HAMeHaTeNb ApoGH Ha {/x’.
[Monyunm:

8 _ 8V _ 8@ sy
Voo el F x
[ITpuMep 2. YHHYTOXHM HPPALHOHAJBHOCTb B 3HaMeHaTeJe

BhIpaXKeHHs
1

VEFT—E=T
PemeHne. Umeem:
! NFFT4yF=T _
V1= =1 WEFT—T=T) T+ T+ =1)
1441 =Vx’+1+Vx’—1
TR -G 2

YHHUTOXKEHHE HPPALHOHANLHOCTH B 3HAMEHATeJ/Ie HJIH B YHCJIHTENe
Apo6H NpPHMEHSIeTC NPH BHIYHCJIEHHH IpEJeJIOB HPPaUHOHAJIbHBIX
GyHKUMA.

[IpumMep 3. Bouncanm npenen

lim Hx+4—/x).
Pemenne. Tak kKak

N SNz S -
Vetd—x N TRV N WY

u lim (Jx+4+/x)=+ oo, 10

. — s 4
Jim (fx+4 —/x)= lim Nr= T 0.

x>+ oo
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YnpaxkHeHusn

213. YHHUTOXbTEe HPPALHOHAJbLHOCTD B 3HaMeHaTteJe:
230, 9 5 _Tabe’

D o7 ? T W

Vv Y 6)W+W+W +D %/E’+W;
1
Y e

214. BHuHcauTe npenenn:
1) lim ‘V;xi; L9) lim YEEIEVE. g 14
X-» 00

x—++ oo ’\/x3+x —x x>—114

" i VI3 — V=2 VT —VIF?
20 x4 22 x..o VIFr—1

B

ﬁ.

2
3

2
6) lim (Ve T—v&—1); 7) Jim x (T T~ 2. 8) lim [(x+1) —(x—13

7. Hppaunonaabhbie ypasnenusn. YpaBHenne A (x)=2B (x), B KoTo-
poM xoTa GObl oaHo H3 BuipaxkeHu#t A (x), B(x) uppauHOHAJbHO,
Ha3blBaeTCs uppayuonasvHoix. [IpuMepaMy TakuX ypaBHeHHHA MOTYT
CIYXKHTb

Vx—3+x+4=7, VxT—9+/x*+9—10=0.

YpaBHeHHe ke
oxt 2y [3=V2
V2xt4-33x2 4+ P 0

pPauHOHAJBbHO, NOCKOJIBKY B HEM X HE€ HaXOAHUTCA 1104 3HAKOM KOPHS.
[onstus KOPHSI YpaBHEHHSI H €ro pELICHHs1 JI1 HppalHOHAJbHBIX
ypaBHEHHﬁ onpeneasiioT TaK e, Kak H AJjs palHOHaJ/JbHbIX.

ITpumep |. YUncao | ABasieTcsi KOpHeM ypaBHEHHS \x+3 =2,

nockosbky \/1+3=2. MHbX KOpHed 3TO ypaBHEHHe He HMeeT, H
NOTOMY ero pellleHHeM sABJsieTcsl x=1.

[Tpumep 2. YpaBHeHHe /x+2= —3 He HMeeT KOpHeH, Tak
Kak \/x—+2 NpPHHHMaET JHLIb HEOTPHLATE]bHble 3HAUCHHS.
I[Tpuwmep 3. He nuMeer KopHell H ypaBHeHHe

\/x2+4+w/x§+9=4,
TaK KaK NpH JiOGbIX 3HaYeHHAX X HMeeM \/£’+4>2 H w/x’+9>3,

a noromy /x> 44 +-/x*4+9>5.

Pemenune HppauuoHaJbHBIX ypaBHEHHH OCHOBaHO Ha CJeAyiOlIeM
YTBepKACHHH:

Teopema. Ecau n>0 — neuernoe 4ucro, n=2k-+1, 1o ypasne-
Hus A" (x)=B"(x) u A(x)=B(x) pasnocusrenvi. Ecau e
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n>0 — uernoe uucao, n=2k, To 210608 Kopensv ypasnenus A" (x)=
=B" (x) ydosrereopsier xora Go. oOnomy u3 ypasmenut: A (x)=
=B (x) u A (x)=—B (x).

HokaszateabcTBo. [lyctb @ — KopeHb ypaBHeHHsi A (x)=
=B (x). Torna A (a)=B (a), 1 noromy A" (a)=B"(a), T. . o —
KopeHb ypaBHeHHss A" (x)=B"(x). Takum o6pa3oM, BCAKHil KOpeHb
ypg‘ﬂ(ef)ma A (x)=B (x) sBaserca KopHeM YypaBHeHHa A" (x)=
=B" (x).

O6paTHo, nycTb a — KopeHb ypaBHeHus A" (x)=B"(x), T. e.
A" (a)=B" (a). Ecim n HeuerHo, To oTcioAa BhTeKaeT, uto A (a)=
=B (a), 1 notoMy a — KopeHb ypaBHeHHA A (x)=B(x). 3Hauwur,
npH HeyeTHOM n ypaBHeHus A (x)=B(x) u A" (x)=B" (x) paBHo-
CHJIBHBI.

Ecan ke n uerHo, To paBeHcTBo A" (a)=B"(a) MOXET HMeTb
Mecto JHG6o npH A (a)=B(a), 1460 npu A (a)= —B (a), a notomy
a fIBJISIETCS] KOPHEM N0 KpafiHeH Mepe OLHOro H3 ypaBHeHHH: A (x)=
=B (x), A (x)= —B (x).

U3 TeopeMHl cliefiyeT, UTO €CJIH B XOe PellieHHs] HppalHOHAJbHOTO
ypaBHeHHA A (x)=B (x) npuxoaujoch BO3BOJAHTb 06e ero 4acTH B
cTeneHb C YeTHHIM MOKa3aTeJeM, TO MOrYT MOSIBHTbCS MOCTOPOHHHE
KOPHH, T. €. KOpHH ypaBHeHHs A (x)= — B (x). UTo6Hl OTAENHTb HX,
cjeayeT NIPOBEPHTD HafileHHbe KODHH, OACTaBHB HX B HCXOJIHOE YPaB-
HeHHe. [losiBjleHHe MOCTOPOHHHX KOpHeH NMpH BO3BeleHHH 06eHX ua-
cTell ypaBHeHHsl B CTelleHb C YETHHIM NOKa3aTesleM BO3MOXHO H H3-3a
H3MEeHEeHHs1 06J1acTH CyLIeCTBOBaHHS.

YT06H! OTAENHTL TOCTOPOHHHE KOPHH, He BCeraa HeoGXOLHMO MOJ-
CTaBAATb HafileHHble KOPHH B JlaHHOe ypaBHeHHe. Pa36epeM aBa Bax-

HBIX BHJa HPPaUHOHAJbHHIX ypaBHeHHAi: ypaBHeHue Buia *4/A (x)=

=B (x) u ypaBuenne Buna A/A (x)=2%/B (x), rne A(x) u B (x) —

palHOHaJ/IbHble BbIpa)KeHHs, a R — HaTypaJbHoe yHcjo. Tak Kak
3nauenus KA (x) Bcerna HeOTPHUATENBHH, TO CNPaBEAJHBO CJEaYIO-
ee yTBepXKAeHHe: ‘

Ypaenenue suda ®A[A (x)=B (x) pasnocursno cucreme, cocros-
wed u3 ypasnenus A (x)=B* (x) u nepasencrea B (x)=0:

NAT=B = [ABSE O

B caMmoM Jesie, MO onpejesieHHIO KOPHSi H3 4YHCJIAa PaBEHCTBO
%/A (x)=B (x) o3nauaer, uto A (x)=B% (x), npuuem B (x)=>0.
AnanornuHo JoKkasniBaercsi, uto ypaenenue A[A (x)=7?A/B (x)

pasnocusbro cucteme, cocroawel u3 ypasnerus A (x)=B(x) u
nepasencrea B (x)=0:

WAH=NEG {3550
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ITpumep 4. Peuium ypaBHeHHE
w/x’+x+l =x—4.

PemeHne. Jro ypaBHeHHe PaBHOCHJBHO CHCTeMe

{ Ptxt 1 =(x—4)7,
x—4>0.

Ho ypaBHenne x*+4x-41=(x—4)’ HMeeT eMHCTBEHHHH KOpEHb

x=i, KOTODHIA He yJoBJeTBOpsieT HepaBeHCTBY x—4>=>0. Ilo3to-

3
My JaHHOe ypaBHEHHE He HMeeT KOpHef.
I[Tpumep 5. PewnM ypaBHeHHE

1/?+2x+l =2x—1.

PeuweHHne 310 ypaBHeHHEe PaBHOCHJIBHO CHCTEME

{ 2420+ 10=(2x—1)?,
2x—1>0.

Kopusimu ypaBHennss x’42x+10=(2x—1)® sBAsioTcA uHCAa
— 1 H 3, H3 KOTOPHLIX JIHLIb 3 YROBJIETBOPSET H HepaBeHCTBY 2x — 1 =>0.
3HayHT, JaHHOe ypaBHeHHe HMeeT OJHH KopeHb x=3.

[Ipumep 6. PemunM ypaBHeHHe

V—9x"4+3x—6=+—6x—24.
PewmweHne I1o ypaBHeHHe PAaBHOCHJbHO CHCTEME

{ —9x?4-3x—6=—6x—24,
—6x—24>0.

Kopusimu ypaBHeHHs —9x’+43x—6=—6x—24 sBAAIOTCH YHC-
Ja —1 # 2. OnHaKo NpH 3THX 3HAYEHHAX X He BHIMOJHAETCA Hepa-
BeHCTBO —6x —24 =0, 1 noToMy JaHHOe ypaBHEHHE HE HMeeT KOpHeH.

ITpu peiieHHH HppaUHOHAJBHLIX YPaBHEHHH NMOJIe3HO nepej BO3-
BelleHHeM 0GeHX yacTel ypaBHEHHs! B HEKOTODYIO CTeMeHb «yeHHHTb
pajvKan», T. €. MpeACTaBHTb ypaBHeHHe B BHAe C (x)=4/D (x).
Torna nocne Bo3BeaeHHs1 06eHx yacTeil ypaBHEHHSI B n-10 CTeNeHb pa-
AHKaJ clpaBa HCYe3aer.

ITpumep 7. Pemunm ypaBHEeHHE

x2+2x+\/x2+2x+8— 12=0.

PemeHne Meron yeaHHeHHSI pafiMKajia NPHBOAHT K ypaBHe-
HHIO YeTBEPTOH CTeNeHH. Hoa'romy peminM ypaBHeHHe HHaue. [ToJo-

®uM, x*+2x+8=y. JTax kak y ? —8=1x"42x, TO0 AaHHOE ypaBHe-

HHe NpHHHMaeT BHA: y’—8-+4y—12=0, KOpHH KoTOporo —5 u 4.
Mockoabky /x> +2x+8= —5 He HMeeT KopHeil, TO 3ajaya CBeAach
K pelleHHIO ypaBHeHHS x°+ 2x+ 8 =4.
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Bo3senss 06e 4acTH 3TOro ypaBHeHHsi B KBajipaT, MOJYUYHM KBaj-
paTHoe ypaBHeHHe x’+2x—8=0. OHO HMeeT KODHH —4 u 2,
npuyeM 06a yJaOBJIETBOPSIOT HCXOAHOMY YPaBHEHHIO.

ITpoBepka KopHefi HppPaLHOHAJIbHOIO YPaBHEHHs] BO3MOXKHA, €CJH
MHO>KEeCTBO 3THX KOpHe#l KoHeuHO. Ecyin Ke HX 6eCKOHEUHO MHOro, TO
MPHXOAHTCSA NMOCTYNATh HHAaye: yCTaHaBJHBaTh JONOJHHTENbHBIE YCIJIO-
BHS, HaJlaraeMble Ha KOPHH, H NPOBEPSTb, KOrJa OHH BLIMOJHAIOTCS.

[Tpumep 8. Pemnm HppauHoHa/sibHOE ypaBHEHHE

Vx*—6x+9+4+/25+ 10x + x*=8. (1)

Pemenune Ecan aBaxan yeIHHHTb palMKaJ, BO3BeAs Mocje

Toro 06e YaCTH YypaBHEHHS B KBajApaT, TO MNOJYUYHM pPaBEHCTBO
254 10x+x2=x2+410x+4 25,

KOTOpOe HMeeT MeCTo A/ BceX 3HayeHH# x. OHaKo, HanpHMep, YHCIO
4 He sBJIsleTCA KOPHEM HCXoAHOro ypaBHeHHsi (1), Tak Kak

V4" —6-449 4254104447 =149£8.

ITocTopoHHHE KOPHH MOSIBHJHCH MOTOMY, YTO B JAHHOM ypaBHEHHH
0o6a pajaMKaJa NOJKHH TPHHMUMATb HEOTPHUATENbHbE 3HAyeHHs, a
3TO YC/JIOBHE CHHMAEeTCsi NMPH BO3BEAEHHH B KBaapaT oGeHx uyacTe

ypaBHeHHS.
U3 ycs0BHS HEOTPHLLATENLHOCTH PAAMKAJIOB NMOJYYaeM, YTO JOJIK-
Hbl BHIMOJIHATLC HepaBeHCTBA 8—w/25+ 10x+x2 >0 H

8—x*—6x+9>0.

U3 nepeoro HepasenctBa mosyuaem: x’+410x—39<<0. Ero
pellleHHeM siBasieTcsi oTpe3ok [— 13; 3] PemenueM BTOpOro HepaseH-
CTBa siBJsieTcst OTpe30K [—5; 11]. O6a HepaBeHCTBa BHIIOIHAIOTCS Ha
nepeceyeHHH 3THX OTPe3KOB, T. €. Ha oTpe3ke [—5; 3] IlockonbKy,
KpPOMe 3THX HepaBeHCTB, HHKaKHX OrpaHHUYEeHHA Ha x He HaKJaJblBaeT-
Cfl, a ypaBHEHHe, NoJydaemMoe OCBOGOXKAEHHEM OT HPPaLHOHAJbHO-
CTeH, TOXKIAECTBEHHO BLINMOJIHSACTCS Ha BCefl UHCJIOBOH NPsAMOM, pele-
HHEM YPaBHEHHsl CJOYXHT HalleHHui oTpe3ok [—5; 3]

3amMeuaHHe YpaBHeHHe (l) MOXHO pewnTh HHaue. Bocnosbsyemcs Tem,
uro X' —6x+9=|x—3| u F+10x+25=|x+5|. JlaHHoe ypaBHeHHe [MpH-

HHMaeT BHI:
|x—3|+ |x+5|=8. (1)

Pa36uBasi 4HCJOBYI0O MPAIMYI0 Ha NpoMeXyTku (— oo; —5] [—5; 3] [3; + oo), rae
x—3 U x+5 COXpaHAIOT 3HaK, H OCBOGOXAAfiCb OT 3HaKa MOAYAs, y6GexpaeMmcs,
uro (1’) umeer Mecro suuwb Ha [—5; 3]

YnpaxHeHHSn

215. Jlokaxkure, YTo ypaBHeHMsi |—5 He UMEIOT pelLIeHHH:
1) V2x+3 ++x—3=0; 2) Vx424Vx—1=—-2;
3) VE—x—x—6=2; 4) Vx—3—x+9=x—2; 5) Vx+Vx+9=2.
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216. Pemnte HppaunOHaJbHHE YPaBHEHHS:

1) V2x—7x=—52; 2) 2x+/4x— =%;

VF—16 7
3) Vex+74+B3x—18=~Tx+1; 4 — 3= ;
) V2x+T7++3x VTx+1; 4) W +Vx+ =

¢ 5) VxF9=2+x—3;

voy VEFIHVIT | VPFTI—VT_, o
V’;’+l—\/x’—l \/x"’-{-l—f—\/?—l
7) 3\/):+7—;\/x+l2=1;

8) x2+3—\/2x2—3x+2=—g—(x+ 1);

'9) x(x+1)43+22F6x+5=25—2x;

10) Vx+Vx+7+2V¥F7r=35—2x;

1) 2 —8(x+1)vx+18x41=0;

12) Vit l4+Va—i=1; 13) VI -\ —2=x—1;
14) V¥ +ax+4—F—12x+36=8;

15) V¥ +4x+44+/F—12x436=16;

16) yx’+4x+4—-/x* —12x 436 =6;

17) Vx+6x—9 +/x—/6x—9=-/6.

8. HppaunonasbHbie HepaBeHCTBa. PellleHHe HPPaLlHOHAJBHALIX He-
PaBEHCTB OCJOXKHSAETC TeM OGCTOATENbCTBOM, YTO HepaBeHCTBA
A(x)<B(x) 1 A" (x)<<B" (x) He ABJAAIOTCA PaBHOCHJbLHBIMH: Belb
TOJIbKO /191 HEOTPHLATENbHLIX YHces a H b H3 a<<b caeayer a" <<b”,
a u3 a"<<b” cnepyer a<<b. [lo3ToMy NnpH pelleHHH HPPalLHOHAJIbHBIX
HEPaBEHCTB HaJ0 YYHMTHIBATb 3HAKH €ro npaBof H JieBOH uyacTeil.

[Ipumep 1. Peinm HepaBeHCTBO

Vx?—55x 4250 < x— 14. (1)

Peuw e Hue. [lockosbKy KBaJpaTHBHE KOPHH MOXHO H3BJa€KaTb
JIHLIb U3 HEOTPHUATEJbHBIX YHCEJ, TO JOJKHO BhIMOJHATHCA YC/IOBHE:
¥ —55x+250>0. PemieHHeM 3TOro HepaBeHCTBa SIBJSIETCS MHO-
XKecTBO

A=(— o0, 5]U[50; + o).

Kpome ToOro, mockoJbKy \/x’—-55x+250>O, HMeeM x—142>0.
Onpeneasia o6uiyio yacTb MHOXecTB A H [14; + oo), nosyuaem Jayu
[50; 4 o). Takum o6pa3oM, peiieHHe HepaBeHCTBa (1) HOJNKHO GhITH
dacTbio Jyua [50; -+ oo).

Ecau x>50, T0 06e yacTH HepaBeHcTBa (1) CyLIECTBYIOT H He-
OTpHIATE/IbHE, 8 MOTOMY 3TO HEPaBEHCTBO PABHOCHJIbHO HEPABEHCTBY

x* —55x 4250 << (x— 14)%
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HOSTOMy OCTaJIoOCh PEUIHTb CHCTEMY HepaBEHCTB

{50<x,
x?—55x+250 < x* —28x 4 196.

W3 Broporo HepaBeHcTBa nosydaeM x> 2. I[Tockoabky (2; -+ oo)()
N[50; + oco0)=[50; + oo), To peuieHreM HepaBeHcTBa (1) siBAseTCA
Jayu [50; + oo).

Boo6uue, a060e nepasencrso suda /A (x) << B (x) pasnocurbro
cucreme nepasencrs A (x)=>0, B (x)>0, A (x)<<B* (x):

. A (x) =0,
%A (x)<B (x)¢>{ B (x)>0, (2)
A (x)< B (x).

IepBoe M3 HUX BblpaXkaeT HEOTPHIUATENbHOCTb NOJKOPEHHOro BHIPa-
XKeHHsl, BTOPOE — HEOTPHUATENLHOCTD KODHS, TPeThe ClIeIyeT H3 TOro,
uto npu a=>0, b>0 HepaBencTBa a<<b u a’** <b* BunonusoTCH
=Yy =

ONHOBPEMEHHO.

Hepasencrso %4/A (x)> B (x) umeer Mecto au6o Koraa B (x)=
>0, A(x)>B%*(x), au6o koraa A(x)>=>0 u B (x)<<0. ITostomy
Hall0 PelHTb CHCTEMB HepaBeHCTB

{ng)>0 {A(x)}O, 3)
A (x)>B* (x) B (x)<<0

H OObEeHHHTb HX peLIeHHS.
[Ipumep 2. PeiiuMm HepaBeHCTBO

VE46x—40 > x+2. 4)

P e m e nue. OT0 HepaBeHCTBO CBOJAHTCA K C/JAEAYIOIUHM CHCTEMaM
HepaBeHCTB:

{x+2>0, {x2+6x——4O>0,
4 6x—40>x24-4x+4; x+2<0.

PelienneM nepBoH CHCTEMBl ABJAETCA OTKPBITHH Jyd (22; -+ oo),
BTOpPOA CHCTeMhl — MHOXXecTBO (— oco; — 10). O6beanuHsIA 3TH MHO-
XKecTBa, NOJyyaeM pellleHHe HAHHOTO HEPABEHCTBA: MHOXECTBO
(—o0; —10JU(22; + o).

Boniee cioXxHO pellleHHe HppPalHOHAJbHHIX HEPaBEHCTB BHAa

VA (x) +vVB (£) < C (%) (%)
Mockonbky A (x)>=0, B (x)==0, TO AOMXKHH BHIMONHATHCA YC-
JoBHA A (x) =0, B (x)=0, /B (x)<<C (x) (coorBeTcTBeHHO A (x)<<

< C (x)). Ha mHoXecTBe, rje 3TH YCJOBHS BHIIIOJHAIOTCS, HaHHOe
HEepaBeHCTBO PaBHOCHJbHO HEPaBEHCTBY

A (x)<(C (x)—VB (x)’

(cooTBeTcTBeHHO HepaBeHcTBY B (x)<<(C (x)—+/A (x))), KoTOpOE CBO-
AUTCA K Pa3o6paHHLHIM BHILIE THIIAM HEPaBEHCTB.
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[Tpumep 3. Pemuum HepaBeHCTBO ¥
Vx++Vx+7<6. (6)
PemeHue JlanHoe HepaBeHCTBO DPAaBHOCWJIBHO CJeAylOLIeH
CHCTeMe HepaBeHCTB:

x=0,

x+4+7>=0,

Vx <86, 7)

A+T7<(6—x)P=36—12 Vx+x.

IMocaeAHee HepaBeHCTBO 3TOH CHCTEMbl IPHBOAKTCA K BHAY 12 1/x < 29,

841

OTKyAa HaxoAuM, 4TO O<x< PemieHne HepaBencrBa (6)

sBasAeTca obield yacrbio pemeﬂnﬁ BCEX HepaBeHCTB cHcreMbl (7),

841
T. €. HMeeT BHJ [O, 144)

YnpaxHeHHS

217. PelunTe HppanuoHa/jbHbE HEpPaBEHCTBA:

1) Vxi¥=3x42>2—x; 2) VB4 +7x>3;
3) V¥ —3x—10<8—5x; 4) 1/l+x+\/f—x>l‘

5) Vx+VxF 7427 F7x <35—2x; 6) ‘\/
7) w/2x+1<2(2"jx'); 8) V9—VE—6x+9>x—3;

9) V1l —VaZ —4x+ 14 x<5;
10) V124V +8x+16>x—1.

>1

§ 5. METOA NOCNENOBATENLHLIX NMPUBIIMIKEHMA

1. Mpu6anxennoe pemenne ypasuenwi. [Ipy H3yueHHH Kypca
MaTeMaTHKH Mbl BCTpPeuyaJiCh C CaMBIMH pa3HbiMH BHAAaMH YpaB-
HeHW#: JHHeHHBIMH, KBaJAPATHEIMH, HPPAaUHOHAALHEIMH, NMOKasaTelb-
HbIMH, JIOrapH(PMHUYECKHMMH, TPHroHOMeTpuueckKHMH. [Ipu 3TOM MH
CTPEMHJHCh HaHTH 00LIHe (POPMYJH, NO3BOJAIOIIHE BHIPa3HTb KOPHH
ypaBHeHHMsI 4epe3 BXOAsiliMe B 3TO ypaBHeHHe uyuciaa. Hanpumep,
ans ypaBHeHus ax-+b=0, a0, ¢dopmyJoi pelleHHs siBASETCSA

x—-—L masi ypaBHenusi ax’+bx—+c=0, a5 0,— dopmyaa x, 2=
:—bﬂE, Ana ypaBHeHusi a*=b, a>0, as1,— popmyaa
x=-l§—;, a ana ypaBHeHus cos x=a, |al<l,— dpopmysa x=

= 4-arccos a+2nn, n€Z.
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BhiuncaHTeNbHAasA HEHHOCTb 3THX (GOPMYJ pasJjiMyHa — B OAHHX
cayyasix JIOCTaTOYHO BbINOJIHEHHS JeACTBHSI JeJIeHHS, B APYTHX Tpe-
Gyercsl ellle H3BJeYeHHe KOpHe#, a B TPeTbHX — OThICKaHHE 3Hauye-
HH# Jorapupma HAH OGpaTHOW TPHroHOMeTpHuecKo# (ynkuuu. Pe-
3yJbTaThl BCeX 3THX onepauuil JHIIb NPHGAHIXKEHHO MOryT GLITb 3a-
nHcaHHl B BHAe AECATHUHBIX ApoGel. [Ipu 3ToM Kaacc ypaBHeHHH,
AJ151 KOTOPHIX MOXKHO HafTH (POPMYJy pellleHHsl, BeCbMa y30K. Y ke AJf
anre6paH4eCKHX YPaBHEHHH NATOH CTeNeHH HeT o6Lied (OpMYJH,
BhipaXkaiouled KOPHH 3TOro ypaBHeHHSI uepe3 ero Ko3((QHuHEHTH C
NOMOIUBIO apH(PMETHYECKHX AeHCTBHA H ONnepallHH H3BJEYEeHHS KOPHS.

YaIOTCA NMPH PelleHHH MPaKTHYECKHX 3ajay.

OnHako A/ pellleHHs] MPaKTHYECKHX 3a/iau He CTOJIb BaXKHO 06Ja-
nAaHHe (OpMyJIoOH pellileHHSl, CKOJIb YMeHHe HafTH KOPHH ypaBHEHHA
C 3apaHee 3aJlaHHOH TOUHOCTbI0. MHBIMH C/I0BaMH, HAa0 YMETb pellaTh
TaKylo 3ajauy:

Hano ypasnenue f (x)=0, umerowee KopHu x\, X2, ... Xn, b 4UCAO
e>0. Haiitu uucaa t, t;, ..., ta, OTAU4GIOWUECA OT KOpHeld 3T020
YPABHEHUA MEHbuwe 4eM Ha €, T. e. Takue, 4To |l—xp| <e, 1<
<kgn.

Pewmenne ykasaHHO#H 3ajauH sIBJASIETCA ONHHM H3 BONPOCOB B8bI4UC-
AuTeavrol maremaruxu. B 3tom naparpade Mul H3nNoxkuM HauGosee
BaXKHHHA MeToJ NPHOAHXKEHHOro pelleHHs] ypaBHEHHH — MeTOA Moc-
JieIoBaTeJbHBIX NPHOAHIKEHHH.

2. Meroa nocaeaoBateabHbiX npuGanxkennit. YpaBHenue [ (x)=0
MOXKHO pa3/IHYHbIMH crnoco6aMu 3amucaTh B BHIe x=¢ (x), rae ¢ —
HekoTopasi ¢yHkuusi. Hanpumep, ypaBHeHne x’—2=0 MOXHO 3a-
nucaTth B CJAENYIOLUHX BHAAX:

242 3242 10 (@— )4 x2 42
x= , X= , X=

2x 4x 2x
¥ T. A. [laA ypaBHeHHH, 3amHCaHHLHIX B BHAE x=¢ (x), MPHMEHSAIOT
c/eyIOHHi MeToA NMPHGIHXKEHHOro pellleHHs, Ha3blBaeMbIA MeTOOOM
nocaedosareabrbix npubaudcerudi. Bol6HpaloT HEKOTOpOe ‘HayaJbHOe
npuGJHKEHHe X; U NOACTABJIAIOT ero BMecTo x B ¢ (x). [ToayueHHoe
3HayeHHe x==@ (x;) 35TOA (PYHKUHH CYHTAIOT BTOPHIM NPHGIHIKEHHEM.
Hlanee HaxoaAT TpeTbe npuGAHKEeHHe MO GopMyae x3=¢ (x2) H T. A.
[Tpu onpenesieHHBIX YCJOBHAX, KOTOpPhie GYAYT YKa3aHunl HHXKe, MOJY-
4aiolasacsad TAKHM 06Pa30M NOCAEA0BaTeNbHOCTb YHCEJ X|, X2, ..., Xn, ...
HMeer npenen «. Toraa, eciH GyHKuUHA ¢ HenpephiBHA, H3 PaBeHCT-
Ba Xn41=¢ (x,) BbITeKaer, 4ro lim x,4 = lim ¢ (x,)=¢ (lim x,),

n—oo n—» oo n—oo

T. €. a=¢ (a). ITO 03HayaeT, YTO o ABJAETCH PElleHHEM YpPaBHEHHS
x=¢ (x). [Ipn pocraTouHo GObLIHX 3HAYEHHAX N Pa3HOCTb |x,—al
CTaHOBHTCS CKOJIb YTOJHO MaJIo#i, T. €. X, ABJAETCA AOCTaTOYHO XOpO-
MM NPHOIHXKEHHEM AJI HCKOMOTO KOPHS.
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[Tpumep 1. Hafinem Meronom mnociefoBaTeJbHBIX NMpHOGIAHXKe-
HHil KOpeHb YpaBHEHHS x=l+%arctgx ¢ tounoctbio Ao 0,001.
Pemenue. [Nonoxum xy=1. Torna umeem:

xo=1+arctg 1 =142 1,39,
xs=1+-arctg 1,39=1,474,
xe=1 +—;-arctg 1,474 =1,487,
x5=1+-arctg 1,487 =1,489,
x6=1+-arctg 1,489 =1,490,

xr=1 —|—;—arctg 1,490 = 1,490.

Tak KaK 3HaueHH X¢ H X7 COBNaAaioT ¢ ToyHocrthio fo 0,001, To ¢ yka-
3aHHO# TouyHOCTBIO x=1,490.

Mertoa nocjie1oBaTeNbHBIX NPHGAHKEHHH TPHMEHSIETCA AJA H3BJIe-
yeHHss KopHed. KBajApaTHHi KOpeHb H3 MNOJIOXXHTEJbHOro 4HCJIA a
IBJISIETCA NMOJIOXKHTENbHHM KODHEM IJIsi ypaBHeHHsi x’=a. Jlerko
®+a

2
[TosToMy Ans H3BJIeUEHHS KBaJAPaTHBIX KOPHEH NMPHMEHseTCs CJenylo-
wMA Metol: GepeM Kakoe-HHOYIb NMOJIOXKHTeNbHOe NPHOJIHXKEeHHe X

AJIf \/a H CTPOHM NOCAE€A0BATENbHOCTb YHCEJ X}y, ..., Xn, ..., TA€ Xp41=

NpOBEPHTH, UTO 3TO YpPaBHEHHE€ PABHOCHJBbHO ypPaBHEHHIO X =

=__X32;"“_ [pouecc Bemercsi 1o Tex nop, MOKa MOAYJb Pa3HOCTH

3HaYeHHH X4 H X, He CTaHET MeHblle 3aJaHHOH TOYHOCTH BHIYHC-
JIeHH#H.
Mpumep 2. Hafinem snauenne /5 c¢ Tounocteio no 0,001.
Pemenue. lNonoxum, x,=2. Toraa

2
Xo= 2;25 =295,

225245
X ==55or ==2,236,
_2,236°+5
=03 =2,236.

3uauuTt, ¢ TouHocThio Ao 0,001 mosyuaem: Vg =2,236.
Jlns BbYHCJEHHS! KOpHell k-#i cTeneHH ypaBHeHHe x*=a 3anu-
CHIBAIOT B BHJE:

x=ﬂ'ﬂk5—?}z.
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ITocsie 3TOro BHIYHCIEHHA BeAyTCS 1o (opmMyJie

a+kg;—_ll)xf.. (1)

TMpumep 3. Hafinem ¢ touHoctsio mo 0,001 snauenne 3/970.
Pewenue. INosoxum B dopmyse (1) k=3, a=970 u BH-
6epem x;=10. Toraa

Xn41=

970i2 10°
Xy == =99,

97042.9,9°
= =9,89.

3uauuT, ¢ ToudocThio g0 0,001 moayuaem: x=9,899.

X3 =

a+x3
3avmeuanune 1. Popmyay xn4= 5, » TPHMEHAOUYIOC AIA H3BJEUEHHs

1 a
KBaZipaTHHX KOpHefl, MOXHO 3aNHCaTh B BHIE Tnp =5 x"+x— . Ona oanauaer,

4To Ciefylollee 3a X, MPHGAHKEHHe ABAACTCA CPElHHM apHPMETHUECKHM YHCAOM Xn

—, T. e va.

Takum o6pa3om, mpolecc NOCIeA0BaTeJbHHX MPHOAHMKEHHH 3aKmoYaercss B AaHHOM
clydae B TOM, YTO Ha KaXKIOM Iary cpejiiee reoMerpHyeckoe 3aMeHsSieTCsi CPeAHHM
apHpMeTHYECKHM.

a
H —~, MV KOTOPLX CPEHHM reOMeTPHYeCKHM ABsSeTcA
n

Mertoa nocienoBaTesibHHIX NPHOAHKEHHA He Bcerja NMPHBOAHT K
cxoasilefics nociaenoBaTesbHOCTH uHcesa. HccaenoBanue paer cie-
Jlyiollie IOCTaTOYHHE YCJIOBHA CXOAMMOCTH METOlA NOC/eNOBaTeb-
HBIX NPHGJHXEHHH.

Teopema. /Tycre na orpesxe [a, b] ¢ynkyus [ moroToHHa, npu-
uem orpesok [f (a), f(b)] nernerca uacreio oTpeska [a, b}, u nycre
cywecrsyer Takoe uucao ¢, 4ro 0<<g<<l u |f’ (x)| < q na orpeske
[a, b] Toeda na 3TOM OTpe3ke aemuT eOUHCTBEHHLIL KOpeHb Yypas-
Henun x=f[(x), npuuem npoyecc nocaedosarervnvix npubauxcerud,
HauuHnaowulca ¢ a06020 3naqenun ¢ us [a, b cxodurca Kk stomy
KOpHIO.

YnpaxXHeHHn

218. Pewnre MeToOM MocjeAOBaTeJbHHX MPHOGAHXKEHHHA ypaBHEHHS:

-1 . — 3, x—1
l) x—m, 2) x—-(x+l) ’ 3) x-—4+ +l,
4) x=2+44/x; 5) x=lL0e“‘; 6) 4—3x=tgx;

7) K*=sin x; 8) x*=sin x; 9) x=arcsin x-‘{‘-l: 10) _l_’_SI;’le’

11) 2=In(x41) 12) Inx=4—x% 13) =e"+2; 14) 2*=4x.
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§ 6. YPABHEHMSA M HEPABEHCTBA C NMAPAMETPAMM

1. PanvonasbHble ypaBHEeHHS M HEPABEHCTBA C MNapaMeTPaMM.
OGLiYHO B ypaBHEeHHH HJIM HepaBeHCTBe 6ykBamMH 0603HayaioT He-
u3BecTHble. PelinTh ypaBHeHHe (HepaBeHCTBO) — 3HAYHT HaHTH MHO-
’KeCTBO 3HaueHHA HEH3BECTHHIX, YOBJIETBOPAIOLIHX STOMY YPaBHEHHIO
(uepaBeHcTBY) . HHOra ypaBHeHHs1 (HepaBeHCTBa), KpoMe GykB, 060-
3HayaloOILHX HEeH3BeCTHhle, colepxkaT Apyrue OykBbi, Ha3bBaeMhnle
napaMerpami. Toria Mbl HMeeM 1eJIO He C QHHM, a ¢ 6eCKOHeUHhIM
MHOXeCTBOM ypaBHeHu# (HepaBeHcTB). [Ipu 3Tom GniBaeT, 4TO mpu
ONHHX 3HAYeHHAX MapaMeTpPOB ypaBHEHHe He HMeeT KOpHeH, NpH
APYrHX — HMeeT TOJIbKO OlHH KOpeHb, IPH TPeTbHX — JiBa KopHs. [1pH
pelleHHH TaKHX YypaBHeHHHl (HepaBeHCTB) HaJ0 CHayaja Ha#TH
MHOXKECTBO BCeX JONMYCTHMbIX 3Ha4eHHH napaMeTpoB, a 3aTeM pas-
GHTb 3TO MHOXECTBO Ha YaCTH, B KaXXJOA M3 KOTOPHIX OTBET BHIpa-
JKaeTcsl OfHOH M TOH Xe (pyHKuueﬁ Yyepe3 napamMerphi.

Pa3s6epeM caenyiouiuii npumep.

[pumep 1. Peuum ypaBHenue ax’* —4x-+3=0.

Pe w e H ¥ e. B 1anHoe ypaBHeHHe BXOAHT JIHIUb OJHH NlapaMeTp d.
Ecin 3toT mapamerp npHHHMaeT 3HadeHHe 0, noJjydaeMm JHHeHHOe

ypaBHeHHe, HMelolliee JIHIIb OJHH KOpeHb, a HMEHHO x=—3—. Ipn

a0 ypaBHeHHe SIBASIETCA KBaJpaTHbIM H €r0 KOPHH BhIpaXkaioTcs
yepe3 napameTp a popmysamu

24+/4—3a X 2—v4—3a

’
a a

X|=

4
Ecan a< , TO HMeeM aBa [eHCTBHTENbHHIX KOPHS, MNpH a=—

3TH KOPDHH COBINAAAIOT, a IpPH a>—;— NMOAKOPEHHOE Bbipa>K€HHE OT-

PHLATEJNbHO H AeACTBHTENILHRIX KOPHe# Her.
OTBeT 3alHCHIBaeM Tak:

np“ a<_4_ X1.2 2:t 4 311’
3 a
4 3
an a—T X X
Tpu a>% NeACTBHTENbHEIX KOPHE# Her.
3ameuanue Chyualh a=0 MOXKHO pacCMaTpPHBaTh Kak mpefeabuniii. HMeHHo
eciu a — 0, TO KopeHb 24vyi—3a “:—_3" CTPeMHTCH K 00, a KOpeHb 2—v4—3a “2—3‘1 K %

MH, osnnako, He 6yJeM 3TOro yuHTHBaTh H GyaeM cudTarb, yto NpH a=0 HMeeM
€HHCTBEHHHH KOpeHb.
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[Tpumep 2. Pemum ypaBHeHue

3mx—5 , 3m—11_ 2x47
m—1)x+3) " m—1 x+3

(3mech M HHXKe HeH3BecTHble 0603HayeHH G6yKBaMH x, y, 2, Na-
pamerpl — GykBamu a, b, ¢, k, m, n H T. 1.).

PemeHue. BupaxeHusa B JieBoH H NpaBoA 4acCTAX ypaBHEHHS
MMEIOT 3HaueHHst pg m | u x5 —3. Ilpu 3ToM ycii0BHH, yMHOXKas
o6e yacTH ypaBHeHHs Ha (m—1) (x4 3), nonyyaeM ypaBHeHHe, paB-
HOCHAbHOe AaHHoMy. [locsie ympolueHHsi MoslyyaeM ypaBHeHHe

(4m—9) x=31—2m.

31—2m

4m—9

OcraJnochb BbISICHHTDb, IPH KAaKHX 3HAUYE€HHAX m 3TOT KOPE€Hb H0-
: 31—2m 3

NYCTHM, T. €. OTJIHYEH OT YHCJIa —3. Pemasn YpaBHEeHHE —4m—9-= —

Ipu m;&% OHO MMeeT KOpeHb x=

2
HaxoIHM, YTO m = —5

HUrak, ecsin m=£1, m;&%, m;&—-g—, TO YypaBHEHHE HMeeT

31—2m 9 _ 2 _
y— Hpnm—l,m—T, m= 5 KOp

€HHCTBEHHHI! KOpPeHb x ==

He#l HerT.
AHajorHyHo pelualoTcsi JHHEAHblE HEPAaBEHCTBA C NMapaMeTpPaMH.
[Tpumep 3. Pemnm HepaBeHCTBO

2x—m m 3

=2t m—2 ~xF3

Pemenune. [lonycTHMBIMH 3HayeHHIMH m H X SIBJASIIOTCA Ta-
KHe, 4t0 m=£2, xz= —3. [lepeHeca Bce uJieHl B JIeBYI0 4acTb
M npuBeAs Apo6GH K o6lleMy 3HaMeHaTeJlo, NOJyYaeM HepaBeHCTBO

(m—2)x—(6—7m)
(m—2)(x+3)

>0,

paBHOCHJIbHOe B 06J1acTH M+ 2, x %= — 3 HepaBeHCTBY

(x—ﬁr;‘j';) (x+3)>0. 1)

Pemum HepaBeHcTBO (1) MeTonoM HHTepBaJoB. Pemiasi ypasHe-

6—7m ) _ _6—7Tm
aud x+4+3=0 u x— — =0, noayvyaem: x;=—3, x= —
Bo3MoxxHH [Ba ciyuas: —3<%:7—;" H —3>6—”—l—__7%. Pemas He-
paBeHCTBO —3>6m__3'2", T. e. ’;_4_'; <20, HaxoguM, uTo m <<(0 pau
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m>2. HepaBeHCTBO Xke —-3<fin_—_7'2" BHINOJIHAETCA Ha NMPOMEXYTKe
[0; 2} 3uauut, ecnin m<<0 uwan ecin m>>2, To HepaBeHcTBO (1) BHI-

6__7';) H(—3; +o0) IMpu 0<Mm<<2

OHO BHIMOJIHSIETCH Ha Jyyax (—oo; —3) H %; + oo),

MOJHAETCA Ha Jyuyax ( — 00,

Eciu HYXHO BBIICHHTb, HET JIH 3HA4YE€HHH MapaMeTpPoOB, NMpPH KO-
TOpBIX KaKoOfA-TH60 KOPeHb ypaBHEHHSI HMeeT «3alpellieHHoe» 3Ha-
YyeHHe, TO MpOlle BCEro NOACTaBHTb 3TO 3HaueHHE KOPHA B NpeoG-
pa3oBaHHOe ypaBHEHHe — HCKOMble 3HaueHHs MapaMeTpoB Cpa3y
onpeneasTcs.

[Mpumep 4. Peminm ypaBHeHHE

X + 2x _____3b—4
b+1 ' x—2  (b+1DN(x—2)°
Pemenue. 31ecb HeNONMyCTHMH 3HaueHHsi b= —1 u x=2.

B o6nacru, rae b= —1, x++2, naHHoe ypaBHeHHe PaBHOCHJbHO
YPaBHEHHIO

2+ 2bx—3b+4=0, (2)

KOPHH KOTOPOro HMEIT BHA:

xi=—b—-B7F30—4, xo=—b+~/b7+3b—4. 3)

UTo6Hl BLIICHHTb, NMPH KAaKHX 3HaueHHSIX b OIMH H3 3THX KOpHef
paBeH 2, noicraBuM x=2 B ypaBHeHHe (2). [lonyuaem: 8 4 b =0,
oTKyAa b= —8. Ilpu 3TOM 3HaueHHHm b «3anmpeTHOMYy» YHCIAy 2 pa-
BeH MepBHIH KOPEeHb, a BTOPOH NMPHHHMaeT 3HayeHHe 14.

Ocrajoch BHISICHHTb, NPH KaKHX 3HaueHHAX b KOPHH x; H X2,
3ajaBaemble (opmyJiont (3), AeACTBHTENbHB. DTO HMEET MECTO NpH
b*+43b—4>0. Tak Kak KOpHAMH ypaBHeHHs b2+ 3b—4=0 sBas-
oTcss by=1 H by=—4, TO KOPDHH HeACTBHTeJbHH MNpH b<< —4
(npuuem b~ —8) u npu b>1. ’ .

Hrak, 3anaHHoe ypaBHeHHe HMeeT [Ba AEHCTBHTEJbHHIX KOPHS,
3ajaBaeMble BolpaxkeHHAMH (3) npu b<<—4, b~ —8 u npu b>1.
STH KOpHH coBnajaioT npu b=—4 u npu b=1. Ipu b= —38
uMeeM OAMH KopeHb x=14. [Ipu ocrasbHBIX 3HaueHHsix b nedicT-
BHTEJbHBIX KOPHeil HeT.

YnpakHeHHn

219. a) Haiigure Bce 3HayeHHI 4, NPH KOTOPHX OAMH H3 KOpHefl ypaBHEHHS
x*—2ax+1=0 Goabue 1, a Bropofi — MeHblue 1.
6) Tpu Kakux 3HaueHHsix a o6a KOpHs ypaBHewHs x’—6ax-+2—2a+9a*=0
Gosabue 3?
220.TIpu kakux 3HadyeHHsX a Kopuu ypaBHeuns (14 a)x’—3ax+4a=0 ynosaer-
BOPSIOT YCIOBHIO 2 << X< 5? '

123



221. Hafinure Bce 3HaueHHs a, OpY KOTODHX KOPHH ypaBHeHHs x’+4x+a=0
Gosblie a.

222.TIpy KakuX 3HaYeHHIX a KOPHH YypaBHedHss x’—2x—a’+1=0 Jjexar
MeXNIy KOpHAMH ypaBHeHusi x’—2 (a4 l)x+a(a—1)=0?

223. Peminrte HepaBeHCTBaA:

1) 24ax+1>0; 2) ax®+x+1>0. e
224. [Ipn KakuX 3HaueHHsiXx a BHpaxenne x’—(a+2)x+a-+3 NONOKHTENBHO MPH
Bcex x>0?

225. [IpH KaKHX 3Ha4YeHHSAX a BHpamedHe ax’—2(a—l)x+43a—1 nonoXKHTENLHO
npu Beex x> 1?

226. [lnn  kaKMx 3HauenMd a HepaBeHcTBO 2x°—4a’r—a’4-1>0 cnpaBemHBO
npu Beex x, |x|<1?

227. Haiinute Bce 3HayeHHs @, MPH KaXJOM M3 KOTOPHX Ji0Goe x, yAOBIETBOpAIOLIee
HepaBeHcTBy ax’+(1 —a®)x—a>>0, no MoAymo He MpeBOCXOAHT 2?

228. TIpH KakuX 3HauyeHHsAX a HepaBeHcTBo (a’—4)x’—4ax+2>0 HCTHHHO TpH
Bcex x>2?

229. Hafiaure Bce 3Hauenus a, NpH KOTOPHX H3 HepaBencrsa x’—a (l+a’)x+a* <0
caeflyetT HepaBeHCTBO x2-+4x+3>0.

230. Haiinure Bce 3HauyeHusi @, NMPH KOTOPHIX HEPABEHCTBO BHIMOJHSIETCS TPH JHOGOM
x>0:

D) (@+(1—2)a*—(34+V2)a+3V2x*+2(a*— Qx+a> —/2;
2) (@—(1++2)a*+(2—3)a+ 32’ +2a* —2x+a> —/2.
231. Hafinure Bce 3HauYeHHS! a, MPH KOTOPHIX CHCTeMa MMeeT eJHHCTBEHHOE pelleHue:

1) {x2+2x+a<0, 2) {x2+4x+3<a,
x—4r—6a<0; 22 —2x<<3—6a.

232. Hafinute Bce 3HAYeHHSi @, NPH KOTOPHIX pellleHUSi CHCTeMH o00pa3yioT Ha
YHCJIOBOH OCH OTPe30K MJIHHH l:

1){£-ax<a—1, 2){ﬁ+ﬁx+7+a<o
x—4x<<1—4a; P Hax+7< a.
233. Ilpn Kakux 3HayeHwsX p ypaBuenue (x—p)’(p(x—pf—p—1)=—1 nmeer

MONIOXHTE/bHBX KOpHefi 6oAblie, YeM OTPHIATEJbHHIX?

234. Tlpu kakux 3HaueHusiX p ypaBHeHHe ((x—p)’ —2p—4)(x—p)’= —2p—3 umeer
OTPHIlaTEeJbHHIX KOpHe#t 6GoJibllle, YeM MOJNOXKHTEJNbHRIX?

235. Hafiaure Bce 3HaYeHHs p, NPH KOTOPHX ypaBHenHe x (x4 1) (x4-p) (x+ 14-p)=p®
HMeeT 4 KOpHSA.

236. Hajinute Bce 3HaueHHs p, NpH KOTOpHX ypasHenwe x'4(p—1)x*+x*+
+(@—1)x+1=0 uMeer He MeHee ABYX Pa3IHYHHX OTPHLATENbHHX KOPHeH.

237. Hafizure Bce 3HayeHus p, Npu KOTOPHX ypasHenue x(x+1)(x+2)(x+3)=p
MMeeT He MeHee TPeX OTPHIaTe/IbHHX KOpHef.

238. Hafinute Bce 3HayeHHS p, TPH KOTOPHX ypaBHennme x'—px®—(2p+1)x*+
+ px+1=0 umeer He MeHee ABYX KopHefl, Goabmiux 1.

239. Hadigure Bce 3HaueHHs @ H b, MpH KOTOPHX CHCTeMa ypaBHEHUH HMeeT eIHHCT-

BEHHOE peLieHHe:
P xyz+z=a,

xy2+z="b,
Sy +2 =4
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240. Hajizure Bce 3HaueHHs 4, NPH KaXKAOM M3 KOTOPHIX CHCTEMAa MMeeT pPelIeHHe:

1) {x2+2xy——7y2>‘11_'l’, 2) {5x’—4xy+2y2>3,
2a—1
2 2 . 2 2
3 +10xy—5y° << —2; 7+ 4y 424 < %at 5"

2. HppauuonaibHble ypaBHEHHSI M HEPABEHCTBAR C NapaMeTPaMH.
[Ipumep . PemnM ypaBHeHHE

V3x—24+x+2=a. (1
Pemenune. O6a craraeMbix sBJASIOTCA BO3pacTalOlHMH (PyHK-
uusiMH oT x. Tem e cBoiicTBoM o6sajaer H HX cymma. [Tosromy

1/3x —2++/x + 2 MoxeT npHHATH KaX0e 3HaueHHe a He 6oJee OHOTO
pa3a. KopHu B JieBoft yacTH ypaBHeHHs onpejielieHbl B 06J1acTH, rie

x>—§— Hx>=>—2 T e HpH x>%

Orciona creayer, YTO HaHMeHbIIHM 3HauyeHHWEM, NPHHHMaeMLIM
JeBOH yacTbio ypaBuenus (1), siBasieTcs %+2, T. €. -g—\/g Sro
¥ €CTb HaHMeHbIllee 3HaYeHHe @, MPH KOTOPOM ypaBHEHHe pa3pellHMO.
Hrak, ypaBHeHHe (1) HMeeT elHHCTBEHHHI KOPeHb NpH a>—§—w/§ H He'

HMeeT KOpHeil NMpH a<% /6.

YTto6bl HAWTH BbipaXkeHHe /ISl KOPHSA uepe3 @, YyeAHHHM paauKal
¥ Bo3BelleM o6e YacTH ypaBHeHHS B KBaJpaT:

3x—2=a’—2a+x+2+x+42, T e. 2x—4—a’=—2a+x+2.

2
Orciona caeayer, YTo J0JKHO BHINOJIHATLCA HEPABEHCTBO x<2+"—.

3anuiueM JieBYIO YacTb MOJYYHBIIErocsi ypaBHeHHs B BHe 2 (x+2)—
—(8+a®) u Bo3BemeM 0Ge yacTH ypaBHeHHs B KBazapaT. [loayuum
nocjie pacKphTH CKOGOK H YNpPOILEHHS:

4 (x+2°—8 (4+4a% (x+2)4 (8 +a**=0.

Orcioga
X1 g42=20+a)+VI6(@+aY —4@+a_2(4+a")x3a"+16a
. " >
¥ MOTOMY

x|=a2+2——;—a1/3a2+16, x2=a2+2+;—a1/3a2+l6.

IMockonbky npu a>—§—x/§ ypaBHEHHe 3aBeJlOMO HMeeT OIHH KO-

2
PeHb, a x; He YAOBJETBOPSET YCJIOBHIO x<2+%, TO KOpHeM SIBJISIET-
cAa x.
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Hrak, ypaBHenue (1) umeer npu a>—§-x/§ elHHCTBEeHHHH KOpeHb
x=2+40"——2-3a°+16,

a npu a<-§—\/§ KOpHeil He HMeeT.

ITpumep 2. Pemnm ypaBHeHHe W/a—w/x+a=x.

Pemenune. Tak Kak NOAKOpPEHHbie BhIPAaXKE€HHS JOJXKHHI GHITh
HEOTPHIIaTe/IbHBl, TO AOJIKHB BBIMOJHATHCA HepaBeHCTBa x+-a >0,
a=>0, a>>/x+a. Kpome Toro, nonxHo 6uth H x>>0. 3HauHT, Ha-

HMeHbllee 3HAUECHHE /X + a paBHO /a H HEOGXOAHMO BHITIO/NHEHHE He-
paBeHcTBa a>>-/a. 3HaunT, a=0 wau a>1. IMpu a=0 noayuaem

ypaBHenue \/ —+/x=x, HMelolllee eAHHCTBEHHHIA KopeHb x=0. IMycTs
Tenepb a=> 1. Bo3soaum o6e yacTH ypaBHeHHsI B KBAAPAT H NOJyYaeM:
a—-/x+a=x 3uauur, a—x’=+/x+a, orkyna a—x’=>0. Us
ypaBHeHusi a—x’=-/x+a caeayer, uto

(@a—x+x)(a—x—x)=(x+a+x)x+a—x)=(x+a—x?),
oTKyZa

(x+a—x%) (a—x2—x—1)=0.

3uauur, 4160 x+a—x2=0, au6o a—x*—x—1=0.

Pemas nepsoe KBaZpaTHOe ypaBHEHHe, MOJydyaeM:

x|=%+ %-l—a, x2=%— e:-+a.

M3 BTOpOro KBaApaTHOTO ypaBHEHHs HMeeM:

1 3 1 3
Bn=—gt\e—73 u=—g—\a—7

BhIICHHM, Kakue H3 KOpHe# Xxi, X2, X3, X4 YAOBJIETBOPSIIOT yCJO-
B0 0<<x<<+/a. [Tockonbky x1 >+/a, x2<<0 (HanomzuM, uTo a=>1),
TO X| H X2 He AIBJSIIOTCS KOPDHSIMH YDPaBHEHHS; X4 TaKXe He SBIASAETCHA
KOPHEM JaHHOro ypaBHeHHs, TaK Kak x4<<0. Ilpu a>1 umeem:

0<< ——;——l—-\/ a—%< a, H NOTOMY X3 — KOpeHb JaHHOrO YypaBHEHHS.
Hrak, npu a>=1 HMeeM eIHHCTBeHHbi KOpeHb x= —-%+

3
+\/a——.anpu a=0 umeem: x=0. [Ipu ocTa/sbHLIX 3HaAUEHHAX a
KOpHe# HerT.

3ameyaHue EpuHcTBeHHOCTb KOPHS NPH @ >>1 MOXKHO YCTaHOBHTb TaK: (yHK-

UHsi y==x Bo3pacTaer, a Qyukuua y=-\a—-+/a+x y6usaer. 3HauuT, rpaduKu

3THX QYHKIUHA MOTYT nepeceybcsl JIHIIL B ONHOM TOUKe.

Tenepp pellMM HppPaLHOHAJbHOE HEPaBeHCTBO C IapaMeTPOM.
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[Mpumep 3. Peminm HepaBeHCTBO
Vx—a+4+/2x+1>-3x—4. (2)

PeweHue. UYro6u Bce KOPHH, BXOASALLHE B HEPaBEHCTBO, HMEJH

1
3Ha4YeHHe, JHAOJ/IKHBl BLINMOJHATLCA HEPABEHCTBA x=a, x= —3

x}%, T.€. X=aH x>—§-. Tak KaK npu TaKHX 3HAUEHHSIX X H 4 BCe

KOpDHH B (2) HEOTpHUATEIbHB, TO MOXHO BO3BECTH 06e YacTH Hepa-
BEHCTBAa B KBaJpar. HonyqaeM CHCTEMY HEpPaBEHCTB

224’ —(2a—1) x—a>a—>5,
x=a, )

4
x>?
Pa36epem aBa cayuasi: a<<5 u a=5. B nepBoM cayyae a—5<<0

¥ MOTOMY NepBOe HEPaBeHCTBO CHCTEMHl CIpPaBEMLJIHBO IS BCeX X,
YAOBJIETBOPSIOIIHX ABYM APYrHM HepaBeHcTBaM. OTciofia noJyyaem,

4yTO NMpH aQ% pelleHHeM cHCTeMHl (3) sABJsieTCs Jy4 [-;—, + oo ) ,
a npH %<a<5 — ay4 [a, + o).

ITycts Tenepr a=5. B 3ToM cayuyae o6Ge yacTH nepBOro Hepa-
BEHCTBa B cHcTeMe (3) HeoTpHIaTeIbHbl H MOXXHO BO3BECTH HX B KBal-

part. Tak kak ycioBHe x>% 3aBe€AOMO BhLINOJHEHO, TO HMEEM CHCTEMY
v

{ 8x>—4 (2a—1) x—(a®—6a+25)>0,
x>=a.

HEpPaBCHCTB

3ametum, uto a’—6a+25=(a—3)*+16>0 npu Bcex a u NOTOMY
CBOGOJHBIH WleH KBaipaTHOTO Tpex4jeHa oTpuuaTeted. OTciona BhiTe-
KaeT, UTO KODHH YpaBHEHHs .

8x*—4(2a—1) x—(a®—6a+25)=0 (4)

HMEIOT pa3Hble 3HaKH.
[TockosbKy MbI XOTHM, YTOGLI OXHH

M3 KOpHeH Gbil He MeHblle, YeM @, TO yh
(cM. pHC. 44) B TOUKe g TPeXu/ieH AOJ/KeH
NPHHHMATL HENMOJNOXHTEeNbHbHE 3HAYeHHS.
Orciona nosyyaeM 1 a HEepaBEeHCTBO
8a’—4(2a—1)a—(a®>—6a+25)<0, . e.
—(@—5)’<<0. Ono BunoJHsETCA NJIsi a
BCeX @. 3HAYHUT, OAMH H3 KOpHEH ypaBHe- ) t
HUsi (4), a HMEHHO GOJIbLIHH, yIOBJIETBO- \ \_/
PieT ycsioBHIO x Z>a. JTOT KOpeHb HMeeT
BHI:

x,=+(2a-—-l+ 6a*— 16a--51). Puc. 44
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Hrak, MH JOKas3ajH, YTO ecCJH a< , TO —;—<x<+oo.

Ecan %<a<5, TO A< x <<+ oco. ‘Ecn a>5, TO x>-1—(2a—1+

++/6a>—16a+51).

YnpakKuHeHHun

241. Pelunrte ypaBHeHHS:
1) x;{-w/)_c=a;
g VaFr __ Vax
Va+vatr Va—a—rx
3) x+Vx+Vx 2+ +2x=a;
§) 22 VBT Ba FiH 4= x5 +1)
2 2 1

5) (a+%)° +4(a—2%)° —5(a?—x)° =
6) Ix+3l—alx—1l=4;
7) Ix—2|+4alx+3l=

242. Pewnte ypaBHeHHs1 (NMPH MOJIOXKHTENbHHX 3HAUEHHSX MapaMeTpPoB):

1) (a+b)VE@F+ B+ —(@@a—b)Va>F b —F=a’+ b
2) x* —+3ax—¢lz7 +w/|£2—3ax+a2=\/2 (a®+b%;
p+q

3) 2cx 2pq =x7+x7;

4 *Va+f+=’\/a—wf ;
) NatE=h _
) i VT
Vafx++a—x

6 — b.

) 1/a+x—1/a-—x \/——
243. Haifinurte Bce 3HaYeHHSl @, MPH KOTOPHIX ypaBHeHHe
x|x+2a|l+1=a

HMeeT eJIHHCTBEHHOEe pellleHHe.
244. Haifinure Bce 3HaYeHHSI a, NPH KOTOPHIX ypaBHEHHe

P 44x—2 |x—al+2—a=0

HMeeT POBHO [Ba Pa3jiHYHHX pelleHHs.

245. TIpu KakuxX 3HaueHHSIX @ ypaBHeHHe x—0,5a=4 |4 |x] —a’| uMeeT poBHO TpH
Kopusi? Hafixute 3TH KOpHH.

246. Ilpn xaKkux 3nauyeHHSX a ypaBHeHHe HMeeT €JIHHCTBEHHOEe pelleHHe:

1) [1—ax|=1+(1—2a) x+ax* 2) l(a+1) x—2| =(1 +a) x> —2ax+2?

247. TIpu KaKHX 3HA4YeHHAX a HePaBEHCTBO HMeeT XOTf OH OJHO OTPHILATENbLHOE
pelieHHe:

1) 3—lx—al>x% 2) 2> |x+al+x*?
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248. Hafinure Bce 3Ha4eHHs @, MPH KOTOPHX CHCTeMa HMeeT DOBHO [Ba pelucHHS:

{ |2 —Tx+6| +x2+5x4+6—12 |x] =

—2(@—2)x+a(a—4)=0.

249. Hafinure Bce 3Ha4YeHHSi a, NMPH KOTOPHIX CHCTeMa HMeeT €IHHCTBEHHOE pe-
HIGHHE:

{ [x2 —5x+44] —9x> —5x+4+10x | x| =
©—2(a—1)x+a(a—2)=0.

3. TpancueHaeHTHbC YPaBHEHHSI H HEPaBEHCTBA C NapaMeTPaMH.
®dyukunu y=a*, y=log, x, y=sin x, y=arcsin x 1 T. A. Ha3HBAIOT
TpaHCUEHAEHTHBIMH. PelllHM TPaHCUEHAEHTHbE YDABHEHHS H HEPaBeH-
CTBa C MapaMeTPaMH.

Ipu pewexnn W[@%ﬂanneﬂnﬁ H HEePaBeHCTB C napa-
METpaMH HaJo NPOBEepATh CJayyad, Korja QCHoBaHHe paBHO 1.

IMMpumep 1. Pemnum ypaBHeHHe

) a2x—3_a2x—2+a2x=b. (1)
Pemenue 3anumem ypaBHenue (1) B BuIe
a*%(a®—a+1)=b. )

Ecan a=b=1, To npn mo6om x umeem: 1¥* 3 (1 —141)=I.
3Hauut, npH a=b=1 KopHeM ypaBHeHHs fBJsieTCs Jio6oe 3Haye-
HHE X.

IMycrb Teneps a>0, a;el [TokaxkeM, 4TO NPH ITHX 3HAUYEHHSX Q
BHINOJIHSIETCA HepaBeHCTBO a’—a+1>>0. B camom znene, pyHKUHA

3
y=x>—x+41 npu x>0 HMeeT TOJIbKO MHHHMYM B TOYKE X==

3 b

— [ ]
paBHHI %E-> 0. Iosromy a®* —a+1 >0 npu a>0. Orciona cie-
nyet, uto ecin a>0, a1, b>0, 10 a2"—3=a _1:1+l>0n noro-

My x=—1—(3—|—loga T—!’lH-_l) .
B c.nyqae Koraa a= 0, paseHcTBo (1) BHINMOJAHAIETCS JIHIIbL MNPH
b=0, x>—

Haxoneu, paccMoTpHM cayuva#, koraa a <<0.

B 3ToM csiyyae nonycTHMB JHLIb Lenbie 3HayeHHs1 2x—3. HHH-
3
MH cJoBaMH, ecid a<<0, To x=213 rpe n — uenoe uncuo. Ipu

2
stoM b=a"(a®*—a-+1).
Urak, eciu a=b=1, To x — n1060e JeficTBHTEAbHOE UHCI0. Ecan

a>0, a1, 10 x=?(3+loga—;3—_—a;_—l—-). Eciu a=b=0, 1O
X>—g—. Ecn a<<0, b=a"(a®*—a-+1), rne n — uenoe 4ucio, To
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x=%§. B apyrux cayvyasix ypaBHeHHe KopHed He umeeT. OG6bIuHO

B TaKHX 3ajadax AeJaloT OroBopky, uto a>>0 H cayyau a=0,
a<<0 He paccMaTpHBalOTCS.
[Ipamep 2. Pemum HepaBeHCTBO
2x+1 4x+3
ax+6 <ax+6. (3)

PeweHue JlonycTHMb 3HaYeHHA x Takue, 4To x% — 6. Ecan
a=1, TO NaHHOe HepPaBEeHCTBO BHIMOJHAETCA NPH BCEX 3HaYEHHSAX
X TakHx, 4to x5= —6. [Ipy a>1, x5+ —6 0oHO paBHOCHJbLHO Hepa-

2x4+1 __4x+3
BEHCTBY x+6 < x+6"°
MeTONOM HHTEDPBAJIOB NOJy4aeM, YTO x<< —6 HaH x= —1.

Ecan 0<<a<<l, x= —6, TO naHHOe HepaBeHCTBO PaBHOCHJbLHO
HEpPaBEHCTBY 2:_:';)—?:; , T.e. 2(x+1)(x+6)<<0. Pemas ero me-
TOAOM HHTEpBaJIOB, mojydaem: —6<<x<< —1.

KoTopoe npHBOAHTCA K BHAY 2 (x+ 1) (x+6)=0.

2x+1

x+6>0 H

* IIpuy a=0 Hepaneﬂcmo' (3) cnpaBemHBO, eCJH

4;‘_:': >0. Pemas 3Ty cHCcTeMy HepaBeHCTB, MoJydyaeM, 4To x << —6
HIH x> —%. Ecnu a<< 0, To HepaBeHCTBO (3) MOXET HMeThb MecTO
JHIb B CJjdydae, Korjaa nokKasaTe/H — LeJble YHCaa. Ecan 2;—-:61 =m

4x+3__ . o_6bm—1_2n—3 A
H 15— TO HMeeM: x=7——"=7—=, OTKyla 2dm+-n—4=

=3m+12n—6, 1. e. 2lm—11n+42=0. HalineMm uennle 3HaueHHS
m H n, NPH KOTOPbIX BHINOJIHAeTCA paBeHCTBO 21m—11n+4-2=0.

[TonGopoM HaxoauM OAHO pelleHHe: mo=2, no=4. OcTajbHble
pellleHHs1 BHIpaXkaloTcs (popMmysiaMu

- m=2+411¢, n=4+421¢, “4)

rae ! — uejioe 4YHUCJO.

Tenepp Hago BBLIACHHTb, NPH KAaKHX 3HA4YEHHAX ! BhHINOJIHSETCS
HepaBeHCTBO (3), T. €. MPH KaKHX M H n HMeeM: a" < a".

Eciu —1 <a<<0, To 370 HepaBeHCTBO CNpaBeAJHBO B CJAEAYIOIWIHX
cayqasx:

a) n 4yeTHo, m NH6GO YeTHO, JIHGO HEUETHO H M=n;

6) m H n HeyeTHH, NMpHYEM M < nN.

IIpu a= — | HepaBeHCTBO HMeeT MECTO, €CJIH 7 YETHO HJIH eCllH m
HEYeTHO.

[Ipu a<< —1 oHO cnpaBeAJiHBO B CJAEAYIOIUHX CJydYasix:

a) n 4eTHo, m JAHGO 4eTHO, JHGO HEUETHO H M<_n;

6) m M n HeYETHH, MPHUEM M =N.

Bo Bcex ykasaHHHIX cJy4yasix BLINOJHSIETCS HepaBeHCTBO (3).
[MpenocTaBisieM YHTaTeNIO BHSICHHTD, IPH KaKHX 3HauyeHusAX ¢ B ¢op-
Mysnax (4) BHINOJHAIOTCH YKa3aHHble BhIIE yCJIOBHS.
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3amMeuaHHe MeToan pellieHHs YpaBHeHHA BuAa ax—+by=c
B LeJBX YHCJIAX H3Y4aloTCi B TeopHH uHceJd. OHH OCHOBaHHl Ha
C/IERYIOLEM YTBEPKAeHHH: HaHGobIHI OGIIHA fenuTeNb d HaTypaJib-
HbIX YHCEJ a H b MOXHO NpeACTaBHTh B BHAe ax+ by, rie x H y — ue-
Jble YHCaa.

[Tpumep 3. PemnM ypaBHeHHe

2 loga | x| 42 logs (x+2)=1.

Pewenne. Ioonpenenennio norapudma ROMKHBI BHINONHATCHA
ycaosusi >0, a1, x#0, x> —2. [Ipn 3THX yc0BHSIX 3anaHHOe
ypaBHEHHe PaBHOCHJIBHO YPaBHEHHIO

x| (x+2)=+/a.

Eciin —2<x<0, To orcioma HaxomuMm: —x(x+2)=-/a.
dTo ypaBHeHHe HMeeT AeACTBHTEJbHHE KODHH JHIIL npH ~/a<<l.
B stom ciayuae x.=—1—-\/1——w/5, xg=—14/1—/a, npuuem
JIETKO 3aMeTHTb, YTo NpH 0 <<a<<1 06a KOpHSA JieXKaT Ha NPOMEXYTKe
(—2; 0). I[Ipu a=1 3TH KOPHH COBNARAIOT H x|=,—l.W/_

IMIpp x>0 noayyaem ypaBHeHHe x (x+2)= OTKyAa
x3=—1—14+/a, xs=—14~/14+/a. Tonoxnurenen sump Ko-

€Hb X4.
P Hrak, npy 0<<a<<l ypaBHeHHe HMeeT TPH KOPHAL Xi, X2, X4.
IMpn a>1 — AHIIb OAHH KOpEeHb Xi.

Mpumep 4. Pewnm HepaBenctBo log,: (x*42x)<< 1.

PewmeHHe. Tloonpenenenuio Jloragnqma JOJKHBI BHIOJTHATLCA
HepaBeHcTBa a0, a1, as= —1 u x*+2x>0. Paccmorpum aBa
cayyas: lal>1 un 0<|al <.

Ecan |al>1 (1. e. a>1 nam a<<—1), T0 HMeeM CHCTeMY
HEpaBEeHCTB .

{x’+2x<a
242x>0

[lepBoe HepaBeHCTBO BHLIMOJHSAETC Ha MNPOMEXKYTKe (xi; X3), rie
——l—w/l+a’ xz——l+-\/l+a’ a  BTOpOe — Ha Jydyax
x< 2 H x>0. IlosToMy cHCTeMa BHINOJNHAETCA Ha mnepecedye-
HHH YKa3aHHOro NpPOMeXyTKa ¢ o6beRHHeHHeM 3THX Jyudeil. [Tockoab-
Ky x1<<—2, x>0, TO 3T0 HMeeT MeCTO Ha OGbeAHHEHHH INpOMe-
XKyTkoB (x1; —%2) u (0; x»).
[Tyctb Tenepp 0 < |a| <1 (1. e. —1<<a<<l, as0). B aTom cay-
yae MoJiyyaeM CHCTEMY HepaBeHCTB

{ 242x>a?,
24+2x>0.
IMockoabky a?>>0, AOCTaTOYHO paccMoTperh NepBoe HepaBEHCTBO.

Ero pewenuem cayxur o6benuHenne aydeir (— oo, x1) H (x2, + ),
Tle x; M Xp T€ XKe, YTO M BHILIE.
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Hrak, ecit |a| > 1, To xi <x << —2 HIH 0 << x <x3, ecaiH |a| <1,
a#0, To — oo <x<<x; HIH X2<<X< + 00, TAE x.=—1—w/l+a’,

xz———l+w/l+a’

[Tpumep 5. Pemnm ypaBHeHHE
(a—1)cos x+(a+1) sin x=2a.

PemeHue Pasgendum o6e yacTH ypaBHEHHSI Ha BHIpaXKeHHe

Wa@a—1Y?+(a+1)"=+2 (a*+1). Tak kak

a— 2 a
() Hgem) ="

o . a—1 _a+1
TO HafJeTcsi Takoe @, 4TO Sin @ =————, CO0S O =—"—
V2 (a’+1)l 2@+
HmenHo ecnu a>> —1, T0 a==arcsin ———, npu a<< — | HMeeM:
@+’
a=n— arcsin ———. [lo3aTomy sin e cos x4 cos a sin x—i

f el
T. €. sin (x+a) a 2. 310 ypaBHeHHe HMeeT AeHCTBHTEJbHhHIE
a
KOPHH NPH YCJOBHH, YTO I w/%_l <Il, T e —I1<ax<l. B stom
a
cayyae CyllecTByeT Takoe f, 4To sin B=i. [TostoMy npH
-\/a’-i-l

—1<{a<| naHHOe ypaBHeHHe NpPHHHMaeT BHA: sin (x4 a)=sin .
Orciopa nosyyaeMm, 4to x=2an+4p—a wiH x=2nn4+n—f—a,
rae n — Uejoe YHMCI0. DTH pElUeHHA MOXHO INPeACTaBHTh B BHIE

x=2nn+ arcsin w/;;/% arcsin 2‘:;_1_ =
HIH .
x=(2n+41) n — arcsin — arcsin ——.
(2n+1) —[—- '—_T_(a 5

ITpumep 6. PemuM HepaBeHCTBO
asin?x+2cos x—a+1>0.
PemeHnune. HepaBeHCTBO JIerko NPHBOAHTCA K BHAY
a cos? x—2 cos x—1<<0. (5)
Ecin a=0, To umeem: 2 cos x+ 1 >0, oTKyna noJyiyuaem:
—%ﬁ+ 2nn<x<2:,’—“+2nn,
rie n — neJoe YHCJO.

Mpu a0 noaoxum cos x=2z. [losyuaeM CHCTeMy HepaBeHCTB

a?—2z2—1<0,
{efi 2t ©)
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Pasnmmue BO3MOXHbI€ CJIy4au ONmpeResioTCH 3HaKaMH QYHKUHH
f(z)=az2’?—2z—1 B Toukax —| H |, 3HaKOM @ H TNOJOXKEHHEM
¥ 3HaueHHeM 3KCTPeMyMa (PyHKUHH y=f(z). Hmeem: f(—1)=a+1,
f(1)=a—3. [lanee, TaK KaK ’ (2)==2az—2, TO 3KCTPEMYyM HaXOAHTCS

B TOUKe z=% H SIBASieTCS MHHHMYMOM npH a>>(0, MaKCHMyYMOM

1
npu a<<0. 3HayeHHe QYHKUHH B TOYKe 3KCTPeMyMa PaBHO —‘-’-"’1—'—.
YpaBHeHHe a2’ —2z—1=0 wuMeeT JefCTBHTE]bHbHE KOPHH NpH
a> — 1, MpHYeM 3TH KOPHH PaBHH

Z:=1_3a[l+a, 22=1+3a[1+a.

3Hauenusi GyHKUHH f (2)=a2z® —2z—1 B.Toukax —1, 1 H B Touke
IKCTPEMYMa MEHSIIOT 3HaK NpH CelylOlHX 3HavyeHHsaAx a: —1, 0, 1
u 3. [losToMy pa3o6beM YHCJIOBYIO MPSIMYIO Ha CJEAYOLIHE NpOMe-
xyTku: (—oo; — 1) (—1; 0), (0; 3) u (3; + o0). Ecit a<<—1, TO
f(—1) u f (1) oTpHUATeNIbHB, OTPHLIATENBHO H 3HAYEHHE SKCTPEMyMa,
HaXOAfALIErocsi B TOUKe —l— npomexytka (—1; 1). B stom cayuae
¢yHkuus y=f(2) oTpHuaTe]bHa BO BCeX TOYKaX oTpe3ka [—1; 1]

[Ipy — 1 <a<<0 3HaueHHe PYHKUHH MOJOKHTEJbHO NpH 2= —1
M oTpHUaTesNbHO NMpH 2=1. Touka 3KCTpeMyMa JIeXXHT BHe OTpe3Ka
[—1; 1]} TTosToMy QyHKUHS HMeeT OAHH KOpeHb Ha oTpeske [—1; 1],
a uMeHHO 2;. [Tostomy ¢dyHkuus y=f(2) oTpuuaTesbHa Ha npome-
KyTke (21; 1).

ITpu 0 <a<<3 meno o6CTOHT aHaJOrHYHBIM 06pa3oM. [TycTb Te-
nepp a>>3. B stom cayyae ¢yHkuus y=/f(2) nmomoXureJbHa Ha
KOHLAX oTpe3Ka [—1; 1], UMeeT Ha 3TOM OTpe3ke TOYKY MHHHMYMa,
npHYeM ee 3HaYeHHe B 3TOH TOUKe OTpHuaTeNbHO. [lo3aTomy
HepaBeHCTBO f (2)<<0 HMeeT MecTO Ha NMPOMeXYTKe (2i; 22).

Hrak, Mbl BHISICHHJIH, KaKOBO pelieHHe cucTeMbl (6). BosBpaiue-
fiCb K HepaBeHCTBY (5), moJsyuaeM, 4ToO:

NpH a<< — | HepaBEeHCTBO BHIMOJHSAETCH AJSA BCeX X;

npi —l<<a<<0 u npu 0<a<<3

2nn — arccos 2) < x<<2nn-- arccos 2,

anpua>3
2nn —arccos 2, << x <<2nn —arccos 2,
HWIH .
2nn +arccos 22 << x << 2nn + arccos z;,
e
a=—(1—a+1), z=—(1+a+1).
Ormerum eme, yro npy a=—1 x#n(2n+1), npu a=0

2:m——<x<2nn+— H npH a=3

2nn — arccos( _T) < x<<2nn HIH 2nn < x <<2nn+ arccos( —;—) .
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250.

251.
252.

253.

254.

2565.

256.

257.

258.

259.

YnpaXHeHHn

Tpu KakHX @ ypaBHEHHe HMeeT eJHHCTBEHHOE pelIeHHe:

1) Jg (®—6x+8)"'=In(ax—17); 2) log:(ax—7)=2log:s (12x — x*—32)?
HaiiaTe Bee 3HAaYeHHs @, MPH KOTOPHX HePAaBEHCTBO HMeET XOTs Ol OJHO pele-
Hue (251—252).
4 —a-2—a+3<0.
14logs (2x* 42x+3,5) = log, (ax* + a).
Hafinure Bce 3HaueHHsi g, A1 KOTOPHX HEPABEHCTBO CNpPaBe[JHBO NPH BCexX
x (253—254).
a-9+4(a—1)3F +a>1.
14logs (x* +1)>=logs (ax* +4x+a).
Hafianre Bce 3HaueHHsi a, AN KOTOPHX 06a HEpPaBeHCTBAa BHNONHSIOTCA MNpH
Jo6HX x H y (265—256).

2a cos 2 (x —y)+8a’ cos (x —y)+ 8a% (a+ 1)+5a <0,

24P +1>2x+2y+a—a’.
{ 2a sin® (x4 y)+a>4a® sin (x+y)+°,

L4+@+1) P +a>2x.
Hafiaure Bce 3uHaueHHsi a W b, MPH KOTOPHX CHCTEMA HMEET EIHHCTBEHHOE
peleHHe:

x¥—1
41
£+ =b, x>0.

Hafiziute Bce 3HaueHHs @, NPH KOTOPHIX CHCTEMa HMeeT XOTA GH OHO pelleHHe
aasa mo6oro b (2568—259).
{ @+ 1P+ +1y=2,
a+bxy+Ly=1.
{ 2*+(a+1) by*=a’,
(a—1) P+ =1.

| =a




Fnasa IX

MHOTOUNEHbL OT HECKOJIbKMX TEPEMEHHDIX.
CUCTEMb! YPABHEHMA UM HEPABEHCTB

§ 1. MHOTOYJNEHBI OT HECKOJIbKMX NEPEMEHHbIX

1. CranpaprHulii BHA MHONO4/eHa OT HECKOJbKHX MNepeMeHHbIX.
B n. 1 §1 rnaBu Il 6uii0 BBEREHO MOHATHE 1EJNOr0 PalHOHAJILHOrO
BblpaXKeHHsl OT NMepPeMeHHBbIX X, Y, ..., 2. [IpHMepoM Takoro Beipaxke-
HHAl OT X, Y, 2 MOXKET CJYKHTb

(x+y+2) (2 + 12+ 2 —xy—xz—y2).

PackpniBasi CKOGKH H NPHBOASA NMOAOGHLIE YJIEHH, NMOJdyJyaeM Iejioe
palHOHaJibHOe BhlpaxeHue x°+y®+2°—3xyz, umelomee BuA CcyM-
Mbl HECKOJIbKHX OJHOYJEHOB OT X, Yy, 2, IPHYEM HHKaKHe JBa cJarae-
MbIX He IBJSIIOTCSA NMOJOGHHIMH (HaNOMHHM, YTO JiBa OQHOYJIEHA OT X, Y,
Z Ha3bIBAIOTCSA NMOAOGHLIMH, €CJIH OHH OTJHYAIOTCS APYT OT Apyra JHIIb

3HaueHHeM Koapduuuentos, Hanpumep 3x‘yz’ m —5x'yz’). Takyo
CYMMY Ha3blBalOT MHOTOUYJICHOM OT X, Y, 2.

Onpedenrenue 1. MHO204NCHOM OT NEPEeMEHHBIX Xi, ..., Xn
Ha3LBAlOT CYMMY BbipaXKeHHHl BHAA axf .. x~", TAe a— 4ucio,
ki, .., k., — HeoTpHUATE/NbHHIE LEJLIE YHCJIA, NPHYEM OyKBEHHBHIE

4acTH JIO6HIX ABYX c1araeMhbiX pa3jiHyHu. B 3anucH o6HYHO ONyCcKaloT
MHOXKHTEJH C HYJIeBBIMH IIOKa3aTeJsIMH.

CnpaBeJIHBO CJiefylollee YTBEpPKAECHHE:

JTio6oe yeaoe payuoHarbHoe 8bipajNcerue OT Xi, ..., Xn TONHOECTBEH-
HO PABHO MHO204AEHY OT Xi, ..., Xn.

MHorouJieHnl OT OAHOA NepeMeHHOA x 3aMHCHLIBAIOT TakK, 4TOOHI
cTeneHH x yObBaJM. CJeBa HanpaBo, Hanpumep numyr —2x°+4
-+ 6x —4. Takylo 3anuch MHOrowieHa Mbl Ha3BaJIH CTaHAapTHO!H. AHa-
JIOTHYHAs 3alHCh €CTh H AJISi MHOTOYJIEHOB OT NMEpPeMEHHBIX Xi, ..., Xn.

Onpedenrenue 2. OnHouneH axfx$ ... xk cumraerca crap-
we, uem ofHouJeH bx(" x5 ... xp" (34eCb @ H b OTJIHYHLI OT HyJIf), €CJIH
Ju6o ky>m,, aub6o cyuwectByer Takoe s, l<s<<n—1, uro
k =my, ..., Rs=ms, HO ks+| >Mmsy.

Mpumep 1. OnHouneH 2x}x3xs cTapine, yem oanousten 0,1 x3xox3,
TaK KakK NMOKa3aTeNH y Xx; AJsi HAX OJHHAKOBLI, a NMOKa3aTeJb y X2 B
nepsom ojHousieHe GoJible, YeM BO BTOPOM.

Ecau cnaraembie MHOrO4JIeHa OT Xy, ..., X, PAcHOJIOXKEHHl TaK, YTO
JM06oe cjaraeMoe CTapiie, yeM Bce cjiaraemole, CTOsILLHE NpaBee Hero,
TO FOBOPAT, UTO CJdaraeMhbie pacrnojioXKeHbl B CA08APHOM (AeKcuKozpa-
uueckom) nopsiaxe.
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IIpumep 2. PacnosioxXHM B CJOBapHOM MNOpsAJKe cjaraemhle
MHOTOuJIeHa

— 3x8x3 + 6xfxox] — 0, 1xfxbocs + 7xifxdad.

Pe weuue. Hauucummit nokasatenb y x; umeet 6xixq.x}. B cia-
raembix — 0,1xfx3xs u 7xix$x3 mnokasaresm y x, oaMHaKoBH, HO
nepBoe CTaplle, TaK Kak B HeM 6oJblie NOKa3aTelb y Xz H T. A. 3Ha-
YHT, MOJyYaeM:

6xtxox] — 0,1xx3x3 + 7xixdx3 — 3x3xa.

MoXHO NoOKa3aTh, YTO [Ba LeJbIX PalHOHAJbHbHIX BbipaXKeHHS
TOXKJeCTBEHHO PaBHLI B TOM H TOJIbKO B TOM CJlyyae, KOTia COBIajaioT
HX 3aMHCH B BHJie MHOTOYJICHOB, PAaClOJIOKEHHBIX B C/IOBAPHOM MOPSAA-
ke. TakuM o6pa3oM, 3anuce 8 eude MHO204AeHA, PGCNOAONCEHHO20
8 CA0BAPHOM NOPAOGKeE, ABAACTCA CTAHOAPTHOU popmol yeavix payuo-
HAABHLIX BOPANEHUN.

Onpedenrenue 3. Ha3oBeM MHOrouleH OT MMepeMEHHBIX
Xi, ..., Xn OOHOPOOHBIM CTeneHu m, €CNH CyMMHl NOKa3aTeJeil Bcex
€ro 4JIEeHOB pPaBHH m.

Hanpumep, 3x+ 4y — 5z — oXHOpPOAHLII MHOTOYJIEH NepBOA CTe-
newH, x*+y° +2° —xy—yz—x2 — ONHOPOAHHI MHOrouseH BTOPOH
crenetn, x°+ y* + 2° —3xyz — onHOpoAHKLIA MHOrouU/NeH TpeTbeil CTe-
NeHH.

Ecau axf' ... x¥ — onHounen crenenn m, ki +...4k,=m, T0 npH
Jo6oM | HMeeM: :

k

a(tn)®. ... (txp)r=tht-thaeh | xh=t"ax} ... xk.

Orciofia MOXKHO BBIBECTH, YTO MHO204AeH [ (X1, ..., Xn) ABARETCA OO-
HOPOOHLIM CTenenu m 68 TOM U TOALKO 8 TOM Cay4ae, Kozda 0as
M06020 t BBINOAHAETCA PABEHCTEO

f(tx, ..., txa)=1"f (X1, ..., Xn). (1

JlioGo#t MHOrouseH OT X, ..., X» €AHHCTBEHHHIM 06pa3oM 3amHCH-
BaeTCsl B BUIE CYMMbI OLHOPOAHBIX cJaraeMHX. YacTo BMeCTO cJoBap-
HOTO MOpAJKA NPHMEHAIOT ClAedyIOlIMi: CHauaja pa3GHBAIOT MHOro-
4jleH Ha CyMMY OJJHOPOAHHIX C/laraeMbiX H pacnoJjiaraioT HX B MOPAAKE
y6LiBaHHSA CTeNeHeld, a YK I0TOM WieHH B KaXXI0M cjlaraeMoM pacro-
JaraiotT B CJIOBapHOM MOpsAAKe.

Hanpumep, pacnonarasi ykasaHHeIM cnoco60M MHOrodJieH

2x+3y— x>+ 22— xz+x* + 3+%y —5xyz,
noJjiy4aem:

432y —5xyz— X —xz2+ 2+ 2x+3y.
Teopema. Ecau F (x, y) — o0nopoOHbul MHO204AEH CTEneHU m OT

X u y, To cywgecrayer mnozouren [ (t), raxod, uro F (x, y)=x"’f(a‘xL) .

HdokasaTteabctso. [logcraBum B MHOrouJeH {x BMeCTO Y.
B cuay ¢opmyan (1) umeem:
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F(x, y)=F (x, xt)y=x"F (1, ¢),
rae F (1, t) — mHorousneH ot f{. O6Go3Hauas ero uepe3 f(f), nmoay-
yaem TpeGyeMoe pPaBEHCTBO.
[MpuBeneHHe leJbIX palHOHAJIbHBIX BHPaXKeHHHA K BHAY MHOrouJe-

Ha NPHMEHseTCA IS NA0Ka3aTeJbCTBa TOXAECTB.
[Tpumep 3. IokaxkeM TOXKAECTBO

(F +9°) (2 + ) =(xz+yt)’ +(xt — y2)’. 2

Pemenue. PackpuBasa cko6KH, nojyuaem:
P+ @+ =22+ P+ 2+

(x2-+ gt + (vt — y2)t =22 + 2xzyt + Y+
+ 228 —2tyz+ P2 =2 4 4+ P4y’

IMockosibKy B 060HX paBeHCTBaX ClipaBa CTOHT OAMH H TOT JKe*MHOro-
wieH, TOXAECTBO NOKa3aHo.
ToxnecrBo (2) siBAsieTCA YAaCTHHIM CJIy4YaeM TOXKAECTBA

(4.2 R+ ..+ )=
=(0151+ o+ Xatn)? + 2D (e — xite)’, (3)

rie B NMpaBoOfi YacTH CyMMHDOBaHHe PacIpPOCTPaHeHO Ha Bce maphl
uncen k u [, Takue, uro 1 <<k, k<<l u I<<n. Toxnecreo (3) Takxke
JOKa3blBaeTCsl MyTeM PacKpHITHA CKOGOK, NpHBeJeHHs] NOAOGHBIX uJe-
HOB H CpPaBHEHHS JIeBOH YaCTH C NPaBoM.

YnpaXHeHHS

260. [lokaXXHTe TOXKAECTBA:

1) @+ 2+ +d) (P + P+ 22+ ) =(ax—by—cz—dt)’ +
+(bx+ ay+ct —d2)* +(cx+ dy+az— bt} +(dx—cy+ bz + at)’;
2) (x+y+2f—2—pP—2=3(x+y)(y+2) (z+=x);

3) (@+b+c+df+(@+b—c—df+(a+c—b—di+
+@+d—b—cf=4(@’+b*+*+d%);

4) (@ —b*—c* —d®?+2 (ab+dc+ad —bef=(a’+ b+ 2 + d? —
—2(ab—ad 4 bc+dc);

5) ((@®—b?) cd +(® —d?) abP +((@® — b?) (¢ —d?)— dabcd) =
=(a’+ 6% (*+d).

261. lokaxHuTe, 4TO NMPH JIOGHX 3HAYEHHSAX p H ¢
Ptry+yi=2",
rae x=¢*+3pg*—p®, y=—3pq (p+4q), z=p’+pq+¢"

262. Jlokaxxure, 4T0 €ClH a+ b+4c=s, 10
s (s —~2b) (s —2¢)+ s (s —2a) (s —2b)+s (s — 2a) (s — 2¢)=
=(s —2a) (s —2b) (s — 2¢) + 8abc.
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263. JloKaXXHTe TOXIECTBO
a’bh? . a’c® N b%c?
(a—c)(b—c) "(@a—b)(c—b) ' (b—a)(c—a)

ab+bc+ac.

2. CumMmerpuueckne Mmuorousennl. Ecin B MHoroudene x’y— xy®
6yKBY x 3aMeHHTb GyKBO# y, a 6yKBy y — GYKBOA x (HJIH, KaK roBo-
paT Kopoue, NOMEHATH GYKBH X H y MECTaMH), TO HOJYYHTCS MHOTO-
unen y’x—yx®, KoTopulli oTaHueH oT HcxoaHoro. Ho ecnu chenathb
TO Xe camoe C MHorouneHoM x’y-xy’, TO mMoOAydYHTCS MHOrouYJieH
vx+ yx TOXKAECTBEHHO paBHbIfi HcxoaHoMy. ['oBopAT, uTO MHOrO-
WieH x y+xy"’ He MeHsIeTCsl NMPH NepecTaHoBKe GYKB x H Yy, YTO OH
CHMMETPHYEH OTHOCHTEJNbHO 3THX GYyKB.

Onpedenrenue. Muorounen F(x), ..., x,) Ha3HBAOT CUM-
MeTpu4ecKum, ecii npu J06of nepecTaHOBKE BXOASLIHX B Hero GykB
NoJiydaercsi TOXKAECTBEHHO PAaBHLIA €My MHOTOUJIEH.

Tak kak cymMmMa He H3MEHIeTCA NpPH NEpPeCcTaHOBKE CJaraeMbiX, a
Nnpou3BefilcHHEe MPH NEePECTAHOBKE MHOXHTeJeH, TO SICHO, YTO MHO-
roufieHn x4+ x2+ ...+ Xn ¥ X1+ X2-...+ X, CHMMETPHUHH. Bosiee o6wuit
CIoco6 mosyyeHHs] CHMMETPHUYECKHX MHOTOUJIEHOB COCTOHT B CJEAYIO-
weM. BuipaxkeHue

(t+x1) (t+x2)- ... -(t+ %) (1)

npH Ji060A nepecraHoBke OYKB X, ..., X, NepeXOJHT B TOXKAECTBEHHO
paBHOe eMy BhipaXKeHHe (OTVIHYAlOLIeecsi OT HCXOAHOTO JIHIIb MOPSAA-
KoM MHOXHTesel) . [ToaTomy ecan packpuTb CKOGKH, TO KO3 PHUHEH-
THl NIPH CTeneHsiX ¢ GyAyT CHMMETPHYECKHMH MHOrouJieHaMH OT nepe-
MEHHHIX X|, ..., Xn. JTH MHOTOWJIEHH Ha3BIBAIOT OCHOBHLIMU CUMMET-
PUHECKUMU MHOZOUNEHAMU.

[Ipy n=2 umeem BHIpaxXeHHe

2
(t+x|) (t+x2)=t +(x|+x2)t+x|x2.
B 3TOM ciyuae OCHOBHHIMH CHMMETPHUECKMMH MHOrOYJeHaMH siBJfi-
IOTCAA yXKe H3BECTHble HaM BhIPpaXKeHHSl x|+ X2 M X;-x2. O603HAYUHM
HX O H O2:
o1 =X+ X2, O2=X) - X2.
ITpu n=3 nmeem:

(t+xll(t+x2) (t+x3)=
=4 (x1 + x2 4 x3) 2+ (X102 + X103+ X2x3) § + X1 X2%3.

B 3Tom cjydyae nmojy4yaeM yxke TPpH OCHOBHBIX CHMMETPDHYECKHX MHOIO-
YJjieHa:

o1=x1 + X2+ X3,
O2 = x1X2+ X1X3+ X2X3, 2)
03 = X1X2X3

Hapsuly C OCHOBHbIMH CHMMETPHYE€CKHMH MHOIO4JIECHAMH paccMarT-
138



PHBAIOT TAKXKE CTeneHHovie CYMmot, T. €. CHMMETPHYECKHE MHOTOYJIEHD
BHAA

si=x;1+x2+... 4+ Xa,
PO B R 4 o

[Mpu n=2 umeem:
si=xi1+xz, Ss=x14x3, ss=xi+x3 u 1. 1.

B Kypcax Bbicmiefi aare6pnl Q0Ka3hnBalOT CJELYIOLLYI0 TEOpeMy:
Teopema 1. JI1060id cummeTpuuecKud MHO204AEH OT NEPEMEHHOLX
X1, -y Xn MOXNCHO EOUHCTBEHHbIM O6PA3OM BbIPA3UTL KAK MHO204AEH
OT OCHOBHbLX CUMMETPULECKUX MHO2OYAEHOB C TeMU He NepeMeHHbIMU.
Mu npoBesiem cefiuac 20Ka3aTeNbCTBO TOA TeOPEMHl AJsi caydasi
AByX nepeMeHHnX. CHauaJa JOKaXkeM cJeayiollee yTBEPXKIAECHHE:
Teopema 2. JI1o6asn crenennas cymma sp=x"-+y* moxcer 6oiro
npedcrasnena 8 sude MHO204AEHA OT O\=x-+Y U C2=Xxy.
Hoxa3sateabcTBo. [IpuMeHHM Aasi JOKa3aTelbCTBa METOXR
MaTeMaTHyecko#t HHAYKUHH. [Ipu n=1 Haie yTBepXieHHe cnpaBel-
JIHBO, MOCKOJbKY S;=x-y=¢,. CnpaBeAJiHBO OHO H NpH n=2:

se=x2+ 1 =(x+y)’ —2xy =01 —20..
Tpennonoxum Tenepb, YTO yTBEpXKIEHHE NOKA3aHO AJsi CTENEHHHIX

CyMM S, 1Chk<Cn, rae n>=>2, B l0KaXeM, 4YTO OHO CMpaBelJHBO
IASl Spy1. ll.vm 3TOr0 3aMeTHM, YTO

sn+|=x"+'+y"+'—(x"+y")(x+y +x"y xy'=
=(x"+y") (x+y)—xy (&~

310 PaBE€HCTBO MOXHO 3anHCaTh B BHIC
Sn41=8p01 —Sn—_102. 4)

Tak xak no NPeANONOKEHHIO H S, H Sp—i MOXKHO BHPa3HTb B BHIE
MHOTOYJIEHOB OT Oy H G2, TO H Sp4 MOXKHO BHIPa3HTh B TOM XKe BHIE.

Hrak, nokasniBaeMoe yTBepXKIAEHHe BepHO NMpu k=1, k=2 u u3
CnpaBeNJIHBOCTH NPH R=n cjeayer, 4TO OHO BepHO Wi k=n-|1.
3HayHT, OHO BepHO IJiA Bcex k.

[Ipumep 1. Bupa3num uepe3 ¢, H 03 CTENEHHBIE CYMMH Sj, S2,
83, S4, S5, Se.

PemeHue. Mu yxe 3HaeMm, 4TO §;=0; H S2 =01 — 203.
[To popmyne (4) moayuaem nocjenoBaTeNbHO:

$3=S5320) —810'2——-(0'| —203) 61 — 0,02 =0} — 30,09, (5)
S4=15301 — 5202 =(61 — 30/03) 61 — (07 —203) 52 = - (6)
-—of—4a?oz+ 203,
§5==5401 — 5302 =(0} — 40702+ 203) 61— (61 —30102) 2= (7)
—0?—56?02+5010§,
S =$501 —5402—-—(01 ——50,02+50102) o, — (8)

— (0t —40702+ 203) 62=0% — 60ty + 90705 — 203.
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Teopema 1 npu n=2 npHHHMaer BHA:
Teopema 1’. [an a06020 cummerpudeckozo muozourena F (x, y)
cyusecrayer Taxold (8006we 2080PA, HECUMMETPUHECKUL) MHO204ACH

® (61, 02), 4r0 F (x, y)=@ (x+y, xy).

- lokasateanbcTBO. [IlycTh cHMMeTpHYeCKHA MHOrouaeH
F (x, y) comepxuT cnaraemoe ax'y'. Ecan k=I, 1o 310 cnaraemoe
paBHO a (xyf*  MoTOMy paBHO 4G5

Ecan xe ks4l, ckaxem k>, To Hapsily CO cjlaraeMbM ax”y’ B
F (x, y) BxoauT W cnaraemoe ay‘x’, noJydaeMoe H3 HEro nepecTaHoB-
xofi 6ykB x u y. Ho ar'y'+ay'x'=a (xy) (* '+~ =acbse—..
Mo Teopeme 2 s,—; MOXXHO BHIpa3HTb 4Yepe3 o; H 2. ClefoBaTeNbHO,
u cyMMa ax’y’' 4 ay*x' Bupaxkaercs uepes o, H 0. Tak Kak 3TO pac-
CyXJleHHe PHMEHHMO K JI06oMy ciiaraemoMmy ax‘y', To U Becb MHOro-
wieH F (x, y) Bupaxkaercd 4epe3 G, H Os.

[Tpumep 2. Buipasum yepe3 o, H 62 CHMMETPHYECKHA MHOro-
uieH

F(x, y)=x*+y'+ 2%+ 2xp° + 2%y

Pemenne Hmeem:

F (x, y)=x*+y* + 22y + 2xy® + x’y* = 54 + 20252 + 03. [Ipumensisn
GOpMyJHl ANA S4 H Sy, TMOJYyYaeM:

F (x, y)=01—40%62+ 20} + 202 50?—202)+0§=
=0} — 2010, —ob.

ITokaxeM Tenepb, Kak BhpaXKalOTCA Yepe3 OCHOBHbIE CHMMeTpHYe-
CKHEe MHOrowieHnl ¢y=x-+y-+2z2, co=xy-+x2 +2yz, o3 =x§;z OT Tpex
NepeMEHHLIX CTeNeHHHe CyMMH sp=x’+y’+2" 0 sz=x"+y*+ 25
Tak Kak

ol=(x+y+2P=x"+y’+2°+2xy+2x2+2yz=s:+20,,
TO HMeeM:
se=0}—20, 9)
(sTa XKe (opmysa BepHa H AJf ABYX NepeMeHHbX). [lajee nmeem:
oi=(x+y+2P=(x+y+2) (x+y+2f’=
=(x+y+2) (*+y*+ 22 +2xy+2x242y2)=
=134y + 22+ 3x%y + 3xy® + 3x%2 +3x2° + 3y’ 2 +-3y2® 4 6xyz=
=1+ y* +2°+(3x"y+3xy* + 3xy2)+
+(3x%2 4 3x2% + 3xy2)+ (3y’z+ 3y2® + 3xy2) — 3xyz =
=4+ 243y (x+y+2)+3x2 (x+y+2)+
+3yz (x+y+2)—3xyz=2"+y*+ 2+
+3(x+y+2) (xy+xz2+yz)—3xyz=s3+30:16:— 30;.

IMosTomy
83=0':15—-30'|0'2+30'3. (10)

U3 popmysnt (10) BeiTeKaer TOXKAECTBO
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B4y’ + 22 —3xyz=(x+y+2) (P +y*+ 22— xy — x2—y2). (11)
B camom 1ene,
VB4 P+ 2 —3xyz=s3— 303 =0} — 30,0, =
— 01 (61— 309)=(x+y+2) [(x-+y+ 2 —3 (xy+ g2+ x2)]

PackpboiBasi cKOGKH, noJay4HM Toxaectso (11).
YnpakKHeHHus

264. BupaauTte yepe3 0, H 63 CTENEHHHE CYMMH S4, S5, Se, S7, S8 OT X, y, 2.

265. He pemas xBazpathHoro ypasHenws x?—6x-10=0, cocTaBbTe HOBOE ypas-
HEHHEe, KOPHAAMH KOTOPOro GHUIH GH KyGH KOpHEd JaHHOTO ypaBHEHHA.

266. He pemasn ypaBuenns x’—3x+1=0, HafizuTe CyMMy deTBepTHX CTemeHeil
ero KopHe#l.

267. Bripa3nre yepe3 ¢, H Oz CHMMETPHUECKHE MHOTOWICHH:

1) @44y +dxy? 445 2) x5+ 6x'y— 10x°2 — 10x%y° + 6xy* + 4°.

268. Jlano kBaiApartHoe ypaBHenne 2x’+3x—5=0, umeiomee kopua a u . Co-
cTaBbTe HOBOEe KBaJpaTHOe ypaBHeHHe, KODHSIMH KOTOPOTO GuiJH GH

3
B

269. PemnTe nmpeAnAymiylo 3ajauy B ciaydae:

a=2a+—H B|=2B+% .

1) 3x247x+4+4=0, a.=ﬁaTl H B.=aﬂTl;

a - [
2a+p "' 2pta’
270. Pa3noxuTte Ha MHOXHTENH (BHpa3HTe 4Yepe3d 6, H O2):
1) 10x* —27x%y — 1104%4% — 27xy® + 10y*;
2) 2+ 7x%y+ 9% + Txy® + 24
271. PasnoxnHTe Ha MHOXHTENH (NMpeACTaBbTe B BHAE NPOH3BEACHHS CHMMETPH-
4eCKHX APYr APYry MHOTOWIEHOB):

1) 2x*43x% +6x%y +3xy® +24*%
2) 3x*—8x%y+ 14x%y> —8xy® 4+ 3y*.
272. Peinte ypaBHeHHS:

1) 10 —27£2— 1102 —27¢t 4+ 10=0;
2) 244784924+ 7t +2=0.

2) 2x—4x+3=0, a,=

3. JloKa3ateabCTBO HEPABEHCTB C HECKOJALKMMH TepeMEeHHBIMM.
B 3TOM nyHKTe MBI JOKaXKeM HEKOTOPHIE HEPABEHCTBA, BLIMOIHSIOLIHE-
CA MpH BCeX 3HA4YeHHsIX nepeMeHHnX. Kak H B ciyyae oxHoro nepe-
MEHHOro, B OCHOBE [0Ka3aTeJIbCTBA 3THX HEPABEHCTB JieXaT yTBEp-
XKJEeHHS] O MOJOXKHTEIbHOCTH CYMMbl H NMPOHM3BEJEHHS ABYX MOJIOXKH-
TeJIbHBIX YHCEJ, a TaKXe TO, YTO KBajpaT Ji060ro 4Mcja HeoTpHUa-
Tened: a>>0 nas Bcex a.
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HpnMeHnM nocjnenHee yTBepx(neHne K a=x—y, rae x=0,
=0; (x—y?’>=0, 1. e. X»—2xy+y>>0, orkyna cienayer, uTo

ry<Z ;’y . (M

Ilpu 3TOM 3HaK paBeHCTBa MOXET HMETb MECTO JHIIb B Cyyae X =
Jlio6oe HeOoTpHUATENbHOE YHCJIO G MOXHO 3amHcaTh B BHAE a=x°.
Tormna x=-/a. [TostoMmy H3 HepaBeHCcTBa (1) BBHITEKaeT, uTO AJs JiO-
6bIX HEOTPHIATEJbHHIX YHCEJN G H b BBINOJHAETCA HEpaBeHCTBO

Vab<2E?. @)

OHo 03Hauaet, 4To cpedHee 2eomeTpudecKkoe 08yx 4ucea He 6oabule,
4em ux cpednee apugmeruueckoe.

3amevyanue. HepaBeHcTBo (2) momycKaeT MpocToe reOMeTpHuYecKoe JoKasa-
TeabcTBO. OT/IOKHM OTPe3KH AAHHOA a H b Ha npsiMOR H NpuMeM OGbeNHHEHHE 3THX
OTPEe3KOB 3a JHaMeTp MoJyoKpyxHocTH (pHc. 45). Toraa cpenmee reomerpuyeckoe
yHcesa a H b paBHO AJjHHe oTpeska CM, a Hx cpenHee apH¢MeTHuYeCKoe — paanycy
OKpyXHOCTH. $IcHo, uto [CM|<CR, npauem |CM|=R Torma u TOABLKO TOTAA, KOTAa
a=b.

Ha pucynke 46 n3o6paxkeHO reoMeTpHYecKOe N0Ka3aTeNbCTBO HepaBeHcTBa (1).

g

2
3aech xy — nromanb npsaMoyroubHuka OAMB, a %+?— cyMMa nioutaneft Tpe-

yroabuukoB OAN u OBP, u BHIHO, 4TO MJOMA/Ab NMPAMOYrOJLHHKA He MPEBOCXOMHT
CyMMHI Tiouiaziefi TPeyroibHHKOB.

Jloka3aHHoe BHIIE€ HEPABEHCTBO (2) ABNAETCA YACTHHIM CJydaeMm
caenyouiero xepasencrea Kowu:

a,
a - “.anga_l#, (3)
MMEIOILEro MeCTO ISl JIOGHX HEOTPHUATENbHBIX YHCed dy, G2, ..., Gy
(TMpH 3TOM 3HaK PaBEHCTBA HMEET MECTO, JIHILb €C/H @) =az=...==aj).

OHo o3Hauaer, 4TO cpedHee 2eoMeTpuU1eCKOe HeOTPUYATEAbHLIX HUCEA
He Goabuwe, 4em ux cpednee apugmeruueckoe.

Jokaxem HepaBeHCTBO (3). B . 5 § 3 raaBut VHI 6uisi0 gokasano
HepaBeHCTBO ¢€*>=1-}x, HMelollee MeCTO NpPH BCeX 3HAYEHHAX X.

N
Aac A

Puc. 45 Puc. 46
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O603HauHM yepe3 S cpefHee apH(PMeTHUECKOE HEOTPHUATEIbHBIX UH-

cea ai, ..., G, H NOACTAaBHM B HEepPaBeHCTBO e* = 1 + x BMecTO x uHcaa
%L-— , 1 <k<n. Tlonyunm n HepaBeHCTB:
Qe
-1
a
F<e’ , I<k<n. (4)

JleBble YaCTH 3THX HEPaBEHCTB MO YCJOBHIO HEOTPHLATE/bHH, H NOTO-
My, epeMHOXasi n HepaBeHCTB (4), moayuaem:

a.+...+a,_"

n ar
ai*...*Qn ?_l__ S
:—y,—gkl;[l e =e . !3)

HanoMHHM, 4TO ﬂ a, O3Ha4YaeT NPOH3BEAECHHE a; ... Ap.

Ho 9‘—'1'-%;"—“'1=S, H TOTOMY W=n. 3uaunut, 13 (5) creayer:

al-...-a,.<eo_l
= — %

a 3TO H O3Hayaer, 4To
, qr_‘~al,___.an<3=ﬂj';;.4:ﬂ.

3ameuanne. [lockonbky paBeHcTBO €*=1+x HMeeT MecTO JHIIL npH x=0,
(1]
!

a
TO € =& s Beex kR, 1<<h<n, AMWb NPH YCJIOBHH, YTO —§'=l IJsi BCeX R,

S
I<k<n, T. e. NpH yCJOBHH, YTO
a=ay=...=@ay=3.

3T0 ycJoBHE HEOGXOAMMO H AOCTAaTOUHO AAS TOTo, YTOOGH CpefiHee reoMeTpHYECKoe
HEOTPHIATEJbHBX YHCEJl PaBHAJOCH HX cpeflHeMy apH(MeTHYECKOMY.

IIpumep 1. Hokaxem, uto npu x>0, y =0, 2> 0 BunoJHAET-
csl HepaBeHCTBO
L4y 42 —3xyz>0. (6)

Pewenue. TIlonoxum B (3) a=x% b=y c=2"

34 53
x3+—%-|_-_z_>%/x3y323___ xyz,

a 3TO M ecTb HepaBeHCTBO (6).

HmMmeem:

YnpaxXHeHnsn
273. okaxnre, 4TO AAS NIOGHX HEOTPHUATENbHHX X, Y
x?
<vm<*ti< #
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274. Tlycrb x, y — HeoTpHUATeAbLHHe YHCJIA H x+y=1. JlokaxuTe, 4TO:
1 1 1
1) x2+!lz>'2—; 2) X*+y'>=; 3) X°+y’>l—2—8-
275. JloKaxuTe, HepaBeHCTBa:

1 1 L1 . 01,1 I _n—
1) ;l—_'_—l+m+~-+%>—2-, 2) grtgpttp<

1
ISl BCeX n;

3) mi>n?; 4) l+w/_+w/_+ +v_>2vm—2;

3
$ 5) lal—1b<la+bl<lal+lbl; 6) XL “+” -‘i*;i@»o, b>0);

4
7 £E >( 22 ) 60, 6>0: 8) 3@ +8+N> @b+

9) _+ z+Z2 >a+b+c (@a>0, 5>0, c>0);
10y L 1 (a ab) a+b w/_<— ) (@>b>0);

11) w/(a+c)(b+d)>«/ﬁ+w/53(a>o, b0, c=0, d>0);
12) (a+0b)(a+c) (b+c)=8abc (a>0, b>0, c=>0);
3
13) b_"’_c + a_’;_c : aj_b >3 (@>0, 6>0, ¢>0)
14) ‘V(a+k)(b+l)(c+m)>‘\/ab +'Vklm (@>0, 6>0, c>0, k>0,

>0, m>0); 15) + +— >a+b+ (@>0, 5>0, ¢>0);

16) Ya<<int< = 17)(1+—) <(1+ e )"+'<3;
18) 2<(1+%)"+ <(1+:55) <4

19) (x;+x2+...+x,.)(%+...+%) >n? (630, [=1, 2, .., n);
20)1l ’111> 111
aty Ttad  ayetord
1 1
21) (@"+6™"< (@ +b")" @=0, b>=0, m>n>0),
22) (ab+bc+acl=27a%%c® (a=0, b0, c=0);
23) (ﬂ+b)" 2"~! (@4 6" (a=0, b=>0);
8 4P > atVB@>0, >0y
w/— Va
25) a'+b*>a%+ab® (@20, 520 26) P+y°>r'y+xyt (10, y>0)
27) ab(a+b)+ac(a+c)+bc(b+c)=6abc (a0, b=0, c=0);
28) a+b+c>=+/ab+~/bc++fac (@a=0, =0, ¢=0).
276. (x1y1 + ... +xn) <3+ ...+ 22) (Y3 + ... +y2) (nepasencreo Koww).
1

277. (x‘l’+...+xﬁ)7 -(y‘l'+...+y,";); = xiy1 4 ...+ xnyn (nepasencreo 'eavdepa).
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§ 2. CUCTEMbl YPABHEHMA M HEPABRHCTB

1. FeomeTpuueckufi cMbICA OAHOrO ypaBHEHHSI C ABYMs nepeMeH-
HuMH. MBl 3HaeM, yTo0 KaXaof HenmpepbiBHOA (PYHKUHH [ COOTBET-
crByet JuHHA I' — rpa¢uk stoit pyHkunn. PaBencrBo y=/f (x), koro-
pOMY YAOBJIETBOPSIIOT KOOPAHHATH J1060# ToukH M (x, y) 3Toro rpadu-
Ka H He YIOBJIETBOPSIIOT KOOPAHHATH HHBIX TOYEK MJIOCKOCTH, Ha3H-
BalOT ypasHeruem auruu T. :

He Bce kpHBHIE€ Ha MJIOCKOCTH siBAsIIOTCS rpadukamu pynkuui. Ha-
npHMep, He SABJIsieTCA rpapHKOM (PyHKLUHH OKPYKHOCTh, MOCKOJbKY OJ-
HOMY 3HAauYeHHIO X MOTYT COOTBETCTBOBATb [iBa 3HaueHHs y (puc. 47).
Ho oxpyXHOCTb COCTOHT H3 ABYX nojyoKpyxHocre#d ABC u ADC,
ABAAIOUIHXCH rpapukamH ¢yHkuuii. MoXHO Obilo 6bl HamucaThb
OT/E/IbHO YPaBHEHHS 3THX NOJYOKPYXXHOCTeH, HO MH BMECTO 3TOrO Ha-
MHIIEM OJHO ypaBHeHHe C NMepPeMEHHbBIMH X H Yy, KOTOPOMY YZHOB-
JIETBOPSIIOT KOOPAHHATH JIIOGOH TOUKH OKPYIKHOCTH, HO He YIOBJIETBO-
PAIOT KOOPAHHATHl HH OAHOM TOUYKH, He JieXallled Ha OKPYXKHOCTH.

Yro6nl BHIBECTH 3TO ypaBHEHHE, NPEATIONOKHM, UTO LEHTP OKPYXK-
HOCTH HaxoAuTcs B Touke A (a; b), a ee paguyc paBeH R (puc. 48).
Jlasi 1060 Touku M (x; y) OKPYKHOCTH BHIIOJIHEHO paBeHcTBo AM® =
=R?. Ho (cM. ¢popmyay (1) n. 3 § 2 rnasu 1)

AM?=(x—a)’ +(y—b)",
a NMoTOMY BbINOJHSIETCS PaBEHCTBO

(x—af+@y—b=R%. (1)

YpaBHeHne (1) H sABAsIETCA YypasHeHuem OKPYIHOCTU — eMY,
KaK yXKe roBOPHJOCH, Y OBJETBOPSIIOT KOOPAHHATH! JI060# TOUKH 3TOH
OKPYKHOCTH, HO He yJIOBJIETBOPSIOT KOOPAHHATH TOYEK, He JieXKallHX
Ha He#. .

IMIpumep 1. Hanuimem ypaBHeHHe OKPYXHOCTH C LEHTPOM
A(—4; 2) u paguycom 6.

Pemenne. [lo popmyse (1) monyuaem:

(x+4)’+(y—2)*=36.

] |
. vk
M(x,y)

0 X A(a,b)

Puc. 47 Puc. 48
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Ecsan pacKpeiTh B 3TOM ypaBHEHHH CKOGKH, NOJY4HM:
x4y +8x—4y=16.

Boo6iuie, ypaBHeHHe OKPYXXHOCTH ¢ UeHTPoM A (a; b) u paauycom
R nocyie packphiTHSi CKOGOK NMPHHHMaeT BHI:

4y’ —2ax—2by=C, (2)

rie C=R?—a’>—b’. OGpartHo, Buieasis B ypaBHeHHH BHAa (2)
NoJiIHble KBaApaThl, IPHBOAHM €ro K BHIY
(x—ay’+(y—b)’=D, )

rie D=C+a’4b>. Ecin C+a’+4b>>0, 10 cyuecrByer Takoe
R, utro D =R?. B 3TOM ciiyyae ypaBHeHHe BHA (2) ABJSETCH ypaBHe-
HHEM OKPYXHOCTH c ueHTpoM A (a; b) u pamuycoM R. Ecin D=0,
To nonyuaeM ypaBHenne (x —a)?+ (y— b)> =0, KoTOpOMy yLOBJETBO-
PAIOT JIHIIb KOOPAHHATH TouKH A (a; b). B stom cayyae ypaBHe-
HHe 3a/laeT «OKPYKHOCTb HYJIEBOTrO paauyca», T. €. TouKy. Hakonen,
ecan D <0, To nonyyaeM ypaBHEHHe, KOTOPOMY He YAOBJIETBOPSIIOT
KOOPAHHATH HHKAaKOA TOYKH IIOCKOCTH, T. €. ypaBHEHHe, 3ajalollee
IyCTOe MHOXECTBO TOUeK (Mo3Hee, KOTa Mbl MO3HAKOMHMCS C KOMII-
JIEKCHHIMH YHCJaMH, MOXHO GyleT CKa3aTb, YTO 3TOMY yPaBHEHHIO
YAOBJIETBOPSIIOT TOYKH C KOMILIEKCHHIMH KOODAHHaTaMH, HO MH MOKa
paGoTaeM aHllb B 06/aCTH ACHCTBHTENbLHHIX YHCEN).

YpaBuenne Buga F (x, y) @ (x, y)=0 3anaer o6beauHeHHE JHHHA
F(x, y)y=0 u @ (x, y)=0.

[Tpumep 2. HaiineMm JnHHIO, 3alaHHYIO YpaBHEHHEM

(x—4) (y+3)=0.

Pemenne. Tak kak npousBeleHHe ob6pauiaeTcsi B HyJb NIPH
ofpalleHHH B HyJb XOTS1 Gbl OXHOro U3 MHOXHTeNEH, TO HalO0 PEUIHTD
ypaBHeHuss x—4=0 u y+4+3=0, a notroM oGBLEAHHHTL HX peile-
Hus. PaBeHcTBYy x —4=0 ynaoBJeTBOPSAIOT KOOPAHHATH BCEX TOYEK
npsAMoH, napaJJesbHOR OCH OpPAMHAT H NPOXOAsillledA 4yepe3 TOYKY
A (4; 0) ocu a6cunce, a ypaBHeHHIO y+3=0 — BCce TOUKH NpAMOH,
napaJjijie/ibHOM OcH aGcuuce H mpoxoAsluled depe3 Touky B (0; —3).

Ynpaxnenns

278. CocrasbTe ypaBHeHHe, KOTOPOMY YAOBJETBOPHIOT KOODAHHATH JIHIIL TPeX TOYEK:
Ai(1; 2), A2 (—3; 4), A3(0, 0).
279. Hafiaure HeHTP ¥ pPajiHyC OKPYXHOCTH:

1) 2+ +4x—8y=5; 2) £ +y'—8x—6y+29=0;
3) 4y’ —8x—6y+25=0; 4) X+y’—6x+8=0.

280. Hanuwurte ypaBHenue OKpyXKHOCTH ¢ neHTpoM A (a; b) u paguycom R:
1) a=1, b=—1, R=5; 2) a= —4, b=3, R=10.
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2. Cucrembl B coBoKynHocTH ypasuenn#i. [TycTb 3afaHbl ABa ypas-
wewusi: Fi(x, y)=Di(x, y) u Fa(x, y)=D2(x, y). IlepBoe u3s
3THX YPaBHeHH# 3ajlaeT Ha MJIOCKOCTH JHHHIO I'), a BTOpoe — NHHHIO
I;. UTo6nl HaATH TOUKH NepeceyeHHst 3THX JHHHA, HAaJ0 HAHTH Bce
napsl yHcea (a; b), Takue, YTO NpH 3aMeHe B AaHHLIX YPAaBHEHHSAX X HA
a ¥ y Ha b nmoayualoTcsi BepHble YHCJ0BHE paBeHCTBa. Eciin nocrasie-
Ha 3a7laya 06 OTHICKaHHH BCEeX TaKHX Map 4HceJ, TO rOBOPAT, YTO 3a-
JaHa CuUCTeMa ypasHenud, H 3aNHCHIBAIOT 3Ty CHCTEMY B BHIE

F, (x9 y)=(Dl (x’ y)’
{5 (x, 5)=s (x, 9). (1)

CoBOKYNHOCTb Bcex map 4HceJs (a; b) Takux, 4TO NIPH NMOACTaHOBKe
a BMECTO x H b BMeCTO y NoJy4aloTCsl BepHbie .YHCJIOBbIE PaBEeHCTBa,
o6pa3syeT peuwienue NaHHOA CHCTeMbl. EciH pelieHHe cHCTeMbl COCTOHT
u3 nap uucena (ai; bi), ..., (a; b,), To oTBeT NUIIYT JHGO B BHAE
{ai; b1), ..., (@n; ba)}, 1M6O B BHAE X1 =ai, Y1=b); ...; Xn==0n, Yn="bnp.

AHaJIOrHYHO ONpEeAEAIOTCA CHCTEMbl YPaBHEHHH C TpeMsi H 6OJib-
IIHM YHCJIOM nepeMeHHbIX. Kak mpaBHJIO, YHCJIO ypaBHEHHHA CHCTEMbl
JOJI)KHO PaBHATbLCS YHCHY nepeMeHHHX. Pa3o6paHHhuf Bhillle reoMert-
PHYECKHA CMBICJI CHCTEMHl JBYX YpaBHEHHH C JBYMSl MepeMEHHbIMH
NOKa3LBaeT, YTO NPH COBNAJEHHH YHC]AA YPaBHEHHH C YHCJIOM mepe-
MEHHBIX MBI N0JydyaeM B o6LIeM Cjyyae HJIH KOHEYHYIO COBOKYMHOCTb
pelueHH#, HIH 6eCKOHEYHYIO COBOKYITHOCTb PellieHHH, KOTOPYIO MOXKHO
BCe ke mnepeHymepoBatb. [locsennuit cayyaii nokasaH Ha pHCYHKe
49 — runep6ona xy=1 nepecekaeT B GECKOHEUHOM MHOXeCTBe
TOYeK CHHYCOHAY y==Sin x, H MOTOMY CHCTeMa ypaBHeHHH

xy=1,
{y=sinx @)

uMeeT 6eCKOHeYHO MHOro peineHH#i. OHAKO 3TO MHOKECTBO pelueHHH
He 3anoJIHAeT HHKaKoH JIHHHH.

MoxeT cayuuTbCs,, OQHAKO, YTO HE CYLIECTBYeT 3HaueHHH mepe-
MEHHBIX, MPH MOACTAaHOBKE KOTOPHIX B
YpaBHeHHs NAHHOW CHCTEMH MOJyua- I
I0TCS1 TOXKAecTBeHHBle paBeHcTrBa. Ha- L
NpHMEp, OYEBHAHO, YTO HE HMEET pe- ¥Y=x
IIEHHA CHCTeMa ypaBHEHHH

X—y=2,

CHcTeMBl ypaBHeHH#, He HMeIOLIHE X
pelieHu#t (WIH, 4YTO TO 3Ke caMoe,
C MyCTHIM MHOXECTBOM pelleHHit),
Ha3uBalOT HecoemecTHoimu. Kak mnpa-
BHJIO, HECOBMECTHbIMH OKa3biBalOTCS
CHCTeMbl ypaBHEHHMil, B KOTOPbIX UHCJIO

YpaBHeHH# O6oJibllleé 4YHCIA MNEPEMEH-
HbIX, : Puc. 49
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[Ipumep 1. HokaxeM, 4TO CHCTeMa ypaBHeHHH

x—y=2,
+y=6, )
2=

HECOBMECTHaA.

PemeHnne. M3 nepBux AByXx ypaBHeHHH 3TO#f CHCTEeMb Ha-
XoluM, 4yto x=4, y=2. Ho npH mnoiacTaHOBKe HaHJEeHHHIX 3Hauye-
HHA B TpeTbe ypaBHEHHe MOJIyyaeM HeBepHOe PaBeHCTBO

43 422=9,

leoMeTpHUyeCKHA CMBICJ 3TOro pe3yJbTaTa COCTOHT B TOM, 4YTO
OKPYXHOCTb x*+4y’=9 He NPOXOAHT uYepe3 TOUKY HepecedeHHs
A(4; 2) npaMbix x—y=2 U x+ y==6. JInmb npu 3HaveHun C=20
npaBoil YaCTH B ypaBHeHHH x° + Yy’ = C OKpYyXXHOCTb npoiuia 6u yepe3
3Ty TOUKY.

IMpumep cHcTeMnl ypaBHeHu# (3) Noka3blBaeT, YTO H B CJyuyae,
KOrfla YHCJIO YpaBHEHHH COBNajaeT C YHCJIOM NepeMeHHLIX, CHCTeMa
MOXeT OKa3aTbCi HECOBMECTHOH. B ciiyuae AByX ypaBHeHH# ¢ AByMsl
nepeMeHHLIMH 3TO 03Ha4aeT, YTO COOTBETCTBYIOILHE JIHHHH He nepece-
Kaiorcs. HecoBMecTHOA MOXKeT 0Ka3aThCA H CHCTeMa ypaBHEHHH, B
KOTOPOH 4YHCJIO ypaBHEHHA MeHbllle 4YHCJA NepeMeHHLIX; HanpHMep,
HeCOBMECTHAa CHCTeMa ypaBHEHHI

24y +22=1,
{3x2-i|:gzy2+(ziz=15. ()

B HekoTophix ciayuasix cHcTeMa HMeeT GeCKOHEYHO MHOro pelie-
HHH, 3aBHCSAILHX OT ORHOrO HJH HECKOJbKHX HeNpephiBHO MEHsIo-
ILHXCS nepeMeHHHIX. B 3TOM cilyuae ee Ha3uiBaloT nedoonpederenHou.
Yame Bcero HepoompenesieHHOH OKa3blBaeTCsl CHCTeMa YpaBHEHHH,
B KOTOPOH YHCJIO YpaBHEHHH MeHbllie YyHCJIAa NMepeMeHHBIX.

ITpumep 2. INlokaxkeM, 4YTO CHCTeMa ypaBHEHHH

4 2y=S8,
{x2+3z—z=3 \ (6)

HeloompeaeseHa.
PeweHnue. U3 nepsoro ypaBHeHHsi HaXOAHM, 4TO x’=8—2y.
IMoacraBasia 370 3HayeHHe x° BO BTOpPOE€ ypaBHEHHE, NOJy4YaeM, YTO

y—z=—>5. Ilpu mo6GoM 3HaueHHH y HaHfeTcsl 3HaueHHe 2, YAOB-
JieTBopsilolliee 3TOMY ypaBHEHHIO, a HMeHHO 2=y} 5. Urak, peieHne
CHCTeMbl ypaBHeHH# (6) MoXHO 3anHcaTh B BHAe x =8—2y,
z=y+5j Tak Kak 8 —2y=1x>>>0, T0 y AONXKHO MPHHAJJEXKATb Jydy
(— o0; 4]
[Tpumep 3. Cucrema ypaBHeHu#
{f+f+£=ma
x+y+2=19
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wepoonpenenesa. Ecan npuaath x onpeseneHHoe 3HaueHHe, TO NOJY-
YHTCS CHCTEMa ABYX YPaBHEHHHA C AByMsl NlePeMEHHbIMH, H3 KOTOPOH
MOXHO HAATH 3HauyeHHsi y H 2. Hampumep, npu x=3 noayyaem

CHCTEMY YpaBHEHHH
{32+y’+z2=169,
3+y+2=19,
H3 KOTOpPOH HaxomuM y;=4, z1=12 uan y,=12, 2,=4. Tlpn
x=12 nonyuaeM cHCcTeMy, HMeOILyl0 pelleHHe y; =3, 2;=4 HJIH
29=3, yo=4 u 1. A. TakuM nyTeM HaxoAHM GeCKOHEUHOE MHOXECTBO
TPOEK 4YHCeJl, yAOBJETBOPSAIOIIHX JaHHOA CHCTeMe ypaBHEHHH.

HenoonpenenieHHOA MOXKeT OKa3aTbCA H CHCTEMa YpaBHEHHA, B
KOTOPOH YHCJIO yPaBHEHHH PaBHO YHCJY NMEePeMEeHHLIX HJH JaXKe 6oJib-
we Hero. Hanpumep, HemoonpeaeseHnl CHCTEMBl ypaBHeHHH

{x2+y2=9, 7
27 22— 18 (7)
24 y*=9,
2524+ 2y* =18,
3x? 43y =27. (8)
310 o6bsicHAETCSA TeM, 4To B (7) BTOpOE ypaBHEHHe CHCTEMBl MOJYy-
YaeTcsl H3 NMEePBOro yMHOXKeHHeM O6GeHX yacTeil Ha 2, a MOTOMY KaX-
Jloe pellleHHe MEePBOro ypaBHEHHS AIBJSAETCHA H pelleHHeM Broporo. Ta-
KdM 06pa3oM, BTOpOe ypPaBHEHHE H3JIHIIHE H OCTaeTcsi Hejoompeje-
JieHHasi CHCTeMa M3 OJHOI'0 ypaBHEHHSI C ABYMsl nepeMeHHbIMH. ['eo-
METPHUYECKH B 3TOM Ciilyyae 06a ypaBHEHHSl CHCTEMH 3aaIOT OJIHY H Ty
ke JIHHHIO. AHAJIOTHYHO OGCTOMT Aesio M B cHcTeMe (8).

HHoraa GuiBaeT, YTO 3ailaHHas CHCTeMa ypaBHeHHH o6JajaeT He-
KOTOPOH CHMMeTpHeH, HalpHMep ypaBHEHHSI CHCTEMbl He MEHSIOTCA
NpH nepecTaHOBKe NMepeMeHHHX HJH NMPH H3MEHEHHH 3HAaKa y OJHOro
HJIH HEeCKOJIbKHX NepeMeHHBIX. Torga COOTBeTCTBYIOLIEA CHMMeTpHe#
o6N1aflaeT H MHOXECTBO pelleHHA 3TOA CHCTEMbl ypaBHEHHH.

[Ipumep 4. Ilapa uncen (3; 4) yaoBJIeTBOpsieT CHCTeMe ypaB-

HEHHHA
{ x* 4 y? =25,
xy=12,

Tak Kak 3°447=25, 3.4=12. B cHny CHMMeTpHM ypaBHeHHH
CHCTEMBbl ICHO, YTO napa uuces (4; 3) ToXe YROBJAETBOpPSIET 3TOH
cucteme. Kpome Toro, 06a ypaBHeHHsI CHCTEMbl He H3MEHSIIOTCH MPH
OJIHOBpPeMEHHO# NepeMeHe 3HaKa y x H y. OTciola caeayer, 4To maphl
unces (—3; —4) u (—4; —3) TaKKe YAOBJNETBOPSIOT Hallel CHCTEMe.
OrBer MOXHO 3anHcaTh JH6GO B BHIE

{3: 4), 4 3), (—3; —4), (—4 —3)}
Ju6o B BHIe
X|=3, x2=4, x3=—3, x4=—4,
y1=4; y2=3; y3=—4; y4a=—3.
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[lospHee Mbl yBHAMM, YTO 3Ta CHCTeMAa HE MMEET HHBLIX PElLUeHHA.
Mul yxXe HeONHOKPATHO NMOJIb30BaJHMCh TEM, YTO PellleHHe ypaBHe-

HHS BHAA
fi(x) ... fa (x)=0 9)

CBOAMTCA K 3ajaye 06 OTHICKAHHH 3HA4Ye€HHH X, YAOBJETBOPSIOIIHX
XOTsi 6bl OHOMY M3 ypaBHeHH# fi (x)=0, ..., f. (x)=0. Ecau nocras-
JeHa Takasi 3ajaya, TO rOBOPSAIT, YTO 3ajaHa COBOKYNHOCTb yYpas-
nenud fr (x)=0, 1<<k<n. UTo6b OTIHYHTL COBOKYMHOCTb YpaBHe-
HHA OT cHcTeMbl, 6yleM 0603HauaTb €€ C NOMOIIbIO KBaApaTHOMH
CKOGKH HJIH TOYeK C 3amsAToH:

[f: (x)=0,’
...... (10)
fr (£)=0,
HJH }
fi (£)=0; ...; fa (x)=0. (10%)

AHaJIOTHYHBIA CMBICJI MMEeT MOHSATHE COBOKYNHOCTH YpaBHEHHMH
C HECKOJIbKHMH IlepeMeHHBIMH H COBOKYNTHOCTH CHCTEM TaKHX ypaBHe-

HHA. 3anHch
F, (x, y)=0,
[F2 (x, y)=0 (1)

O3HauaeT, 4yTo Tpe6yeTcsi HalTH BCe napul uucen (a; b), KoTopuie yno-
BJIETBOPSIOT XOTA1 Gbl OQHOMY H3 3ajaHHHIX ypaBHeHHA. Eciu ypas-
Henne F, (x, y)=0 3anaer aunuio T'\, a ypaBHenue Fi(x, y)=0—
aunuio I's, To coBokynnocts (11) 3agaer o6beaHHeHHE 3THX JIHHHH
(B To BpeMsl KaK CHCTeMa ypaBHEHHH

Fl (x, y)=0, _ .
{ Fs (x, y)=0 nepeceyeHHe TeX e JIMHHi),

3amnuch ke
{g) L (x, ¥)=0,
P& 9=0, (12
{Fn (x, y)=0,
Dn (x, y)=0

O3HayaeT, YTO HAaJO PEeLIHTb BCe CHCTEMHl YpaBHEHHH

Fu (x, 4)=0,
{cb,, x, y)=0  1ksn,

H OGbeHHHTb HaHJEHHHE pelIeHHS.
[Ipumep 5 Peunm COBOKYNHOCTb CHCTEM ypaBHEHHH

{x2+y’=25,

xy==12,

{x+y=10,
xy=16.
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PeweHHe. Bhiue 6b10 yKa3aHo, 4TO pellieHHe NepBOi CHCTEMbI
ypaBHeHHA HMeer BHA: {(3; 4), (4; 3), (—3; —4), (—4; —3)
PeilieHHe XXe BTOpO# cHcTeMbl ypaBHeHHH Hmeer BHA: {(2; 8), (8; 2)).
Yto6hl NMOJYYHTb pellleHHe 3aJaHHOA COBOKYNHOCTH CHCTEM ypaBHe-
HHil, HaNlo o6beAIMHHTL HaAAeHHHe pelleHHs. B pedysnbraTe nosayvyaem
orBet: {(3; 4), (4; 3), (—3; —4), (—4; —3),(2; 8), (8; 2).

. YnpaxXHeHHsn

281. Pemnte COBOKYMHOCTb CHCTEM ypaBHEHHH:

1) { x+y=6, 2) { 2+ y? =58,
xy==§, x2—y? =40,
x+3y=1, { P+ =126,
x—2y=—4; B —yt=124.

282. O6bsicHHTE, MOYEMY HECOBMECTHA CHCTEMa ypaBHeHHH
x+3y=17,
3Ix—y=1,
¥4 245=15.

283. SIBasieTcs M HeCOBMECTHOM CHCTeMa ypaBHeHHH
x43y=T7,

Ix—y=1,
L+2P2=17?
284. Ilpn kakom 3HayeHHH C COBMECTHAa CHCTEMa YypaBHeHHi '
6x—y=T7,
x43y=17,
P—y?=C?
285. INpu Kakom 3xHaueHnH C coOBMeCTHa CHCTeMa ypaBHeHH#
Cx42y=1,
x+y=>5,
C+yF=I17?
286. Bhipasute H3 CHCTEMB ypaBHEeHHil
{ PP +2=6,
2x® —3y? 4 5z=1

x H y uepe3 z. Kakue 3HaueHH MOXeT NMPHHHMATh 2?
287. [lonoaHHATe CHCTEMY ypaBHeHHMH

{ x+y=86,

2x+y=1
JIByMsl ypaBHEHHSIMH TaK, YTo6GHl OHa craJja: 1) necoBmecTHO#; 2) HMelollefi KO-
HeyHoe MHOXecTBO peuieHHAi. OTBET MOSICHHTE TrpagHUECKH.

288. Kaxoii cumMeTpHell 06/1af1aeT MHOXKECTBO DEIIEHHHA CHCTEMH YPaBHEHHH:

1) {x‘+y‘==97, 2) { xy=S8,
x84 4°=793; x4 y?=20;
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3) {x2+y”=17, 4) {x2+y‘=2o,
#+yt=5; x4y =20?

289. [omonuute ypaBHenHe x°-y’-2xy=12 ellle OXHHM ypaBHEHHWEM TaK, YTOGH
MONYYHBLIAAICA CHCTEMa YpaBHeHHH BMeCTe C pellleHHeM x=a, y=>b HMeNa
6u eille pellleHHs] x=b, y=a; x=—a, y=—b n x=—>b, y=—a.

290. Ilpu kakom sHauennn C cucreMa ypaBHeHHA

{ 3x+y=Cx,
6x—2y=Cx

AMeeT: 1) eqHHCTBeHHOe pellieHHe; 2) GeCKOHeYHO MHOTO pellieHH#A?

3. PaBHocuabHbie cucrembl ypasuennil. [1pu pemenns cucrem ypas-
HEeHHA HX OGbIYHO 3aMEHSIIOT PaBHOCHJbLHBIMH CHCTEMAaMH YPaBHEHHH,
NoKa He MPHAYT K CHCTeMe ypaBHEHHH BHAA | x==a, HJIH K COBOKYyI-

y=b
HOCTH TakHX cHcTeM. [IpH 3TOM mNOHATHE PaBHOCHJIBHOCTH CHCTEM
ypaBHeHHA onpejiesifieTcsl aHaJOrHYHO TOMY, KaK 3TO GO CAeJaHO
B . 2 § 4 raaeul Il aaa ypaBHeHH#t ¢ oaHO#l nepeMeHHOM.
Onpedeanenue. JIBe cHCTEMB ypaBHEHHH

{F. (x, )= (x, y), (1)
Fa(x, y)=®: (x, y)

{Fs (x, y)=Ds(x, y),
F. (x, y)=CD4 (X, y)

Ha3bIBAIOTCS PABHOCUAbHbIMU, €CIH JI06ast mapa uHced (a; b), yroBaert-
BOPSIONIAs NEepBOA CHCTeMe, YA OBJNETBOPSiET H BTOPOH, a Jio6as napa
yHCeJs, YAOBJIETBOPSIONIas BTOPOH CHCTeMe, YAOBJETBOPSET H NMepBoi
(MHBLIMH CIOBaMH, €CJIH PelIeHHs 3THX CHCTEM YPaBHEHHH OHHAKOBHI) .

OueBHJHO, YTO NPH 3aMeHEe OJHOTO H3 yPaBHEHHA CHCTEMbl paBHO-
CHJIbHBIM €MY YpaBHEHHEM (T. €. ypaBHEHHEM, 3a1alOLHM TO XKe caMmoe
MHOJKECTBO) CHCTeMa IepeXOAHT B PaBHOCHJbHYIO el CHCTEMY ypaB-
HeHu#l. [ToaToMy Mul MoXxeM 3aMeHHTb cHcTeMy (1) paBHOCHJBLHOH eil

CHCTEMOH
, ¥)=0,
{hé 9=0 ®

rze fi (x, y)=Fi (x, y)— DO (x, y), f2(x, y)=F2 (x, y)— D2 (x, y).
MoxeT cJIyunaThCsl, 4TO pemieHHss X, H X2 ABYX CHCTEM ypaBHEHH#H
Pa3JIHyHbl, HO MepeceyeHHs] ITHX pPelleHHA C HEKOTOPBIM MHOXKECTBOM
Y paBHul. B 3TOM cayyae GyaeM roBOpHTb, UTO AaHHblE CHCTEMH pas-
HOCUALHOL HA mHoXecTae Y.
[Ipumep 1. CucreMn ypaBHeHHH

{x+y=9, {x+y=9,
H Xy 18
(x—3}+@y—6F  (x—3P+(y—6y
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He IBJISIOTCS PaBHOCHJIbHLIMH, TaK KaK napa unced (3; 6), yrosaetso-
pAlolllasi NePBOA H3 HHX, He YJOBJETBOPsSieT BTOPOH (2an x=3, y==6
obpallaercss B HyJb 3HaMeHatedb, (x—3)*+(y—6)?). Ho Ha mHo-
JKeCTBe, MOJydyaeMOM H3 ILIOCKOCTH Bbi6pachiBaHHeM TOuYKH (3; 6),
3TH CHCTEMbl YPaBHEHHH pPaBHOCHJbHBI.

[Ipn pemeHHH CHCTeM ypaBHEHHH, KaK H NPH peleHHH YpPaBHEHHH
C OJHO¥W MepeMeHHOM, IPHMEHSIETCA MEeTO/l Pa3J/oKEeHH Ha MHOXKHTEJIH.
OH OoCHOBaH Ha ciellyloled Teopeme:

Teopema. Ecau ¢yuxyuu F,(x, y), ..., Fa(x, y) onpedesenvt na
HEKOTOpOM MHOJcecT8e X, TO HA ITOM MHONECT8e CUCTeMa YypasHe-

Hud
{ Fi(x, y)+...-Fn(x, y)=0, 3)
@ (x, y)=0
PABHOCUALRA COBOKYNHOCTU CUCTEM YPABHEHULl
Fl (xr y)=09 . FII (x) y)=0)
o= - &8¢ 4= )

Hoxasarteabctso. [lycte napa uucen (a; b) ynoeaerso-
pAeT CHCTeMe ypaBHeHHHA (3), T. e. mycTb

{F. (@, b)-...-Fa(a, b)=0,
@ (a, b)=0.

Torna Hafigercs Takoe R, 1 <<k<Cn, uro Fi(a, b))=0, # notoMy Ta ke
napa 4dceJsl YROBJIETBOPSieT CHCTEME YpaBHEHHH

{Fk (x, y)=0,
O (x, yy=0

H TE€M CaMblM COBOKYIHOCTH CHCTEM YypaBHeHH# (4).

OG6paTHo, ecaH mapa uuceda (a; b) yRoBieTBOpsieT COBOKYNMHOCTH
cucTeM ypaBHeHH#H (4), To Hafifiercsa Takoe R, | <Ck<Cn, yto 3Ta napa
YHCesl YAOBJNETBOPSET CHCTEME ypaBHEHHH

{Fk (x, y)=0,
D (x, y)=0,
T. e. Fi(a, b)=0, @ (a, b)=0.
IMockonbky Bce PpyHKUHH Fi, | <k <n, onpenesieHH Ha MHOXKeCTBe
X, 10 onu onpefeneHn B Touke M (a; b), H MOTOMYy NpOH3BeNEHHE
Fi(a, b)-...-Fa(a, b) Toxke paBHO HyJI0. DTO 3HAYHT, YTO mnapa
(a; b) ynoBneTBopsieT cHcTeMe ypaBHeHH# (3).
[Tpumep 2. Pemum cHcTeMy ypaBHEHHH
{(x2+y2—25>(x+y—8)=0,
Axy=12.

PemeHnne JlaHHas cHcTeMa ypaBHeHHH paBHOCHJbHAa COBO-
KYIHOCTH CHCTEM YPaBHEHHMA

{x2+y2—25=0, {x+y—8=0;
xy=12; xy=12.
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[lepBas cucrema umeer pewenne {(3; 4), (4; 3), (—3; —4), (—4; —3)},
a BTOpasi — peleHue {(2; 6), (6; 2)}.
3HauHT, laHHas CHCTeMa HMeeT peuieHHe {(3; 4), (4; 3), (—3; —4),
(—4; —3), (2; 6), (6; 2)}, a1 HHaAUE
{x.=3, { xa=4, { x3=—3, {x4= —4, { xX5=2, { x6=6,
n=4 ly=3 lys=—4 lyy=—-3; lys=6 |ys=2.

3ameuanue. [loBropHo npuMeHsis TeopeMy, MOJyyaeM, UYTO pelIeHHE CH-
cTeMbl ypaBHeHHH

{ Fi (%,4)+ ... - Fa (x, y)=0,
D, (x, y)...Dm (x, y)=0
CBOJAMTCA K PelIeHHI0 COBOKYNHOCTH, COCTOSIEH M3 CHCTeM BHAA
{ Fi (x, 4)=0,
@ (x, y)==0,

rie & — npoGeraer Bce 3HayeHHs oT 1 no n, a [ — Bce 3uauenusi or | Ao m.

YnpaXHueHns

291. SIBasiloTCA JH PaBHOCHJbHBIMH CJERYIOLIHE CHCTEMH ypaBHEHH:

{x+3y=6, . {(x+3y) (6 +47) =6 (< +47),
3x—1=1 Brx—1)(x—y)=x—y?

292. Kaxofi COBOKYMHOCTH CHCTEM ypaBHEHHii PaBHOCHJbHA CHCTEMAa YpaBHEHHil

(x—y+1)(x*+y*—25)=0,
{ (8x+y+5) (xy—12)=0?

4. Meroa ucxmodenns. HanGoJiee MOIIHHM METOJIOM PEIIEHHS CHC-
TeM yPaBHEHHH SIBJIACTCH MeTOO UCKAIOHEHUS HeU3BECTHbX, TIO3BOJISIIO-
WA NocJeX0BaTebHO CBOAHTD PELIeHHe JaHHOA CHCTEMBI K PellieHHIO
CHCTEMH (HJIH COBOKYTHOCTH CHCTEM), cojiepXKaluefl Ha O Hy NlepeMeH-
HYIO MeHbllle. 3TOT METOJ, NOCJ/IeJ0BAaTEAbHOIO HCKJIIOYEHHSI OCHOBaH Ha
OYEBHIHOM YTBEPXKIEHHH, YTO CUCTEMA YDPABHEHUll

{(4oi@_, )
PasHOCUAbHA cucTeme ypasHenud
@ (x, f(x))=0

H aHaJOTHYHO AJs GoJbluero yHcia nepeMeHHnlx. Ho pemenne cucre-

MB (2) cBomHTCA K TOMY, uTO MHl peiiaeM ypasHeHHe @ (x, f (x))=0,

CoiepXKalilee JIHIIb X, TMOCJe Yero NOoACTaBJsAieM HaileHHble 3HaYeHHS

X B paBeHCTBO y=f (x) H HaXOAHM COOTBETCTBYIOLHE 3HA4YEHHA Y.
Uro6ul cBecTH 3aJaHHYIO CHCTEMY ypaBHEHHH

F(x, §)=0,
{ (D((fc, Z)).—.o (3)
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K cHcTeMg¢ ypaBHeHHHA BHJa (1) maH COBOKYNHOCTH TaKHX CHCTEM,

HalO0 PelHTb Kakoe-NTH60 ypaBHeHHe CHCTeMH OTHOCHTEJNbHO OAHOIO

U3 NepeMeHHLIX, T. €. BBPa3HTb ero yepe3 APYryio nepeMeHHYIo.
[Tpumep. Pemnm cucreMy ypaBHeHHi

xy=12,
+y*=25.
PemeHHue. V3 nepBoro ypaBHeHHs1 HaXOIHM: y=—lx£. IMoxacras-

144
JISiS1 3TO 3HAaUeHHE BO BTOPOE ypaBHEHHe, mosydaem: x> - ;'%—= 25, uiH

nocae ynpomenusi: x* —25x% 4 144 =0. Kopusidu atoro 6MKBaApaTHO-
IO ypaBHEHHSi MBAAIOTCA yHcaa X1=3, x2=4, x3=—3, x4=—4.

MM COOTBETCTBYIOT 3Haue€HHS y.=‘3—2=4, yz=l42-=3, ya=%=

= —4, y4=—i27= —3. 3Haunt, pemeHHeM HNaHHON CHCTEMBI ypaB-

HeHHA fBJsieTC MHOXecTBO map umcea {(3; 4), (4; 3), (—3; —4),
(—4; —3)}. Boime M yKa3biBaJH 3TH napbl YdceJi, HO JHIUb Tenepb
yGeaHIHCh, YTO HMH HCUEPIIBIBAeTCS pelleHHe.

YnpaXHEeHHS

293. Peunre cHCTeMB ypaBHeHH#:

1) {4x’+7y2=148, 2) [x—";y=4,
=11
—yt=11; 4 ey .
‘y x+2
4
3) {x+y=x’. 9 | S+4=1,
3y-—x=y2; 3
a.b_
\ x y

5. Metoa aareGpanyueckoro caoxenus ypakuennit. Bropnim moul-
HbIM METOJIOM PELIEHHs] CHCTEM YpaBHEHHM ABJISeTCA MeTOA ajireGpau-
YeCKOro CJI0XKEeHHsl, KOTOPHIi OCHOBaH Ha cJeljlolled TeopeMe:

Teopema. [Tycro ¢pynkyua P (x, y) onpedeséta das ecex nap (a; b),
npu koropoix onpedesensi 06e pynxyuu F u ®. Tozda cucrema ypasne-
Hud

F (x, y)=0,
{ (D((x, y)=0 (1)
pPasHocusbHa cucreme ypaeuenud
{F (x’ y)=0, 9
@ (x, y)+¥ (x, y) F (x, y)=0. (P)]
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UHbIMH c/ioBaMH, NpH pelLieHHH CHCTEM YPaBHEHHA MOXHO NpHGaB-
JIATb K ONHOMY H3 ypaBHEHHH CHCTEMbl JApyroe ypaBHeHHe TOH XKe CH-
CTeMbl, YMHOXX€HHO€ Ha HEKOTOPHIi MHOXHTEJb.

HokasarteabcrtBo. Ilyctb napa uucen (a, b) yaosiaerso-
pseT cucteme ypaBHenu#t (1), T. e. myctb F(a, b)=0, ® (a, b)=0.
Torna BepHo paBeHnctBo  (a, b)- F (a, b)=0 u, crenosaresbHo, pa-
BeHctBo @ (a, b)+¢(a, b)-F(a, b)=0. Dro ¥ 3HauuT, yTO nNapa
(a, b) ynoBuieTBopsieT cucTeMe ypaBHeHHA (2).

OGpartHo, mycTb napa uncei (a; b) yi0BAETBOPSIET CHCTEME ypaBHe-
HHiA (2), T. e. nyctb F (a, b)=0, @ (a, b)+¢ (a, b) F (a, b)=0. Torna
BepHO u paBeHcTBO @ (a, b) =0, a noTOMY NaHHas Mapa yA0BJ/e€TBOPSET
u cucreMe (1). Teopema noka3saHa.

Caencrue. Ecau k o0nomy u3 ypasnenuld cucremst (1) npubasure
Opyzoe ypasHerue TOU He CUCTEMbL, YMHONCHHOE HA HEKOTOPOE HUCAO
A, a Opyzoe ypasnenue cucTemb. 0cTa8uTs 63 U3MEHERUA, TO NOAYHUM
CUCTeMY, PABHOCUALHYIO OARHOU.

ITpuMep. Peuum cucreMy ypaBHeHHH

{ L4y =28,
Kyt xy?=12.

PemeHue. MeTol HCKIIOUEHHS! PHBOAHT B JAHHOM Cjydae K
C/IOXKHBIM BhIKIafKaM. [103TOMy MoCTynHM HHaye: MpHGAaBHM K mep-
BOMY YPaBHEHHIO CHCTEMb BTOPO€ ypaBHEHHE, YMHOXeHHoe Ha 3. B
cuny Qopmyan ansi Ky6a CyMMB MOJyyaeM CHCTEMY YypaBHEHHH

{(x+y)”=64,

xy (x+y)=12,

PaBHOCHJAbHYI0 3agaHHOH. OHa paBHOCHJIbHA CHCTEME YpaBHEHHH

{xty=4 {xty=4
xy(x+y)=12, 1. e. L xy=3.

Tenepb yxe MOXHO HCKJIOUHTb nepeMeHHoe. U3 nepBoro ypaBHeHus
HaxoauM: y=4—x. [loacraBasif 3TO 3HaueHHe BO BTOpPOe ypaBHe-
HHE, NOJIydaeM KBajpaTHOe ypaBHeHHe x°—4x-+3=0, uMelowee
KOpHH x;=1, x,=23. CoOTBeTCTByIOLIHE 3HAYEHHS y PABHH: Yy =3,

Yy2=1. 3HayHT, H peeHne AaHHOK cHcTeMbl umeet BHA {(1; 3), (3; 1)},
HJIH, YTO TO XKe caMoe,

{x|=l, {XQ=3,
Nn=3y; Yyo=1.

YnpaxXHeEeHHA

294. Pemnre cucTemMn ypaBHeHuii:

1) {x2+xy+2y2=74, 2) {x’+yx=15, 3) (x+2y+E=16,
2% + 2y + y*=173; xy—x*=2; 3y
3x+y+7x=23.
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6. Meroan 3amenbl nepeMeHHHX. CHCTEMBI CHMMETPHYECKHX ypaB-
nenni*. Jlns pemieHHsi cucTeM ypaBHEeHHA NpPHMEHSIETCA TaKXkKe Me-
700 3GMEHbL NEepPeMeHHbiX — HEKOTOpble BLIPAXKEHHSI OT HCXOAHBIX
nepeMeHHbIX IPHHHMAIOTCSA 3a HOBble NepeMeHHble, B pe3yJbTaTe Yero
nosyyaercsi 60ojiee NMpocTasi CHCTEMa YPaBHEHHHA OTHOCHTEJNBHO 3THX
nepemenHuiX. [Tocne Toro Kak Ta cucrema pelueHa, Hajao 1o HaAAeH-
HBIM 3HayeHHSIM BLIGDAHHHIX HAMH BbIpaXKeHHA HAHTH 3HA4YEeHHA MC-
XOJAHBIX MepeMEHHbBIX.

IMTpumep |. Pemtum cHcTeMy ypaBHeHHH

{x3y+x =300,
xy+2+y*=37. (1)

Pemenne. Ecau BbiHECTH B nepBOM ypaBHEHHH 3a CKOGKH xy,
nonyunM ypasnenHe xy (x’+y?)=300. Tenepb BHAHO, YTO JieBHe
yacTH 0GOHMX ypaBHEHHH BhpaXxaioTcsi uepes xy H x°+y°. [Tostomy
NOJNIOXKHM xy=1, x*4y?=s M NMOJAYYyHM A5 OTHICKaHHS { H s Gosee
NPOCTYIO CHCTEMY YpaBHEHHIi:

{ ts =300,
t4s=37. 2)

Pewast 3Ty cHcTeMy METOAOM HCKJIOUEHHS, HaXOIHM, 4YTO =12,
S =25, t2=25, 82=12. .

Tak kaK t==xy, s=x>+y°, TO AN OTHICKAHHSl X H y HajO pe-
IHTb COBOKYMHOCTb ABYX CHCTEM ypaBHEHHIl:

xy=12, xy=25,
{ﬁ+f=%; {£+f=m. (3)

PemuM nepByio H3 3THX CHCTEM METOAOM aJire6panyecKoro CJ0XKeHHs.
ITonyyaem, 4TO OHa 3KBHBaJIECHTHA CHCTEME YpaBHEHHI

24 20y + y* =49, {(x+y)2=49,
. {x2—2xy+y2=l, T €\ (x—ypP=1. (4)
Ho us (x+y)’=49 cneayer, ut0 x+y=7 wim x+y=—7,
a H3 (x—y)’=1 caemyer, yto x—y=1 HaH x—y=—1. Tlo-
TOMYy NOJyYyeHHasi CHCTeMa ypaBHEHHH PaBHOCHJbHA COBOKYMHOCTH
YeThpeX CHCTeM ypPaBHeHHH NMepBOA CTENMEeHH:

{x+y=7’ {"+y=—7. {x+y=7, {x+y=—7,
x—y=1; \(x—y=1; x—y=—1; lx—y=—1L
Pemas ee, nonyuaem orser:

{45 3), (=3, —4), 3, 9, (—4 —3)} (5)
HJIH HHaue:

xi=4, xo=-—3, x3=3, xi=—4,

N=3; yo=—4;, ys=4 ya=-—3.

Jlerko nmpoBepHTb, YTO BTOpas CHCTEMa, T. e. {x =25,
x+yi=12,
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He HMeer peuleHHH. [Tostomy (5) ABasierca H pelleHHeM 3aJaHHOH
CHCTEMbl YDaBHEHHH.

OG6uiero npaBuia BbI6Opa HOBHIX NMEPEMEHHBLIX He CYIIECTBYeT.
CyllecTBYIOT Ba BHAA CHCTEM, KOTla €CTb Pa3yMHRLIA BLIGOP nepeMeH-
Helx: 1) cHcTeMa CHMMeTPHYECKHX YpaBHEHHA H 2) cHcTeMa ypaBHe-
HHH, OJIHO H3 KOTOPBIX OXHOPOXHO.

Ecau o6a ypaBHEHHSI CHCTEMMI

F (x, y)=0,
{ o = (6)

ABJISAIIOTCA CHMMETPHYECKHMH MHOTOW/IEHaMH OT X H Y, NOJIe3HO MpH-
HATb 32 HOBbiE€ NMEepeMeHHble OCHOBHbIE CHMMETPHYECKHE MHOro4JeHhb
61=x-+y H o2=xy oT x H y. Kak 6nJjo nokasauo B n. 2 § 1, o6a
MmHorouseHa F (x, y) 1 D (x, y) MOXKHO BbIpa3HTb 4epe3 G; H Oz, B
pe3yJbTaTe yero noJy4aeTcsi CHCTeMa ypaBHEHHH OT o), Oz, KOTOpas
o6biyHO GoJiee MpocCTa, YeM HCXoAHafA. PellHB ee, HAXOAHM X H Yy H3
COOTHOLIEHHH X+ Yy=01, xYy=02.
[Tpumep 2. PemiuM cHcTeMy ypaBHEHHHA

{x2+xy+y’=2l,
x+xy+y=9. (7)

Pemenne. Tak kak JieBole yacTH OGOHX ypaBHeHHH CHMMeT-
PHYHH OTHOCHTEJIbHO X H Yy, BBEJeM HOBbE NepeMeHHhle o) =x-y,
O2=xy H BHIpa3HM 4epe3 HHX JieBbleé YaCTH YpaBHEHHM:

P +xy+y=(x+yP—xy=o0t—o:
x+xy+y=o01+o02.

Taxkum o6pa3oM, 3agaHHasA CHCTeMa CBeJachb K CJEAYIOIIEH:

H

\ {0?—02=21,
o1+ 02=9. (8)
CJ0XHB 3TH ypaBHEHHs, MOJiydaeM KBaJpaTHOe ypaBHEHHe
ot + 01 —30=0. '
U3 Hero cnemyer, uto 0,=5 HiH o= —6. Tak kak o)+ 6:=9,

TO 0o =4 HJH 02=15. Utak, noayuyeHn aBe napu (5; 4) u (—6; 15),
YAOBJIETBOPAIOIIHE CHCTeMe ypaBHeHHH (8).

IMockonbky x+y=0, H xy=0,, TO 3aJlaHHas CHCTEMa YypaBHe-
HHH cBeJlacb K COBOKYNMHOCTH ABYX CHCTEM:

A P

Pemas mnepByio CHCTEMY, HaXOAHM pelleHHe:

x|=1, JC2=4,
=4, ya=1.

Bropasi cucTeMa pelueHH#t He HMeeT.
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ITpumep 3. Peunm uppauuonasbHoe ypaBHeHHE

Ax+497—x=5. 9)

Pew enue. OGosnaunm {/x uepes u, a 4/97 —x uepes v. Torna
3ajlaHHOe ypaBHeHHe npuMeT BHA: u-+v=>5. Tak Kak, Kpome TOrO,

W4t =) +A07 —x) =x+97 —x=97,

MO3TOMY pellleHHe 3alaHHOrO ypaBHEHHS CBeJIOCh K pellleHHIO CHCTeMB
ypaBHEHHH

{y+v=5,
w4 vt=97.

Tak Kak neBble YaCTH 3THX ypaBHEHHA CHMMETPHYHbI OTHOCHTEJIbHO
u M U, BBEJIeM HOBHe NMepeMeHHHe o) =u-+}v, 62=uv. Hcnoab3ys
¢dopmyay (6) m. 2 § |, npHXOAHM K CHCTEME ypaBHEHHH

{ (¢]] -‘=5,
o{ —40l0:4203=97.

IMoacraBuM 3HayeHHe ¢; =5 BO BTOPOE YpPaBHEHHE H NOJYYHM s

OTHICKAHHS G2 KBaJApaTHOe ypaBHeHHe 03— 5002+ 264=0. Pewas
€ro, nosiyyaem o2==6 ujiH o2=44. Takum o6pa3oM, Aasl OTHICKAHHSA
4 M U HaAO PpeIIHTb COBOKYNMHOCTb H3 [BYX CHCTEM YpaBHEHHH:

{u+v=5, {u+v=5,

uv==6; uv=44.

[TepBasi U3 HHX HMeeT ABa pelleHHSs: ¥ =2, v,;=3; uy=3, v2=2,
a Bropasi He HMeeT peuleHHA. Tak Kak u==43/x, TO nojayyaeM JBa
3HaueHHsA A X, YAOBJETBOpPSAIOLUIHE ypaBHEeHHIO (9):

x=2'=16, xo=3*=81.

PaccMOTpHM, Kak pelaloTcsi CHCTEMbl YPaBHeHHH, OJHO H3 KOTO-
PHIX OZHOPOJAHO OTHOCHTENBHO X H Y, T. €. CHCTeMbl yDaBHEHHH BHAA

: F (x, §)=0,
{6595 (10

rie, Hanpumep, F (x, y) — OXHOPOAHLIA MHOTOYJIEH OT X H Y CTEMEHH n.

Pa36epem aBa cayudas.

a) B mHorousene F (x, y) ectb uneH Buga ay". Torma F (0, y)=
=qy" o6paiiaercs B HyJb JHiub npH y=0 u au6o napa uucen (0; 0)
YAOBJIETBOPSiET CHCTeME ypaBHeHHHA (3To GyAeT, B YaCTHOCTH, €CJIH H
ypaBHeHne @ (x, y)=0 omHOpoAHO), NHGO B peIUeHHH NAHHOH CH-
cTeMunl Boo6uie HeT TakHX map, uto x=0. B 3tom ciayuyae BBezem
HOBYIO NlepeMeHHYIO ¢, MoJIOXKHB y =tx. [lonyuaem cucremy ypaBHeHuU#

{ F (x, tx)=0,
D (x, tx)=0,
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HJIH B CHJIy OJHOPOAHOCTH MHOroujesa F cHcremy

{x"F(l, #)=0,
@ (x, tx)=0.

INockosbKy x40, nosyuaeM CHCTeMy ypaBHEHHH

F(1, t)=0,
{ (D((x, 3x)=0. (1)
W3 nepBoro ypaBHEHHsi CHCTEMB HaXOJHM 3HauyeHHS f, MOACTaBJsAEM
HX BO BTOpOe ypaBHeHHe H HaXOJHM COOTBETCTBYIOLHE 3HAYeHHS X.
Ilo popMyse y=tx HaxoauM 3HaAUEHHS Y.

6) Ecau Bce uneHnl MHorousexa F (x, y) AeJASiITCA Ha HEKOTOPYIO
creneHb x, CKaxeM Ha x*, Hano BuHecTH x* 3a ckoGku: F (x, y)=
=x*Fy(x, y) — u cBecTH pewenne cucrembl (10) K pelleHHIO COBO-
KyNMHOCTH JBYX CHCTEM BHJa

x"=0, F| y =0,
{ D (x, y)=0; { mg, Z;=0. (12)

ITepBasi H3 HHX pelIaeTcs OYEBHAHHIM 06pa3oM, a BTOpasi — CHOCO-
60M, YKa3aHHBIM B a).
ITpumep 4. PemnM cHcreMy ypaBHEHH#A

{3x2 4xy--|-y2 =0,
24242 =19.

Pemenne Tak Kak ciaraeMoe y° B NEpBOM YpaBHEHHH He

_IeJIMTCA Ha X, TO IPHMEHsieM NMOACTaHOBKY y=tx. [lonyuyaem cucremy

ypaBHEeHH#
{ 3¢ —4t’ +£x*=0, | {t’—4t+3=o,
L4282 =19, TS W21 4269)=19.

KopHsimu nepBoro ypaBHenus siBasiiorcs t =3, t2=1. Iloacrasass
BO BTOpoe ypaBHeHHe {=3, nmonyuaeM x’=I1, u n(j:/o_y x=1 HJH
19
3

= —1. INoacrasnssa xe t=1, nonydyaeM x=+ Tak kak
y==1tx, HMeeM cjeayiolliee pellleHHe CHCTEMH:

X|=l XQ=-—-l, X3=‘\/£9, Xyg= — %,
Yh=9; Yo=—3; y3=\/1;9; y.=—‘\/%-9-.
MMpumep 5 Pemnm cucreMy ypaBHeHHH
3x® —4x’y + xy’ =0,
{£+f=2
PemeHue. [leppoe ypaBHeHHe CHCTEMHl OIXHOPOJHO, HO BCe

yYJieHHl ero JieBoi 4acTH AeaAtca Ha x. [I03ToMy BBIHOCHM x 3a CKOGKH
M CBOJHMM 3aJauy K PELICHHIO COBOKYMHOCTH ABYX CHCTEM YpaBHEHHH.
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{x=0, 3x2 4xy+y =0,
2 +y=2; *+y'=2.

[lepBas cucTeMa paBHocHJIbHa cHcTeMe x=0, y>=2, oTKyAa Ha-
xomum: x=0, y =2 wam x,=0, y.— —-/2. Bropas cHcTema
ypaBHEHHH peliaeTcsl TakK e, Kak B npuMepe 4, H eif y10BJIeTBOPAIOT
yeThipe Mapbl YHCE:

{x3=l, {x4=—l, {x5=w/0_,2, {xs=—x/(f2.

=1 ly=—1; ly=302 lys=-—302
06’beJ.'[HHﬂﬂ NOJIYYCHHBI€ OTBETHI, HaxO04HM pelIEeHHe 3anal-moﬁ CH-
cremu B uge {(0; V2), (0; —+2), (1; 1), (—1; —1), (0,2; 3+0,2),
(—0,2; —3+0,2).

3anaua. Or npucraHH A ORXHOBPEMEHHO OTNPABHJIHChH BHH3
N0 TEYEHHIO PeKH KaTep H MJOT. KaTep cnycTHJCA BHH3 MO TE€UEHHIO
Ha 96 kM, 3aTeM MoBepHYyJ 06paTHO H BepHyJcs B A uepe3 14 u. Haifitu
CKOpPOCTb KaTepa B CTOslueH BOJe, €CJHH H3BECTHO, YTO OH BCTPETHJ
IJIOT Ha O6paTHOM NYTH Ha PacCTOSAHHH 24 kM ot A.

Pew enue. CHayana cocTaBHM CHCTeMy ypaBHeHHA. B kaue-
CTBE HCKOMbIX BhiGepeM CKOPOCTb & KaTepa B CTOsYel BOJIE H CKOPOCTh
TedeHHsi v. Torlla CKOpoCTb KaTepa NPH ABHXEHHH MO TEYEHHIO PaBHa
u-+v, a NpH JBHXEHHH NPOTHB TEYEHHS & — V. 3HAUHT, 4TOGH NIPOATH
BHH3 110 TeyeHHI0O 96 KM, eMy Hajo if— 4acoB, a BBepPX MO TEYEHHIO

96 96 96
—— uacos. Bcero on 3atpatut P ot ‘
YCJIOBHIO 3aflauH OH BEpHYJICA Ha3aj uepe3 14 4, To HMeeM mnepBoe
ypaBHeHHe:

yacoB. Tak Kak 1o

96 96
u+v+ u—v 14.

Yro6nl noNyyHTb BTOPOEe ypaBHEHHe, HafleM, KaKoe BpeMsl 3a-
TpaTHJ KaTtep A0 BCTpeuH ¢ mioroM. OH nmpomen 96 KM BHH3 1o Teye-
96 72
u+v+ u—v
yacos. [lnor Xe npomibi 24 KM CO CKOPOCTbIO U, Ha YTO 3aTPaTHA
24

HHIO H 72 KM npoTtHB TeueHHsda. Ha 3to oH 3arpaTtua

yacoB. Tak Kak mjioT KaTep OJHOBPEMEHHO OTIIPABHJIHCH H3 A TO

SanaquHOQ HMH 10 BCTPEYH BpEMA OAHHAKOBO, H Mbl HM€EM BTOpOE
YPaBHEHHE:

96 4, 72 =__2_4
utv Y u—v v
HUrak, nas pellieHHA 3aAayH NMOJNYYHM CHCTEMY ypaBHeHnﬁ
96 + 96 =14,

udv  u—v
96 2 __ 24
udv ‘u—v v’
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ITpu 3ameHe u Ha tu u v Ha tv 06Ge YacTH BTOPOrO ypaBHEHHS] YMHO-
. 1
XKaTcs Ha —. ITosTomy OHO siBJIETCSI OLHOPOAHLIM YpaBHEHHEM.

Tak kak v=0 He ynoBJeTBOpPSIET 3TOMY yPaBHEHHIO, [eJaeM MOACTa-
HOBKY u=vz. Toraa BTOpoe ypaBHeHHe IPHMET BHI:

% , 72 _
241 + z2—1 =2

OcB0o60XKAasiChb OT 3HAMEHATEJEeH, MOaydaeM:
2422 —1682=0.

3ro ypaBHeHHe uMeeT KOpHH O u 7. [Ipn 2=0 nonyuyaem u=0, a

3TO 3HaYeHHe 4 HH NPH KAakOM 3Ha4YeHHH U He YAOBJIETBOPSET

nepsoMy ypaBHeHHI0. [TostoMy z=7, T. e. u=7v. [loacraBasas 3To
96

3Ha4Y€HHe 4 B MEepBO€ YpaBHEHHE CHCTEMBI, MNoJydaem: “8—)6;—+-6?= 14,

orkyaa v=2 (km/u). Ho torma u=7-2=14 (km/u). HUrak, cKo-
pocTb KaTepa B cTosiuedi Bofe paBHa 14 KM/u.

YnpaxkHeHHn

295. Peinre cHcTeMH ypaBHeHuU#:

25

1) { O —xy+y*=2l, 9] F+y=75 w.

y?—2xy+15=0; PP =T,

3) [ xty, x—y 10 4) | *+y=a,
VS A
x4y =45;

17
5) ("+y)2+(x—y)2=%(x”-—y’), 6) J x'+y'=—7 2",
x* 4 y?=20; P+ yP=9;

7) "‘+y‘+x3y+xy3=19L2 2y’ 8) {x3+x’y+xy2+y3=o,

x+.y____4. x2+4y2=5.

7. Tpadnueckoe pelienHe cHCTeMbl ypaBHeHHA. Mul yXXe 3HaeM,
YTO pellleHHe CHCTEeMbl YPaBHEHHH C ABYMS HEH3BECTHhHIMH

F (x, y)=0,
{m(&,yy))=o (1)

reOMeTPHYECKH HCTOJIKOBBIBA€TCSl KaK OTHICKHBaHHE KOODAHHAT TOYEK
nepeceyeHusi MuHHA I} U [y, 3agaHHbIX ypaBHeHHAMH F (x, y)=0 u
@ (2, yy=0 cooTBeTCTBEHHO. DTHM MOXHO BOCHOJIb30BaThCH MAJISA
NPHGJIHKEHHOro pelleHHsi CHCTeMbl ypaBHeHHdA (1). Ias 3toro Hamo
HauepTHTb JHHHH [} ¥ I'2 Ha KJaeTyaToll (a elle Jyyiie Ha MHJUTHMET-
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poBO#) GyMare H NO YepTexy ONpefeJHTh KOOPAHHATH TOYEK Nepece-
yeHHS 3THX JHHHHA. PasyMmeercsi, Ipu 3TOM NOJYYaTcs JHLIb NPHGIH-
JKEHHble 3HAYEHHSA X H y.

[Tpumep l. Peiunm rpaduueckH cucTeMy ypaBHEHH#

{y=x2+4x+4,
2x+y+4=0.

Pemenune. Jlunua y=x*+4x+4, 1. e. y=(x+2), apasercs
napa6oJioil, nonyyaeMolt H3 napa6oin y=—x’ CABHIrOM Ha 2 €IHHH-
bl BJEBO, a ypaBHeHHe 2x+y-+4==0 3agaer npamMyi0 JHHHIO
y="—2x—4. Ha pucynke 50 noka3saHul 3T JuauH. [To Hemy ycraHas-
JHBaeM, YTO JHHHH mnepecekaloTcd B Toukax A(—4; 4) u
B(—2; 0). 3naunT, HMeeM pellleHHe CHCTEMBI:

{x|=—4, {x2=—2,
Yi =4 Y2 =0.
Hposepxa NOKa3biBa€eT NMpPpaBHJIbHOCTb HalJeHHOro pEeILICHHA. Hpeno-

CTaBJISIeM YHTATEJIO PEIUHTh Ty XKe CHCTEMY YPaBHEHHH aHAJIHTHYECKH.
[Ipumep 2. Pemium rpaduuecku cHcTeMy ypaBHeHHH

{y=x2—2x+4,
y=2x.

Pewmenue [Ilpamas y=2x u napabona y—=x’—2x+44=
=(x—1)’+43 u3o6paxeHn Ha pucyHke 51. Buaum, uto npsMas

KacaeTcs napa6oJnl B e1HHCTBEHHOH TouKe A (2; 4). OTciona Haxoaum
pellleHHe CHCTeMH: x=2, y=4.

y y y
\ |
\
\ 10 |
| \

\\ |
AC4.4) A(2:4)

B8+2;0)\|0 X [1] X [7] X

(5
Puc. 50 Puc. 51 Puc. 52

163



I[Tpumep 3. Peuum cuacreMy ypaBHeHH#
{ y=x>—2x+4,
y=2x—1.

Pew eHHe M3 pucynka 52 BuauMm, utro npamasa y=2x—1 u
napa6osna y=x’>—2x-+4 He HMelOT O6GWHX ToyeK. CHCTeMa HecoB-
MeCTHa.

I[Tpumep 4. Pemunm rpadHyeckH CHCTEMY ypaBHEHHMH

{xy=l2,
X—2y—-2=0.
12

PemeHue. YpaBHeHHe xy=12, T. €. y=-- 3anaer runep6ody.

H3 pucyHka 53 BHAMM, UTO TOUKaMH MepeceyeHHsi 3TOA runepGoJnl
¢ npsamoit x —2y—2=0 sasasiorca A (—4; —3) u B (6; 2). 3Haunur,

{x|=—4, {x2=6,

Y= —3; y2=2.

I[Tpumep 5 Pemnm cHcTeMy ypaBHEHHH
{ y=x +5x
x=y’+5y.

PeweHnue YpasHenue y=x’+5x 3anaer napa6oay c ocCbio,
napaieabHOA OCH OpPAMHAT, a ypaBHeHHe x =y’ 5y — napaGoay
€ OCbl0, MapaJjijieJbHOA OCcH a6cuucc. 3TH napa6osinl H306paKeHH Ha
pucyHke 54. Imeem uethipe ToukH nepeceuenus O, A, B, C, a notomy
pellleHHe HMeeT BHI:

v {x|=0, {x2=—-4,

Y1=0; Y= —4,
{xaz—4,7, {x4z—l,3,
ys~ —1,3; Y~ —4,7.

B 3tom npumepe 3HaueHHs KoOp-
aMHaT ToueK B W C HafijeHnl npH-
GnHXXeHHO. AHaJIHTHYECKOe pelLIeHHe
NOKa3biBaeT, YTo

627 s 3
X 3= —9o— X4= — +
= e {y3——3+‘/—' {y4——3 -\/—
- (4TOGH MPHATH K OTBETY, HaJO BLIYECTh
NOYJEHHO BTOpPOe ypaBHEHHEe H3 mep-
BOr0).
[Ipumep 6. Pemum  cHcremy
ypaBHeHH#
{ﬁ+f+u—@=m.
Puc. 53 xy—3x+2y=11.
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y
‘i- .
Q X
8 D
l . —
A
A ’k‘\;
N CT N
\ 0 X
8
Puc. 54 Puc. 55

Pemenue. nepBoe YpaBHEHHE CHCTEMhl MOXKHO 3alHCaTh B BHAE
(x+2)°+(y—3)*=26.

Ono 3ajaeT OKPYXHOCTb paguycoM /26=5,1 ¢ LEHTPOM B Touke

K(—2; 3). Bropoe ypaBHeHHe nepenuiieM B BHAE y=3iiél,

y=3+%2—. 310 ypaBHeHHe runep6oabl, NoJyyeHHO# 13 runep6osl

T. €.

=% IYyTEM pacTsKEHHS BAOJb OCH OPAHHAT ¢ KO3 HIHEHTOM 5 H

NOC/IeAYIOLIero NapalieIbHOro nepeHoca, MPH KOTOPOM HavyaJjo KO-
opAHHaT nepexoAHT B TouKy K (—2; 3). O6Ge nuHHH H306paKeHH Ha
pucynke 55. [lo HeMy HaxoAMM KOOpJAHHAThl TOYEK MepeCcEeyeHHs:
A(=T7;2), B(—3; —2), C(—1; 8), D(3; 4).
Hrak,
{x|=—7, {x2=——3, {x3=—1, {x4=3,
Nn=2 Yyr=—2; ys=38; y=4.
Jlasi aHa/JMTHYECKOro pelleHHs CHCTeMbl Hajo MOYJeHHO mpH6a-
BHTb K NePBOMY YDaBHEHHIO YABOEHHOE BTOpOe ypaBHEeHHe.
Ha pucyHkax 56 u 57 noka3aHo rpaduueckoe pellleHHe CHCTEM
YpaBHeHH#H
{y—x2—2x=l, {x2+y2+2x——6y——6=0,
4 y?—2x—6y+4+5=0 u \ x4 y?+8x+42y—32=0.
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Y Y,
[} [ ]
I~ ~rYUEAN
/
\ | B
[1] X
A y
]
™~
Puc. 56 Puc. 57

3ameuanue. [lpu pemwesnn ypaBHeHuii rpadHYECKHM METONOM CJellyeT HMeTb
B BHAY, UYTO pelleHHs, TMOJy4yaemMble 3THM METOIAOM, SBJSIOTCS JHIIb NPHGJIH-
XKeHHuMH. Bonee Toro, uHoraa rpagHki MOryT BBeCTH Hac B 3a6Gayxnaenne. Hanpu-

Mep, npH rpaHYECKOM pelleHHH ypanuennu(i%) =log | x Haj0 HaATH TOUKy mepe-
16

x
CeYEHHUsI KPHBHX y% -l-%) H y=10gl x. EciH cmenaTth 3CKH3, TO MOKa)ercsi, 4TO
16
3TH KPHBHI€ HMEIOT JIHIIb OAHY 06[1[)’10 TOYKY, JexXallyi Ha 6HCCCKTPHCC nepBoro Ko-
OpAHHATHOro yrJaa. OﬂHaKO Ha CaMOM JeJie 3TO ypaBHE€HHE HMEET elle [Ba KOPHA:
1 1
_E H X3=T.

Xo=

YnpaxkHeHHS

296. Pewnre rpaduueckH cienyiouide CMCTeMbHl YPaBHEHHH H MpoBepbTe MOJyYeHHHE
OTBETH MyTeM AHAJHTHYECKOTO pelleHHUs:

i

1) {x=y”+5y, 2) {x2—8x—4y=6, 3) {x2+y’=36,
y=x>+5x; y*+ 5y —5x=0; x? 46y =36,
4) {x2—4x—6y=20, 5) {x2+y2=25, 6) {xz—yz=25,
xy=—8; x*+(y—9)'=36: L4y =47,
7) {xz_y’=25, 8) {x2+y2+4x—6y=13,
x2 4 y?=25; xy—3x+2y=11.

297. Haiinute ycaoBue, MpH KOTOpPOM mpsiMasi y=KRx-m Kacaercsi:
2

x? y X2 y .

1) saaunca . +? =1; 2) runep6oan 2 =1; 3) napaboan y*=2px;
4) okpyxHocTH (x—a)’+4(y—bY2=R>
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8. CucreMbl HPPAUHOHANbHBIX, TPHTOHOMETPHUYECKHX, NOKA3aTeb-
HbIX H AOrapHPMHYECKHX ypaBHeHHA. MeTO/IH pellleHHs CHCTEM ypaB-
HEHHH, ONHCaHHHIE B NpEeAbIAYHIHX MYHKTaX, FOAATCA ANS ypaBHEHH#H
6osiee obulero BHAa. Pas6epeM HeCKOJbKO NMPHMEPOB.

[Tpumep 1. Pemnm cucreMy ypaBHeHH#A

{sin x+siny=a
x+y=>b, b=0. (1)

Pemenune. Ilo popmyne (7) n. 6 § 3 rnasu VI nepBoe ypaphe-

+ycos x2 Vg

3aMeHHM x-}y ero 3HayeHHeM H3 BTOPOTO YpPaBHEHHs, MOJYYHM:
b x—y

2 sin -2—cos 5

HHE JAHHOH CHCTeMBbl MOXXKHO 3anucath B BHAe 2 sin

=a. Orcioga caefyer, 4To COS x;—y—-Lb, H no-
2Sll’1?

+4nn n€Z. Orcioga BHAHO, 4YTO
251n—2—

cucreMa (1) MMeer pelneHHe NPH YCJIOBHH, 4TO |al <2| sin -g—l #0.

TOMY x—y= -2 arccos

JlaHHas cucTeMa cBesach K conoxymiocm CHCTEM ypaBHEHHH
+4nu nez,

x—y== =2 arccos

2sm?

x+y=>b,

H3 KOTOPOH I/l KaXKAOro 3HaueHHsi n€Z mMoJyyaeM [Ba pelIeHHS
HCXOXHOH CHCTEMBI:

=%i arccos + 2nn, =— =+ arccos —2nn.
2 sin 2 sin -
2 2
[Tpumep 2. Pemunm cucreMy ypaBHeHH#
lg x+1g y=a,
{10x =}, (2)

Pewenne Tak kak JorapupmHuyeckas (yHKUHsS OnpejeleHa
JIHLIb NPH NOJIOXKHTEIbHBIX 3HAYEHHSAX apryMeHTa, TO JOJKHBI BhIIOJI-
HATbCS1 HepaBeHcTBa x>0, y>0. Ilpn Takux 3HaueHHAX x H Yy
nepBoe ypaBHeHHe CHCTEMH (2) MOXHO mepenucaTh B BHAe lg xy=a,
OTKyAa HaxomuM xy=10°. Kpome Toro, H3 BTOpOro ypaBHEHHSI CH-
cTeMbl cieayer, uto x> +y*=Ig b, b >0. Takum o6pa3om, 3ajaHHas
CHCTEMa PaBHOCHJIbHA CJIeflyiolleHd CHCTeMe YPaBHEHHA H HepPaBEHCTB:

y—lO"
“4+yi=Igb,
x>0,
y>0.
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Us ypaBHenudn BuTekaeT, uto (x’42xy—+y?)=Ig b+2-10°
1. e. uto (x -y’ =lg b+42-10% (x—y)*=1g b—2-10° Orciona nony-

qyaeM, YTO x+y= iw/lg b+2-10% x—y= iw/lg b—2-10° Ho no
yca0BHIO HMeeM x >0, y >0, # notomy x + y=>0. 3HauHT, HY>KHO BHIG-
paTh NOJIOXKHTENbHOE 3HaUeHHe NepBoro pajnkana. Pemas aBe cucre-
Mbl ypaBHEHH#H

{x+y= g b+2-10° {x+y—_— lg b+2-107,
x—y=g5—2-10°, \x—y=—-/gb—2-10"

HaXOJHM, 4TO
x1=--(igbF2-10° ++Ig b—2-10°),
y|=?(w/lg b+42-10°—-/Ig b—2.10%),
n=4-(lgb+2-10°—lg 5—2-10°),
2=L Vg 642-10° +-/1g 6 —2-10°).

Jlannasi CHCTEMa HMeeT pellleHHS NMDH YCAOBHH, uTo Ig b>>2-10°,

T. e. b>10%
Tfilpumep 3. Pewnm CHCTeMY YpaBHEHHH

V=167 —1—16x2=2 (x+y),
x“’+y2+4xy=%-

Pewenue H3 nepsoro ypaBHeHHsI cJaelyeT, YTO AOJIKHH Bbl-

NOJIHATLCA HepaBeHCTBa |x| <+, lyl <—;—, npHYeM 3HaK Pa3HOCTH

V1 —16y>—~/1—16x* pomxes coBnagaTb CcO 3HAKOM CYMMb
x+y, a noromy |x|>=lyl, ecin x4+y=0, u |x|<<|yl, ecau
x+y<O0.

Boseenss o6e uyacTH NnepBOro ypaBHEHHs B KBaipaT, MNOJy4MM
ypaBHeHHe

—8 (¢ +y")—V1—16 (" +y)+256x°y"
=2(x*+y°)+4xy.

3amenuM B HeM x”+-y® ero saHaueHueMm —é- —4xy M3 BTOPOro ypasHe-

Hua. Tlocne ynpouenusi no.nyqaeM‘

—1+436xy —\/ —— 4 64xy 4 256x%y®

BoaBens eiile pas B KBalpar o6e yacTH ypaBHeHHS, nosyyaem ypas-
nenune 650x’y® —85xy+2=0.

[Ipu 3TOM AO/IXKHO BBIMONHATBCA YCa0BHe 36xy—12>=0.

[Tocnie momcTaHOBKH xy={ MNOJy4aeM KBaJApaTHOe ypaBHEHHe

OTHOCHTEJIbHO ¢: 650t —85¢+42=0, MpHueM NOJKHO BHIIOJHSATHCS
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L fp=2 .
2o 36 0" to= g KBaapaTHOro ypas

HEeHHSA ynonne'rBopam stomy ycaoBuo. Ho u3 legL, Iylg—l-

ycJIOBHE > OGa xopHsi ¢ =—

umeeM: |t =|xy| < a 3TOMy HepaBEeHCTBY YA OBJIETBOPSieT JHIIb

16 ’
KOpeHb t—— [To3ToMy Hazo pemIMTb CHCTEMY ypaBHEHHHA
£ +y*+ary=—
2
xy=§

[TepBoe ypaBHeHHe 3TOH CHCTEMH nepemuneu B Buze (x 4y +2xy=

——é— H NOACTAaBHM B HEro 3Ha4YeHHe —— 6 i xy. I'Io.nyqaem YpaBHEHHE

2 3
X ——, OTKylda X = 4 —
(x+y)°=¢z» oTKyna Xty &
Hrak, ocrajoch pemiuTh ABe CHCTEMBl YpaBHEHHH
3 3
X =—, x =——,
+y = . +y 75
2 _ 2
=% =55
Pemias HX, HAXOIHM 4YEThipe pCIICHHSA:
|=—-2—< xz———l 3I=—— x4=—‘l_
V65 ’ 65’ V65’ V65 ’
1 2 1 2

y|=ﬁ; y2=76_;; y3=—ﬁ; y4=—-w/—§.5--\

JlonosHuTeNbHOMY YCJIOBHIO, uTO |x| > ly| npu x4y >0 u |x| < |yl
npH x—+y<<0 yAOBAETBOPSAIOT JIHIUb pelieHHA (xi, Y1) H (X4, Y4).
3HauuT, HMeeM peLIeHHS

: 1 ( 1 25)
—_— =) i ——; ——).
(«/63 V65 V65’ s
3amMeuyanHe MoxHO GbIO 6H He CAEAHTb 33 YCJOBHSIMH, BO3HHKAIOLIHMH

H3 faHHHX YpaBHEHHM, a MOJYYHTb BCe pelleHHs H NPOBEPHTb HX MOACTAHOBKOH B
Aaudylo cHcreMy ypaBHenHii. Ho HHorza takas MOACTaHOBKA 3aTpyAHHTeJNbHa.

YnpaxHeHnsn

298. Pewnre CHCTeMH YpaBHeHHIl:

8
1) | x=243, 9) | B+ y3
1 2 2
(1024)¥ =(%) ; g =3,
3) { logs (y— x)— logs (3y — 5x)=0,
L4y =5,
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4) V +1 =9 5) ) logs x+logy=1,
’ b'o%a W 4 2 2q;
logs x-logs ( y+1)2—-_A
6) ] cos(x—y)= 2cos (x+y) 7) {m+m=ﬁ'
€OS x €oS y——; e+ +VC =y =a;

y y’-—szaz—sz y2+b2Taz+x2
xy=ab;

8) {2W+xg=, 0 \/a2—qu2—b2q/a2+x2,y’+b2=

e+ + +V7 =a,
x+y+33bxy=>b;

11) {cos y+3 sin x sin y=0, 12) {tgx+ctgy=a,

10)

21 cos 2x—cos 2y=10; ctg x4-tg y=2;
13) sm x—— cos y—T) =a, 14) arcsinxarcsiny=?—2,
x4y= 2arcsm? {arcsinx +arccos y=0;
15) {W/E——x—\/g—_x=w/§, 16) {\/x+\/y——-\/x—\/§=],
Vo —x+~y—x=+ly; VE—y+VF+y=1.

9. Pewiene HepaBeHCTB ¢ ABYMSA nepeMeHHbiMH. JluHua T
F (x y)=0 DeNHT IJIOCKOCTh Ha HECKOJbKO o6JjacTed,, BHYTPH KaxX-
noii u3 Kotopuix F(x, y) coxpaHsieT 3HaK — B HEKOTOPBHIX H3 3THX
o6sactefi BbinoJiHseTcsl HepaBeHcTBO F (x, y)>>0, a B oCTaJbHHIX
HepaBeHCTBO F (x, y)<<0. TlosToMy, uTOGH pelIHTb HepaBeHCTBO
F(x, y)>0, napo cHavana wu3o6pas3utb Junuio I': F(x, y)=0 u
B KaXKJloif H3 o6JacTedf, HAa KOTOphle OHAa J€JHT IJIOCKOCTb, BHIGPATh
npo6HyIo Touky. 3HaK, KOTOpHIfi NpHHHMaeT F B 3Toff ToOuke, OHa NPH-
HUMaeT H Bo BcedA o6nactu. Ilocse 3toro ocraercs oroGpaTth 06-
JacTH, B KOTOpbiX F mnosoxutenabHo. [IpHcoenunsass Kk nonyuyeHHoOMy
pelueHHio camy JuHuio I', nonryuaem peienne HepaBeHncTBa F (x, y) = 0.

[Tpumep 1. PemuuM HepaBeHCTBO

P —4x+4y’+6y—12>0. (1)

Pemenue. Bopenss noiublfi KBajpar, nojyyaem:

(x—2+(y+3)*>25.

YpaBuenne (x—2)°+4(y+3)’=25 3aaeT OKPyKHOCTb C LEHT-
pom A (2; —3) u paauycom 5. B kauecTBe Npo6GHO# TOUKH Ast BHyT-
peHHe#i obaactH BhIGHpaeM ueHTp A (2; —3) Tak xak (2—2)*4
+(—3+3=0<25, 10 BO BHYTpEHHeli 06/aCTH JaHHOe He-

PaBEeHCTBO He BuNOJAHAETCA. Bo BiiemHel o6aacTi BGHpaeM npo6HYIo
Touky B (8; —3). Hdaa nee umeeM (8 —2)*4(—3+43°=36>25.
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Orcioga cjeayer, u4to BO BHellHeH
00/1aCTH  BHIMOJIHAETCA HEPaBEHCTBO
(1). Pemenne n3o6paxkeHo Ha PHCYH-
ke 58. Ha pucynke 59 u3o6paxeHno

pelleHHe HepaBeHCTBa
2 —dx+y’+6y—120 77 24%%
(soo61lle, MBI YepTHM CIIOIUHYIO JIH- A &= | Y1 7
HHIO, €CJH TpaHHUA MpPHHANJEXHT 7 7
pacCMaTpHBaeMOMY MHOXECTBY, H z
IUTPHXOBYIO JIHHHIO B TNPOTHBHOM 7
ciaydae). : 4
ITpumep 2. Pelunm HepaBenctBo 4
A

P +y*—4) (PP +y*—16)<<0. (2)

Pemenue Ilockoabky npous-
BeJleHHe paBHO HYJIO JIHIIb B cjyd4ae,
Korja Xotsi 6bl ORHH H3 MHOXHTeJefl paBeH HYJIO, ypaBHEHHe

(+y*—4) (¥ +4*—16)=0
3ajlaeT JIHHHIO, pacnajaloulylocsi Ha JB€ OKPYXHOCTH x’-+y’=4 H
£ 4y*=16 (puc. 60). OHH AeAsT MIOCKOCTb Ha TPH yactd. C no-
MOILBIO MeTOfAa MPOGHHIX TO4EK YCTaHaBJHBaeM, 4YTO HepPaBEHCTBO
(2) BuIMONHSIETCSA B KOJIbIIE, OTPAHHYEHHOM 3THMH OKPYXXHOCTSIMH (3Ta
0o6J1acTh 3alITPHXOBAaHA).
Hdas rpaduueckoro u3o6paxkeHHsi pellICHHs] CHCTEMbl HEPaBEHCTB

{F(x, y)>0,
D (x, y)>0

Haxo[sIT CHavyajla MHOXeCTBO X, TOUEK INIOCKOCTH, Ha KOTOpPOM BbhI-
NOJIHAETCA NEepBO€ HEPaBE€HCTBO, IOTOM MHOXKECTBO X2 Touek

N

N

N

N
NANN

/.

N
NN
WANN

/]
7
%Y. v
YA XX

Puc. 58

NNNNR

LG9 VAY‘/Z’/’ AN KT |
UALAD G L1 G LA LY,
VAN VAN A AT 29.Y.
VAV AN ] SUULAA Y
VAN AN A AN A AN A A
LAY, XA NN UUUAUAL LA U777,
LA LAY Y L4447 K
VA A a VA X Wi G9YY -
9% A GALY, w497
A2=3) Y 1/ o9, YATA L
4 YA LAY 0 2V 4] 1x
LAY LV 7777l
7 YA A W\ Z %77, VY A
7. A4 ””//,/ - 4%/ // ////éW
G147 AN GO GOLL LY
GOLHALLY, VAN LI GLHUY7.
LA DELLALANY GO,
GBULL L DOLL L ALAUN % wnY7
AN AN AN A A [ ]
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IVIOCKOCTH, TJe BbIMONHSAETCS BTOpPOE HEPaBEHCTBO, H, HaKOHell,
GepyT nepeceyeHHe 3THX MHOXKECTB (T. €. HX OOLLYyIO 4acThb).
[Tpumep 3. U3o6pasuM rpagpuuecku peiieHHe CHCTEMbl He-

paBeHCTB

{x+y+l>0
4 < 25.

Peumwenne. HepaBenctBo x+y+1=>0 nepenHiieM B BHIE
y=—x—1. SIcHO, 4TO OHO BHINMOJNIHAIETCH HAa NPAMOA y= —x——l

H B TOUKAX, JeXallHx Buile 317oi npsiMoii. Hepaseuncrso xe x% 4y <<
< 25 BHIMOJIHACTCA HA OKPYKHOCTH PafiHyCcoOM 5 ¢ LIEHTPOM B Hayaje
KOOpAMHAT H BHYTPH Hee. O61iasi 4acTb 3THX MHOXECTB 3alUTPHXO-

BaHa Ha pHCyHKe 61.
IIpumep 4. H306pasum rpadpHyeckH pellieHHe CHCTEMhl He-

paBeHCTB
3x+2y=>
Br4+2< 12
x+4y=— 2
x+4y<<24.

Pemenmne Kaxnoe us 3aganHulx HepaBeHCTB H306paKkaercs
NOJIyIVIOCKOCTBIO, PHYEM IPaHHYHBIE NPSIMble IEPBOA H BTOPO# MoJy-
IJIOCKOCTeH mapaJjviesibHbl, PpaBHO KaK H rpaHHYHbe NpPSMbIe TPeTbe
H YeTBepToOf noaymiockocreii. B naHHoM caydae o6uiedf yacTbio Bcex
yeThpex MOJIYIIOCKOCTEH siBJsieTcs1 mapaJJenorpamMM (puc. 62). Pe-
KOMEeHJlyeM YHTaTe/Ni0 pa3o6paTb, KakHe 06JacTH 3a[alOT CHCTEMHI,
nojyyaemMble H3 3aJaHHOH BCEBO3MOXHBIMH H3MEHEHHSIMH 3HAKOB
HEepaBEHCTB Ha IPOTHBOMOJIOXKHbIE (BCEro MOJy4YHTCA 9 pas3HYHBIX
obJsacref).

HHorna GuiBaer yno6Ho pa3GuTb 06/1aCTh Ha 4acCTH, 3aJaThb KaX-
Ayl0 H3 HHX HEpaBEHCTBOM HJIH CHCTEMOHR HepaBeHCTB, a NOTOM 006b-

€AHHHTb 3TH 4acCTH.

]| EEE I
N
] %% ]
A 7 P
VA
UULILNY, %
X Vo ~ 2,
VAOL AV = oV
54 4%, X X
VA A
Y -
\ \
A
Puc. 62

Puc. 61
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| 7///// y=9(x)
7 %/////{////% y=p(x)
///”////////ﬂ X O a 6%

[Ipumep 5 3amagum c noMouIbi0 HEpPaBEHCTB 061acTb, H306-
pa’KeHHYIO Ha pHCyHKe 63.

Pemenne 3Ira o61acTb COCTOHT H3 KBaZipaTa H 4eThipex Mo-
JyKpyroB. Jlerko npoBepHTb, 4TO KBaJpaT 3afaeTcsi CHCTEMOA He-
paBeHCTB

x+y+6=0,
x—y—6<0,
x—y+6=0,

a MNOJNYKPYrd — COOTBETCTBEHHO HEpABEHCTBAMH

{x+y—6<&

{(x—3)2+(y~—3)2<9, {(x+3)2+(y+3)2<9,

x+y—6=0; x+y+6<0;

{(x—3)2+(y+3)2<9, {(x+3)"’+(y—3)’<9,
x—y—6=>0; x—y+6<0.

Bo MHorux cayuasax 6niBaer yno6HO 3ajaBaTh 06JacTH CHCTEMO
HepaBEeHCTB BHAA

{a<x<b, 3)
Q<Y< (v
WIH BHAA
{c<y<d, (3',)
P (<x<P(y).

Cucrema (3) ykasniBaer, BO-NepBbX, FPaHHUH a H b HM3MeHEHHs
X, a OAs KaXKIOro x, Jiexkailero Mexay a H b,— rpaHHubsl H3MeHe-
HHsl y (puc. 64). AHaJOTHYHBI CMBICJ HMEeT CHCTeMa HepaBeHCTB
(3’). NHoraa mpuxoAMTCA NpeaBapHTENbHO pa3GuBaTh 06JacTb Ha
YacTH M 3ajJaBaTh HepaBeHcTBaMH BHAa (3) wam (3’) kKaxnaywo
H3 3THX 4Yacred.
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Puc. 65

[Tpumep 6. 3anumem c no-
MOLIbI0O CHCTeMbl HepaBeHCTB BHIA
(3) o6nacTb, 3ajaHHYI0 CHCTEMOH He-
paBeHCTB

{y<2x+9,
y=202—2x—1.

Pemenune. ChHauana Ha#igeM
TOYKH MepeceuyeHHsl MpsiMol y=2x-+49
M napaboan y=2x>—2x—7. Mas
3TOro pellHM CHCTEMY ypaBHEeHHH

y=2x+9,
{ y=22—2x—17.

Haxoaum A, (—2; 5) u A2 (4; 17). U3
pucyHka 65 BHOHM, 4YTO 3Ha4yeHHS X
H3MEeHAITCA oT —2 10 4, —2<Cx 4.
ITpu 3apanHOM 3HaueHHH x 3HAUEHHE Y
Mensierca ot 2x2—2x—7 po 2x+9
(or mapa6Gosan no npsimoit). IlosTomy
JaHHasa o06JacTb 3afaeTcsi CHCTEMOH
HepaBeHCTB

{ —22<x<4,
2t =2 —T<y<<2x+9.

IMMpumep 7. 3anaguM cHcremoil HepaBeHCTB BHAA (3) Kpyr
paauyca 6 ¢ uentpoM B Touke A (—4; 3).
PemeHnHne YpaBHeHHe rpaHHUB 3TOrO Kpyra HMeeT BHI:

(x+4)+(y—3y=36.

Orciofia HaXO4HM:

y—3=

H TOTOMY

YpaBHeHHe

+/36—(x+4),

y=3+36—(x+4)>%.

y=3—/36—(x+4)’

3ajlaeT HHXKHIOIO NMOJYOKPYXXHOCTb, a YpaBHEHHe

y=3++/36—(x+4)

BEPXHIOI0 MOJIyOKPY>KHOCTb. Tak KaK, KpOMe TOro, siCHO, YTO X H3-
meHsieTcss or — 10 A0 2, moayyaeM CHCTeMy HEpPaBeHCTB

{—10<x<2,

3— V36— (x+ AP <y<3+36—(x 4"
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299.

301.

302.

308.

304.

YnpaxHeHusn

Bullep'm're o6J1acTH, 3aJlaHHbIE CHCTEMaMH HEpaBEHCTB:

1) [ —6<x<?, 2){0<y<4,
%_1<y<2_x; y<x<10—y;

3) [ 1<x<3, 4 [ 0<<x<3,
P<y<x+9; 0<y<V25—x".

. 3anafite HepaBeHCTBaMH:

1) Tpeyroabuuk c Bepwuxamu O (0; 0), A(1; 0), B(1; 1)

2) tpaneunio ¢ Bepumnamu O (0; 0), A(2; 0), B(1; 1), C(0; 1);

3) napaanenorpamm c Bepumsamu A (1; 2), B(2; 4), C(2; 7), D(1; 5);

4) kpyroBoit cekrop AOB c uentpom O (0; 0) m kouumamu ayra A(l; 1) u
B(—1; 1)

5) napaGonnvecknii cermenr AOB, O (0; 0), orpannueHHn#i Ayrofi napaGoan
AOB u xopnoii, coenunsioweit Toukn A (—1; 2) u B(1; 2).

O6nactp D 3ajaHa HepaBEHCTBOM HJIH CHCTeMOH HepaBencTB. 3ajaiite ee CH-
cTeMofi HepaBeHCTB BHAa (3):

1) x20, y=0, x+9>=y"; 2) P+4¢°<d% 3) £®+4*<x;
4) y=x, 221, y<—1; 5) fy<xa<y+4,
0<<y<2.

O6aactb D 3amaHa cHcremoil HepaBeHctB BHAa (3). 3apafite ee cucTemo#
HepaBeHCTB BHAa (3'):
1) [0<<x<4, 2) fo<x<], 3) [o<x<],

<<y 12x; <L y<3x; A=<yl —x;
4) [ o<x<],

2
x
3<y< V3—x~.

YnpaxHennsn kK § 2

Peliiute CHCTEMH ypaBHEHHH:

1) } 3x—4y+52=18, 2) | 2245=3x,
2x+4y—32=26, x+6y+4z2=10,
x—6y+82=0; 8y—5x+2=0;

3) J x+2y+2+7=0, 4) | x+y+2=F6,
2x+y—2z—1=0, +y—2z=1,
3Ix—y+22—-2=0; 3x—y+z=4.

) (x+y+z=14, 2) ¢x+2—2+2t=10, 3) cxi+x2+x3+x=36,
x+y+it=10, 3x-—-y+22+6t=19, x|+x2—x3—x4=24,
y+z+t=15, 2x+8y—3z-+5¢t=3l, X1 — X4 x3—x4=12,
x+z+t=12; 4x+y+122—3t=40; x; —x2—x34x4=0.

'T. e.] x>0,

y=0,
x+92=y.
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305. 1) { (x—y) (P —y")=

2) {(x’+1)(y2+1)=10,

4y (P +y)= (x+y) (y—1)=3;
3) { PPty ty=13, g XS5
2y (5 4 y’)=468; .Y, 2
x*—y*=3.
6. 1) (24 2=, D (Fai—seoamo ylutrty=i,
4y gy 2x+43y=>5; £y + xy® =30.
- =0)1;
x—y x+y
307. 1) {x—y=802, 2) {w/x+y—w/x—y=a,
Vr+Vy=4a; VE+ g+ =y =a?;
3) x=a~x+y+z
y=b-x+y+z
z2=c+x+y+2 a=0, b=0, c=0
308. ){w/x+v;+v V=2 2 {'\/x+1/.17—1/x—\/§=1,
y+Vr—Vy Ve =g+ Fy=1;
3){ vz+w;=341,
xy+yVx=330
309. 1) x¥ =243, 2) { x—7x+l2
1 2
1024#—(%) x+y=6.
810. 1) {82"+‘=32-2"’"', 2) { —40
5.5 Y=/ FT, x
311. 1) J log, x+log, y= 5— 2) '°ngg'"—”‘"";1
lg(x )
Hy=0% lg(y“)
(g — 12 =1, 9999* ”*‘>" oo,
RV
313. 1) {yx‘°g~”=x2ﬁ 2) {xlogzylogﬂ =y+y (1—log: 2),
logs y log, (y—3x)=1 log,s 2 log gx=1.
log, x log, (xyz)=48, 5
314D { log, y loga (xy2z)=12, 2) {logﬂx+l°gx ¥y=3>
loga z log, (xy2) =84, a>0, as=1; x+y=d’+a.
315. 1) {(logax+log.,y 2)logisa=1, 2) {lg2 x+igty=251g*a®
xy=a?, a>0.

x+y=20a, a>0, as=1;
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317.

318.

319.

320.

321.

322.

323.

324.

1) {sinxsiny=—%, 2) {tgx—tg2y=1,

3 _4
€0s x €S Y= tg (x—2y)= 3"

) I2x—yI<2, 2) ) Ix+241<2,
4x43y>1, lyl <1,
x| <3; 2x—y=0.

. 3
1) { sin x>%, 2) { sin x>%,
3
cmx;—%—; cos x>%-

1) ( sin xcos y=>b, 2) ( sin xcos y=a,
x—y=8; cos x sin y=a.

1) { x+ay+a’z=a’ 2) (x+ay+a’z+d’t=a’
x+by+b22=">% x+by+b2z+ b3t=">",
x4cy+cFz=c’; x+cy+cfz+ctt=ct,

x+dy+d*z+dit=d".
1

) (y+2°—r=a, 2) (r+y+; =a+7,
(z+x?—y*=b,
ety —22=c x— y+—+—y-— +—

Hao6pasute Ha KOOPAHHATHOM IJIOCKOCTH MHOMXECTBO PelICHHH CHCTEMb Hepa-

BEHCTB H HafiinTe MJOIlajb NOJNy4eHHOA (QHIryphHl:

242 <4, 2) [ 4y <4x,
y=2lx|—1; {xy>4;
3) [P+ <16, 4) [(FP+P<—
{w<n LH+M<2

JlBa ToBapHina, HMesi OLHH BeJIOCHNeJ, OJHOBPEMEHHO HANMPABHJIHCb H3 MyHK-
Ta A B nyHKT B; nepBuii H3 HHX noexaj Ha BeJIOCHMeAe, a BTOpofi nmolea
newkoM. Ha HekoropoM paccTosiHHH OT A mepBHA OCTaBHJ BeJOCHNEA H MOLIEN
no B nemkom. Bropo#l, nofina no Benocunena, moexasa najibue Ha HeM. OGa
ToBapHmla NpHOHH B B oxnnoBpemenHo. Ha o6parHom nytH 3 B B A oHU
NOCTYMHJIH TOYHO TaK e, TOJBKO MEpBHIl TOBAapHIN NpoexaJ Ha BeJOCHMENC
Ha 1 km Oosblze, 9eM B NMEPBHA pa3, M3-3a 3TOTO BTOPO# TOBAapHLL NMpHeXa.
B A Ha 2] MHH nosxe, 4eM TyAa npuules nepBufi. OmpexejHTb CKOPOCTh
XOAbOH KaXIOro H3 TOBapHulefl, eclH Ha BeJOCHNENE OHH €XaJH C OAHOH H
TOH e CKOpocTbio, paBHo#t 20 kM/u, a npH XonabGe nepBHA 3aTpauHBaJ Ha
KaX/Hi KHJIOMETP HAa 3 MHH MeHbllle, 4eM BTOPOi.

IIkoAbHHK 3aTPaTHJ HEKOTOPYID CyMMYy JeHer Ha MOKynKy mnoprdens, aBro-
pyukH H kHHrdH. Ecau 66 moprenb croua B 5 pa3 jewieBje, aBTopydykKa —
B 2 pasa fopoxe, a KHHra — B 2,5 pa3a Jewesjie, TO Ta e MOKyNKa CTOHJAA
60 8 p. Ecin 66l Mo CcpaBHEHHIO C TIEPBOHAYaJIbHOA CTOMMOCTBIO moptdhenn
CTOMJ B 2 pa3a JeuwleBje, KHMra — B 3 pasa JellleBJe, aBTOpy4ka — B 4 pa3sa
JelleBse, TO 3a Ty XKe MOKYNKy WKOJAbHHK ynaatHa 6H 12 p. CKOJAbKO CTOHT
NOKynKa H 3a 4to 6bI0 ynjiauyeHO Goabilie: 3a NOprdesnb HAH 3a aBTOPY4YKY?



Frnasa X
KOMMMNEKCHLIE YMCIIA M ONEPALIMM HALQL HUMU

§ 1. KOMNNEKCHBIE YMCHIA B ANIFEBPAMYECKOR ®OPME

1. Beeaenne. 1o cHx nop Ml pacCMaTpPHBAJIH JIHIIb AEACTBHTE/b-
Hole yHcjaa. C MOMOIILIO NMOJIOKHTENbHHX AEACTBHTENbHBIX 4YHCEN
MOXKHO BHIPA3HTb Pe3yJIbTar JI0G0ro H3MEpPEeHHSs, a C MOMOLIBIO TIPOH3-
BOJIbHEIX JEHACTBHTEeJbHBIX 4YHCeJ — H3MEHeHHe JII060A BeJNHYHHHL.
ApudmMerHueckne onepauHH (CJOXKeHHe, BLIYHTAHHE, YMHOXEHHE H
JeJieHHe Ha YHCJIO, OTJHYHOE OT HyJs1) HaJ ReHCTBHTENbHHIMH YHCJIA-
MH CHOBa aIOT AeACTBHTe/NbHbIe yHcaa. OTclona ciefyeT, B 4aCTHOCTH,
YTO palHOHaJbHasA (PyHKUMSA C AEHCTBHTEAbHHIMH KO3((HIHEHTAMH
NpHHHUMaeT AeACTBHTEJNbHBE 3HAUEHHS NPH BceX AEHCTBHTENbHBIX
3HaYeHHSIX apryMeHTa, AJisl KOTOpPHIX OHa ompejesieHa.

Onepauus Ke H3BJeYEHHS] KBaJPaTHOro KOPHS oOmnpelesieHa He
/sl BCeX AEACTBHTENbHHIX YHCE], a JIHIIb A5 HeOTPHUATEeNbHHX —
H3 OTPHIATEJLHOTO YHCJAA Kaanpamuﬁ KOpeHb H3BJeYb Heab3si. [lo-
STOMY B TEOPHH KBaJApaTHBIX ypaBHEeHH# NPHXOAHTCH paccma'rpnsa'rb
Tpu cayuasi: ecan D=b>—4ac>0, 10 ypaBHenne ax’+bx+4c=0
HMeeT [iBa pa3/HYHHIX AeACTBHTe/IbHBIX KOpHSA, nipH D =0 oHO HMeeT
JIM1Ub OiHH AeACTBHTENbHLIH KOpeHb (BTOPOX KPaTHOCTH), a npu D <0
3TO ypaBHeHHe [JeHCTBHTEJIbHBIX KOPHEH He HMeerT.

Psajx BonmpocoB, BO3HHKIUHX NMPH pelleHHH ypaBHEHHH TpeTbed H
YeTBEPTOA CTeneHel, NPHBEJ MaTEMaTHKOB K HEOGXONMMOCTH pacCIIH-
PHTb MHOXECTBO nencmmenbuux 4YHCeJl, NPHCOENHHHB K HeMy HOBOE
YHCJIO i, TaKoe, 4To = —1. Hocxo.nbxy NeACTBHTENbHLIX YHCEN C
TaKHM CBOACTBOM He CYIHECTBYET, HOBO€ YHCJIO HAa3BaJH «MHHMOH
eAMHHLEA» — OHO He BbIPaXaJio HH Pe3yAbTaTOB H3MEPEHHS BEJHYHH,
HH H3MeHeHHH 3THX BesnunH. Ho Bkiouense uyHcaa i morpe6oBaJjo
JaJbHeflIero paclIHPEHHsI MHOXKECTBA YHCEJA — MPHIIJIOCH BBECTH
NPOH3BeICHHSA 3TOrO YHCJa Ha BCe JeHCTBHTE/bHBIE YHCIIA, T. €. YHCIa
BHAA bi, rie bER, a TakxKe CyMMhl AEHCTBHTE/NbHBIX YHCEJ H TaKHX
Npou3BeA€HUH, T. €. uncaa BuAa a-bi, rae a, b€R. INonyunBmmuecs
NpPH 3TOM YHCJA GblIH Ha3BaHBl KOMIVIEKCHBIMH, TaK KakK OHH COAep-
JKaJH KaK JeACTBHTEJbHYIO 4aCTh 4, TaK H YHCTO MHHMYIO 4acTb bi.

[TockoqbKy BhipakeHHe a-+bi HalOMHHaeT MHOro4ieH NepBOH
cTeneHy ot i (c Toi cyllecTBeHHOH pa3HHLEH, UTO i He ABJsETCA Nepe-
MeHHO# ), MaTeMaTHKH XV Beka npoH3BOAW/IH onepaiHy HaJd TaKUMH
BHPa KCHHSAMH 110 TEM XKe MPaBHJIaM, 4T0 H Hall MHOTOWIEHAMH, NpH-
YeM KOrja Y HHX NMOSIBJSJIOCH BHIpaXKEHHe i%, ero 3aMeHsiii Ha — 1.
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Hanpumep, CyMMy H NMpOH3BelleHHe KOMIWIEKCHBIX YHCEJ Onpenesiid
ceyIOIHM 06pa3oM:

(a+bi)+(c+di)=(a+c)+(b+4d) i, (1)
(a+ bi) (c+di)=ac+ adi+ bci+ bdi® =
=(ac—bd)+(ad +bc) . (2)

YacTHoe ABYX MHOroO4J€HOB nepaoﬁ CTEeNeHH He BbipaXxaeTrcs,
Boobiie roBopsi, B BHA€ MHOTrowieHa. Ho mns KoMmiekCHhIX 4Hces
yacTHOE CHOBA BbIPpAaX>KaeTCHA B BUAE KOMIVIEKCHOTI'O XKe 4YHCJIa. HmeHHo,

a+bi_(a+bi)(c—di)__(ac+bd)+(bc—ad)i _

c+di  (c+di)(c—di) E—d¥?

._(ac+bd)+(bc—ad)i _ac+bd , bc—ad .

== = T L 3
4 d? E4+d? A 4-d?

Us dopmysnl (2) BHITEKAET, 4TO

1 = -l"‘(—l)‘_‘_l
it =i i=(—pi=—i=—(=1)=1,
P=iti=1-i=i
Boo6iie,
l.4,,+k=(i4)n.ik___ln.ik-_—ik.

Hanpuwmep,
-64 +3 4 16+3

== —i

PagencrBa (1), (2), (3) uMmeloT noka yto Julb GopMaJbHHA Xa-
pakrep. Ilpu naJjbHeftlieM aHa/iH3e NOHATHS KOMIWIEKCHOTO YHCJa
BO3HHKJIH CJ€yIOliHe BOMPOCH:

a) MoxHo JH ynorpe6asATh B 3allHCH KOMIVIEKCHRIX YHCEJN onepa-
UHH CJOXKEHHA H YMHOXEHHS A0 TOro, KaKk OHH MOJY4YaioT onpeje-
JIeHHS?

6) sIBnsiercsi M i eIHHCTBEHHBIM KOMILIEKCHHIM YHCJIOM, KBaJpaT
KoToporo paBeH —1?

B) JIOCTaTOYHO JIH KOMIIEKCHHIX YHCeJ JJIA 3alHCH KOpHeH Jo-
GLIX ypaBHEHHHA C KOMIUIEKCHBIMH Ko3¢¢uuueHramu? (IIpu orpHua-
TeJbHOM OTBeTe Ha 3TOT BONPOC NPHILIOCL 6bl Aajee pacUIHPATH
NoJy4ueHHOe YHCJIOBOE MHOXKECTBO.)

U HakoHel, nmocieaHu#, HO NMepBbliii MO BaXXHOCTH BONPOC:

r) Kakue npakTHueckHe NPHJIOXKEHHSI MOXKET HMETb TEOPHSI KOMII-
JIEKCHHIX YHCeJ?

B 3T10#i rnaBe Munl pa36epeM yka3aHHble BONPOCHI.

YnpaxHeHHn

325. Bunonnute AefACTBHA HaZ KOMIVIEKCHHIMH YHCJIAMH:

3,0\ (1 ,,1) . N
(2248 1) ((F+150): D 1LB+026))—(=210)+060)
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3) 2V3—4i2)—(+27—i+/3D) " +T ;

1 1) L 1))

(“‘)‘L(““){(?‘Tn‘) ‘rr?))v
5) (4430)-0,2); 6) (—2—3i)(—1,(4): 7) (—3,5) (—4,5);

8) (140)(1—i); 9) (V3—i) (V3+i); 10) (1—+3) (3+6i);

1) ( \/:—W/:t (14+22; 12) w/EIT(————);

13) @+5iF B—i) 14) 340 15) (1427 (1 —20%
16) 2+ +@—i); 17) o127, 218 ;736

2. OnpeaeseHne KOMIIEKCHBIX 4YHce W onepaumii Haa Humu. He-
SICHOCTH, CBSI3aHHBIE C MIpeXXAeBpEeMEHHBIM ynoTpe6GeHHEM 3HAKOB CJIO-
JKEHHSl H YMHOJXXEHHsl, YCTPaHAIOTCA BecbMa npocto. Beap B 3amucH
a-- bi Hac HHTepeCyIOT JHIIb JEeACTBHTEJbHBIE UHCIa @ H b, HayuiHe
B onpeaeneHHoM nopsifike. [TostoMy BBeieM caenyiollee onpeaesieHHe:

Onpedenenue. KomnaekcHoim 4ucaom z Ha3LIBAIOT Napy
(a; b) nefcTBHTENbHBIX YHCEN @ M b, B3ATHX B ONpele/ieHHOM NOPSiA-
ke. [IBe mapu (a; b) u (¢c; d) 3ajal0T OAHO U TO XKE& KOMILIEKCHOE
YHCJIO B TOM H TOJIKO B TOM CJIyuae, KOTAa OHH COBMAAaloT, T. €. Korja
a=c u b=d.

U3 3Toro onpeneneHus ciaenyer, uto OAHO paBeHCTBO (a; b)=(c; d)
/11 KOMIIEKCHBIX YHCeJ PaBHOCHJbHO ABYM paBeHCTBAM a=C H
b=d nna pehcrBuTeNbHHIX uHcea. Ecan z2=(a; b) — xoMmJjeKkcHoe
YHCJIO, TO @ Ha3blBalOT €ro AeHCTBUTEJNBHOH 4acTbio, a b — MHHMO#
yacTblo. [IpuHsaTH 0603HaueHHa a=Re 2z, b=Im z (ot PppaHuUy3CKHX
cnoB réele — meficTBHTeNbHREIE W imaginaire — MHuMBIA). UYucaa
(a; b), oA KOTOPHX b==0, HA3LIBAIOT MHUMbIMU 4UCAGMU, A YHCIA
Buaa (0; b), b%~0,— 4ucro Mrumbimu wucramu.

OnpenesHM Teneppb ONepauHH CJI0XKEHHS H YMHOXEHHSI KOMILIEKC-
HBIX yHcen (T. e. map (a; b)) B COOTBETCTBHH C «HaHBHBIMH» (pOpMY-
gamH (1) 1 (2) n. 1: ecaiu z=(a; b) » w=(c; d), T

24+ w=(a; b)+(c; d)=(a+c; b+d) )]

2w=(a; b)(c; d)=(ac—bd; ad+bc). @)

Hrak, MH BBeJH NMOHATHE KOMIUIEKCHOTO YHCJIA H ONpeAeHJH
AJisl 3THX YHCeJ ONEepPalHH CJIOXKEHHA H yMHOXeHHs. Tenepb MOXHO
nepeliTH K 3anHCH KOMILIEKCHBIX YHces B BHAe z=a- bi, 0 KoTopo#
FOBOPHJIOCH BHIiLE. [[Jis1 3TOr0 3aMeTHM ciepyloilee:

a) aas nap Buia (a; 0) onpeziesieHHble Bhillie ONEPALHH CJAOXKEHHS
H YMHOXXEHHS] CBOASITCH K COOTBETCTBYIOLUHM OMepalHsAM Haj AEeHCT-
BHTEJIbHbIMH YaCTsMH, T. €. HMEIOT MeCTO paBeHCTBa

(a; 0)4(c; 0)=(a+c; 0) 3)
(a; 0)(c; 0)=(ac; 0); “4)
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6) HMEIOT MECTO paBeHCTBa /
(b; 0)(0; 1)=(0; b) ’ (5)
(0; 1)+(0; 1)=(—1; 0). (6)

OTH yTBEepXKIeHHS HeNoCpeJCTBEHHO BhITeKaloT M3 dopmya (1)
u (2).

U3 yTBepxaeHHs a) caenyert, yTo napy (a; 0) MOXKHO KpaTKo 060-
3HayHThL Yepes a. Toraa pasencrBo (6) mpumer Bua: (0; 1)-(0; 1)=
= — 1. Hakoneii, 0603Hauum napy (0; 1) uepes i. B 3Tux o6o3Haue-
HHAX paBeHCTBO (5) mpuHHMaer BHA: bi=(0; b). [lockonbky (a; b)=
=(a; 0)4(0; b), To moayuaem, uto nmapy (a; b) MoXHO 0603HAYHTD
a-t bi:

(a; by=a+bi.

Tenepb yxe onmepauuH CJAOXKEHHA H YMHOXKEHHS B NpaBOd 4acTH
paBeHCTBA HMEIOT CMBICI.

B nanbHefimiem Mbl 6yaeM 3anHCHBaTh KOMILIEKCHBIE YHC/1a B BHIE
a+bi. ®opmyant (1) u (2) npuHUMAKT B 3THX 0GO3HAYEHHAX BHI,
yKa3aHHbIA yXe B I |

(a+bi)+(c+di)=(a+c)+(b+d)i (1)
(a+bi) (c+ di)=(ac — bd)+(ad +bc) i (2)

(3TO HeyAHBHTEJNLHO, NOCKOJLKY caMH ¢opMmyJnl (1) H (2) 6ulin BBe-
NeHbl Ha OCHOBe «HaHBHOTO» ONpeJe/ieHH ONepalHil CJIOXKEHHS H
YMHOJKEHHS) .

CBoficTBa onepauHf CJOXKEHHA H YMHOXEHHSl I KOMILIEKCHBIX
yHceN TaKHe XKe, KaK H AJA JeHCTBHTEJbHHIX: HMEIOT MECTO TOX-
JeCTBEHHhle pPaBeHCTBA:

1) z24+w=w+2, l’) zw=wz,
2) +w)t+t=z+(w+1), 27) (zw)t—z(wt)
3) 24+ 0=2, 3) 2
a TaKXe PaBeHCTBO
4) 2(w+t)y=zw+2t.

KpoMe Toro, kaxmoe KOMIUIEKCHOe YHCIO Z2=a- bi HMeeT NPOTH-
BOMNOJIOXKHOE €My YHCJIO —2, a HMeHHo —z=—a—bi. B camoMm
Aeue,

’

(@4 bi)+(— a— bi)=(a— a)+(b—b) i=0.

Hakonen, ka)xJ0e OTJAHYHOE OT HYJISl KOMIJIEKCHOE YHCJIO 2 HMeeT
o6paTHOe €My 4HCJIO, T. €. TAKOEe YHCJIO W, YTO 2w = 1. JleficTBHTEb-
HO, 6yleM HCKaTb YHCJIO @w B BHAe w=x-}yi. PaBeHcTBO 2w31.
npHHHMaeT npu 3ToM BHA (a+ bi) (x+yi)=1, 1. e.

(ax—by)+(bx+ay)i=1. (7)
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Ho koMIieKCHBIE YHC/1a paBHH B TOM H TOJIBKO B TOM CJydae, KOraa
y HHX OJIHHAKOBHI KaK HX JefACTBHTEJIbHbIE YaCTH, TaK H MHHMbIE YacCTH.
[TosToMy M3 paBeHcTBa (7) mojiyyaeM ABa ypaBHeHHS JJISl OThICKaHHSA

XHy:
{ax—by=l,
bx+ay=0.

a _—b

YR AT
a‘+b a‘+b

2 | 12

(npu 3ToM a°+ b°+0, Tak KaK YHCJO 2z MpeAnosiaraercs OTJIHYHBIM

OT HyJIfl, a CJefioBaTe/IbHO, XOTSl G OAHO W3 YHcea a, b oTaMYHO OT

HyJif1) .

Mu n0kasanu, uro ecam z=a- bi, T0

Pemas 3Ty cHcTeMy ypaBHeHH#, MoJyuyaeM, UTo X =

= ——
2z a*4b  a 4

Hrak, Bce 9 OCHOBHHX CBOWCTB OMEpPaunHil CAOKEHHA H YMHOXe-
HUA JeACTBHTE/IbHLHIX YHCEJ, HAa KOTOPHIX OCHOBaHa aJire6pa, BepHH H
AJsl KOMIIEKCHHIX yncen. OTciofia cienyer, 4To Jio6oe ajare6panyec-
KO€ TOXJECTBO OCTaeTCsl ClipaBeMJIHBHIM H B KOMILUIEKCHOH 06GNacTH.
HanpuMep, A/ KOMIJIEKCHBIX YHCEJ 2 H W@ BepHH TOXAECTBa

(z+wf=22+22w+ v’
(24 ©) (z2—w)= 22— w?
HT A

Onepauml BbIYHTAHHA H JAEJIEHHA KOMIUIEKCHBIX YHCEJ ollipeaens-
IOTCA paBE€HCTBaAMH

z2—w=z+4(—w)
H
iw=z-l—, ws0.
H3 3Tux paBeHCTB BHITEKaeT, YTO
(@a+bi)—(c+di)=(a—c)+(b—d)i
H
a+bt . d_N\N_
T =t b —=(at b))

_@actbd |, bc—ad i
24 d? RN

4To coBnajgaer ¢ ¢popmyJoit (3) n. 1. Ha npaki ke BMeCTO NoJy4eHHOH
(opMyaHl HCMOJNB3YIOT YKa3aHHLIA B N. | MpHEM: YMHOXAIOT YHCJIH-
a+bi

o di Ha ¢c—di.

TeJlb H 3HaAMe€HaTelb I.IPOGH
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YnpakHenns
326. Haiinure nmeficTBHTe/bHBE YHCIAa X M Y TaK, YTOGH BHIOJHAJNHCH PaBEHCTBaA:

1) %—4i+4=3i———)77+2y; 9) (I+ipe+(1 —iy=3—i;
3) 243)x+(2—3)(x+y)=T7—8i.
327. Hafinure HeficTBHTe/bHHE YHCAA X H Yy, TaKHe, UTO
(2x—3yi) (2x+ 3yi)+ xi=97 4 2i.

328. Buiuncaure BHpaXeHHA:

342 34i 1—2 V3—i |
D 75D sitagy 3)(1+2) Yo
y —Y3+iV8. 6 232 . 7 avyb+b+ai 8) (1-;'\/5)2.
I—i " 7 V246’ bva—avbi 7 /¢
L 2‘ . o - 4, n 41 n4-2 n+3.
9)(\/— .)»10) i+E4L4E 1) it iR

2+ 0 0

. - V 4=——27\/ 5
19y LEDA+D o 2 2 1 .
a+2F ) ) ’
4?4_‘ 1— llTi

3+l 2 . .

16) (6—0.2 v0i)-(V8i— Fsz+4)(
+5 (+/0,6i —/5,4i+2));
7y 2005+ VB (VT5—4) (B4 (1 =B)
(7+5+2) (V2i—ip
329. IMokaxwure, uto eci | +e+ =0, 10
(a+b+4c)(a+be+ ce?) (a+be® +ce)=a® + b3+ > —3abc.
330. Peiinte cucreMy JHHEHHHIX ypaBHEHH#
x+y+z=A4A,
{ x+ye+2e=B,
x+ye?+2e=C,

rae 1 +e+e2=0.

3. Conpsxennnie KoMnJeKcHbe YHcaa. BBesem cienyioiee onpe-
IeJIeHHe:

Onpedesrenue. J]IBa KOMIVIEKCHBIX YHMCJa Ha3bIBAIOTCH CO-
NPANCCHHOIMU, €CJIH OHH OTJIHMYAIOTCA JHIIb 3HAKOM MHHMOH 4acTH.

Yucsio, conpsizkeHHOe KOMIUIEKCHOMY 4YHCJY 2, 0603HA4aoT Z.

Takum o6pasoM, ecnn z=a-+bi, T0 Z=a—bi. Hanpumep 3} 4i =
=3—4i. fIcHo, 4TO 4HC/IO, CONMpPSI)KEHHOE YHCAY Z, PaBHO 2:

2=2.
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LIHCJIO, COl'lpiDKeHHOQ neﬂcmmenbﬂomy '-[PlCle a, coBnajaaetr Cc a, a
YHCJIO, CONpPSI)KEHHOE YHCTO MHHMOMY 4YHCAY bi, MPOTHBOMOJOXHO
eMmy: \
a=a, ac€R,
bi= —bi, bER.
IIOKa)KeM CJleIl}’lOlllHe y‘l‘Bep)KJ.leHHﬂ (o] COI’lpﬂ)KeHHle KOMILIEKCHH X
qyucaax:

Teopema 1. Yucao, conpaxernoe ¢ Cymmol KOMNAEKCHOIX ducean,
PABHO CYMMe HuceA, CONPANCCHHBIX CO CAA2ALMBIMU:

z+w=z+w.
HDokasarteabctBo. [lyetb z=a+bi, w=c+di. Toraa
2=a—bi, w=c—di, 1 noToMy
z+w =(a+bi)+(c+di)=(a+c)+(b+d)i=
=a+c—(b+d)i=(a—bi)+(c—di)=2+w.

Teopema 2. Jucro, conpancernnoe ¢ npoussederuem KOMNACKCHbLX
4ucen, pasHoO npPou3sedeHUI0 4ucen, CONPANCEHHLIX C MHONCUTENAMU:

w=z-w.
JHokaszateabcTBo. Ecun z=a+bi, w=c+di, 10 2w=
=(a+bi) (c +di)=(ac — bd)+(ad + bc) i=ac— bd — (ad + bc) i.
C apyro#t CTOPOHHI,
2- w=(a— bi) (c—di)=ac — bd —(ad+ bc) .

IMonyunan ogHHaKoOBBE Pe3yJLTAThl, YTO H JOKa3blBaeT Hallle yTBepXK-
JeHue.
Teopema 3. Ecau 25~0, To uucao, conpsaniernoe ¢ 4ucaom, o6par-
HOIM 2, 0O6pPATHO HUCAY, CONPANCCHHOMY C Z:
1L (1reliz=1:2).
2 2
Ho KasaTeanTBo U3 paBeHcTBa z-L=l no teopeme 2

cleflyeT, uTo z- —=T 1 Ho Torama ?—'—

r4
U3 noka3aHHbLIX yTBepXKIAEHHH BHTEKAIOT CJICACTBHS:
CnenctBne 1. Yucro, conpajxcennoe HATYPArbHOU CTeneHu KOM-
NAEKCHO20 HUCAQ, PABHO CTenerl C Tem e NoKa3aTesem 4ucaa, con-
PANCECHHO20 OAHHOMY:

2"=2"
3710 yTBepKACHHE BHITEKAeT H3 TeopeMul 2 H TOT0, YTO CTeNeHb — Mpo-
U3BeJleHHE PaBHBLIX MHOXHTEJeH.
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- Caencreue 2. Ecau samenurs 8 muozounene P (2) c komnaexcromu
Ko3(ppuyuentamu 3nauenue =29 Ha CONPAINCEHHOE 3HAUEHUe 2o,
a 8ce KOIPPuyuenToL — CONPANCCHRLIMU UM HUCAAMYU, TO 3HAYEHUE
MHO204NEHA 3AMEHUTCA HA CONPANCEHHOE.

Ecin _nonoxuts P (2)=42"+ 851 2"~ '+..4a u P(2)=
=@+ a1 2"+ .+ a0, TO yTBepXK/JeHHe 3aNnuChiBaeTcsi clie-

AyomuM o6pasom: P (2o)=P (2o).
a5 ero A0Ka3aTenbCTBa AOCTATOYHO 3aMETHTD, UTO B CHJIY TEOpEM
1 u 2w caenacTBusi 1| HMeeM:

P (z0=an2i+an_ 128~ +.. +ao anzbtan126~" +
+..taw=a.Z8+a._1 22" +... 4 a0=P (20).

[TockoabKy ReACTBHTe/bHBIE YHCJIA caMH ceGe COnpsixkKeHHl, TO H3
CJIeACTBHA 2 NoJyyaeM:

Crencreue 3. [Ipu samene 8 MHo204rene C OedlCTEUTEAbHLIMU
Ko3gpuyuenTamu 3HaUeHUR 2=2) HA CONPANCEHHOE HUCAO 2, 3Haue-
HUe MHOZOYACHA 3AMEHAETCA HA CONPANCEHHOE.

YTBepKeHHs, aHAJIOTHYHBIE CACACTBHAM 1, 2, 3, BepHH AJd JIO-
6bIX palHOHAJIbHBIX (DYHKUHH OT 2.

Teopema 4. Cymma u npoussedenue 08Yyx CONPANCEHHLIX KOMN-
NEKCHBLX 4UCeA ABAAIOTCA OeliCTBUTENbHOIMU HUCAAMU.

JdokasarteabcTso. Umeem:

z+§——(a+bi)-|-(a bi) 2a,
zz=(a+bi) (a—bi))=a’—b%’=a’ 4 b

YnpaXHeHHn

331. JloxaxHTe, 4TO eCiH CyMMa H NpOH3BeleHHe ABYX KOMIVIEKCHBHIX YHCeJs SBJA-
I0oTCS ACACTBHTEJbHBIMH YHCJAAMH, TO 3TH KOMIVIEKCHHIE YHCJA — B3aHMHO
COMpPsIKEHHHIE.

332. 1) Ipu kakux AeACTBHTEJbHHX 3HAUYEHHSX X M y KOMIUIEKCHHE uHcaa 5-4ixy,
x—+y-+4i 6ynyr conpsiKeHHHMH?

2) Ckonpko pemeHnfi Gyner HMeTb 3afada 332 (1), ecan He Tpe6oBaTh B ee
YC/IOBHH, 4TOGH x H y GHAH ReficTBHTENbHHMH? [IpHBeIHTE HECKOJBLKO PHMEPOB.
333. PasnoxHTe Ha MHOXHTEJNH BHIPaXKeHHS:

1) m®4n?% 2) 4a®+96% 3) x*+4x+13; 4) x2—6x+425.
334. Ynpocrute BHpaKeHHA:
1) (@+14i)@—1+0(@a—1—i)(a+1—ij
2) (x4+2—3i) (x—2+30) (x+1) (x—i);
3) (3b+4+45i)(3b+4—5i).
335. CocraBbTe KBaApaTHOE ypaBHEHHE C [eHCTBHTeJbHHIMH KO3pdHUHEHTaMH,
OHUM M3 KOpHeH KOTOPOro siBJIAETCH YHCJIO:

1) i; 2) 14i; 3) 2—i; 4) 142i+/3.

336. Hajinure KOMILIEKCHOE YHCJIO, PaBHOE KBaJpaTy CONPSKEHHOrO C HHM YHCJA.
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4. Hasiaeuenme KBaAPATHLHIX KOPHe#Hi H3 KOMNJEKCHLIX YHCEA H pe-
IIeHHe KBaAPaTHLIX ypaBHeHHA C KOMMJIEKCHBIMH xostMmuuemamu.
BeeneM caenyiorliee onpepesieHHe:

Onpedean enue Uncno w Ha3bBaerci K8adpaTHoIM KODHEM
U3 KOMNAEKCHO2O 4UCAG 2, €CJIH er0 KBaJpaT paBeH 2

w?=z.

KBanpaTHHii KOpeHb M3 2 0603HaualoT /2. Tak Kak paBeHCTBO

w?=0 BumoNHAETc AHmb NpH @ =0, To /0=0. TaknM o6pa3som,
u3 yHcaa 0 MOXKHO H3BJieub JIHIIb OJHH KBaJpaTHHA Kopenb. Ecin
W — KBaJpaTHbIH KOPEHb H3 YHCJIA 2, TO H — W ABJISAETCA KBaJAPaTHHIM

KopHeM H3 2: U3 w’=2z cnenyer (—w)’=2z. Mu nokaxem cefyac,
YTO KBaJipaTHHIX KOPHEH H3 z HHOrO BHJAA He CYyILeCTBYeT.

Teopema. ITycro z=a-}bi — orauunoe or Hyaa KomnaekcHoe
uucao. Toeda cywecTsyioT 08a 83aUMHO NPOTUBONOAONHLIX KOMN-
AEKCHBIX 4UCAa, K8aOpaTb. KOTOPLIX PABHLL 2, G UHbLX KBAOpaTHbLX
xoprell u3 z ne cywecrsyer. Ecau b0, To 3Tu 4ucaa suipaxarorca
dopmyaodi

w==[\/L 0 sign s\ L], ()

1, ecain b>0,
sign b=4 —1, ecan b<<0,
0, eciin b=0.

Mpu b=0, a>0 umeen: w=+-/a, a npu b=0, a<<0 umeen:
w==i+/lal.

JokasaTeabncTBoO. Hycrb w=u-+vi H w =2 Torpa
BHINOJHSAETCS paBeHCTBO (u-+vi¥=a-bi, 1. e. w’—v*+42uvi=
=a+ bi. Ho ABa KOMIIEKCHBIX YHCJIAa PaBHHl B TOM H TOJIbKO B TOM
cjyyae, KOrja COOTBETCTBEHHO PaBHhl HX AECHCTBHTEJbHble H MHHMble
yactd. [1oaToMy A/l OTBICKAHHSA ¥ M U NOJy4aeM CHCTEMY ypaBHeHHH
BTOPOH CTENeHH:

20e

u?—vi=a,
{2uv=b.

Eciu =0, To nn60o u=0, an6o v=0. [Ipu v--O umeeM u’=a,
W notomy a>0, u= +-/a. Ecan ke u=0, To —v’=a, H noTomy

a<<0, v=+-/lal. Pa36epem Teneps cayuaii, korna b=%0. B 3ToM

b
ciyyae u5<0, H M3 BTOPOTO YDABHEHHS HAXOAMM, YTO U=rg-.

IMoacrasass 3TO BHPaXkKeHHe B NIEPBOE yPaBHEHHE, NOJyyaeM ypaBHe-
HHe 4u'—4au?—b>=0. OHO uMeeT JHIIb f[Ba AHCTBHTEbHBIX
KOpHSI:

——\ [Ya+b ta = Va’+b'+a
uy = ——2— H Uyg— — ——2-—
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HepBomy 3HAUYEHHIO /I U4 COOTBETCTBYET 3HAYCHHE

‘ b b b -\/a’+_b’—a

V== =

2u1 NN V25"

a

b .
=_——=sign b, 3Ha4HT,

b
NN =AY
v =sign b\/ —-———“a+2b_a,

BTOpOMy 3HAYCHHIO ¥ COOTBETCTBYET NPOTHBOMOJIOKHOE 3HAYEHHE

s w.
Teopema nokasana.

Mpumep 1. Buuucaum /3—4i.
Pemenne. [lonoxkum B ¢Qopmyse (1) a=3, b=—4. Tak

KaK 3HaK 4ucia —4 OTpHLATEJNEH, TO

F i S\ [FECRS) oy

3ameuaHnHe B oranune or ciyuas KopHe#l M3 JNeACTBHTEJbHHX 4HCEeN MOZ
KOpHEM H3 KOMINVIEKCHOTO YHCJAa NMOHHMAIOTcsl o6a 3HauyeHHs, OTAHYAIOIHECS 3Ha-

H NOTOMY

kamMH. Takum o6pa3oM, B JaHHOM c.nyqae 3amHch /Z onpeAeasieT He OJHO, a BA YHCIA.
KBanparunie ypaBHenuss az’+bz+c¢=0, a0, ¢ KoMILIeKc-
HHIMH KO3((pHUHEHTaMH pellaloTcsa no ToH ke dopmyJte

_ —b:t\/b!—tiac
- 2a ’

4

4TO H ypaBHeHHSl C JAeACTBHTeNbHhIMH Ko3(dHuumenramu. (ITepen
KOPHEM MOXXHO Gbljio Gbl OCTABHTD JIHIIb 3HAK «IJIIOC», HO MH MHLIEM
o6a 3HaKa, YyToObl COXPAaHHTb BHJA paHee H3BEeCTHOH (POpMyJIHL.)
B uyacrHoCTH, Temepb MoXKeM pelIaTh H ypaBHEHHS C AeHCTBHTEJb-
HHIMH KO3((HIHEeHTaMH, HMeIOliHe OTPHUATEeJbHBIA JHCKPHMHHAHT.

Ip HMep 2. PeminM ypaBHeHHs:

1) x +4x+29=0;

2) 2z —(3+2t)z+61—0.

Pemenne [dasa ypaBHeHus |1 umeem:

x=—242—29= —2++/—25= —2+5i.

Ina ypaBHeHHSI 2 HMeeM:

3+2i:t:w/(3+2t'?—24i 3+21:t:\/9 4—12i 3+2t:t\/ —12i
) .

187

2=



ITo ¢opmyne (1) nonyuaem, yrto
VBT =\ s [EFCTT =5 o,

(6epeM JHIIbL OAHO 3HAYeHHe KOPHA), H NMOTOMY

3+42i+(3—2i)
=" =
2
3Haunr, 2,=3, z.=2i.
Popmyarvt Buera

b
21 +22=——,

2y e 2o ="

1 2= a

COXPAHSIIOT CHJIY H JIJifl YyDaBHEHHH ¢ KOMIJIEKCHHIMH KO3(ipHIIHEHTaMH.

Jlerko mpoBepHTb, 4TO 8 cCayuae, kozda Kodpguyuenrs. Kead-
PATHO20 YPABHEHUR ABAAIOTCA OCliCTBUTEALHOIMU YUCAAMU, €20 KOPHU
conpsaacenst. Opyz dpyeay.

YnpaxXHeHusn

337. Pewnte KBaapaTHbe ypaBHEHHS:
1) ®—2x+2=0; 2) x2+10x+50=0; 3) 9x2—12x+7=0;
4) x243=0.

338. BuuncaHTe KBaZipaTHHE KOPHH:
1) V=7—24;; 2) \24+70i; 3) \1+i+/3; 4) \24+i+2;
5) V=25, 6) \V—7.

339. Pewnrte kBajgpaTHbHle ypaBHeHHSA:

1) 22—(2+4i) 2+ 2i=0; 2) 22—(5+2i) 2+ 5+5i=0.

§ 2. TPUTOHOMETPHHMECKAR ®OPMA KOMIUIEKCHbLIX YMCEN

1. TeomeTpuueckoe H306paxeHHe KOMIJIEKCHBIX uMcea. Mul nanu
onpejie/iecHHe MOHSITHIO KOMIIIEKCHOTO YHCJ/IAa H HayYHJIHCh BLIMOJIHATD
HajJ KOMIUIEKCHHIMH YHCJaMH apH(MeTHUeCKHe NEHCTBHSA, a TaKxke
H3BJIEKaThb H3 HHX KBaJpaTHble KOPHH. TeM caMblM AaHbH OTBETH Ha
BomnpochH a) H 6) u3 n. 1 § 1. Kak Tam oTMeuanoch, OAHHM H3 BaXKHe#-
IIHX AABJSIETCS BONMPOC O MPAaKTHYECKOM 3HaYeHHH KOMIIEKCHHIX YHCeJ.
Yro6hl OTBETHTb Ha HEro, HYXXHO CHayajla Hay4yuTbCsi H306paxaTb
3TH YHCJIa TeOMeTPHYECKH NMOAOGHO TOMY, KaK H306paxaioTcsi AefcT-
BHTeJIbHble YHCJIa TOYKAaMH Ha KOOPAMHATHOM NpPSIMOM.

KoMnuiekcHoe uHciio z=x-yi 3agaerca napoit (x; y) AeHCTBH-
TeJIbHHIX 4yHceJ. Ta ke mapa uHces MOXKET paccCMaTpPHBaThCsA B Kaye-
CTBe KOOpAMHAT TOYKH M (x; y) Ha KoopAuHaTHOM miockoctH. [o-
3TOMY NOCTaBHM B COOTBETCTBHE KaXKAOMY YHCHY Zz=x-yi TOUKYy M
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H o6o3HauuM ee M (2) (puc. 66). Sicho, uto y
MPH 3TOM KaxAasi TOYKa KOOPAHHATHO#M
IVIOCKOCTH H306pajkaeT OfHO H TOJILKO OJHO
YHCJIO0, a KaxJAoe YHCIO0 H3o6paxkaercs
OIHOM H TOJNBKO OfHOA TOuKO#. JleficTBH-
TeJIbHBIM YHCJIaM' COOTBETCTBYIOT TOYKH OCH
abcumcc, a 4YHCTO MHHMbIM — TOUKH OCH 7
opauHar. ComnpsikeHHble yHcaa H3o6paxa-
IOTCSI TOYKAMH KOOPIAHHATHOH TJIOCKOCTH, Puc. 66
CHMMETPHYHBIMH OTHOCHTEJIbHO OCH aGCItHCC.

Yacto BMECTQ TOYeK Ha IJIOCKOCTH GepyT HX paduyc-sexropel,

T. €. BeKTopul OM, uaymue u3 Havasna koopauuat O (0; 0) B Touky
M (x; y). Pa3ymeercsi, BMECTO paJHyC-BEKTOPOB MOXHO 6paTh JiloGble
BEKTOpPHI, HMEIOLIHe TO XX€ HanpaBJIeHHe H Ty Xe MJIHHY.
Uso6paxeHne KOMIJIEKCHRIX YHCEJ C MOMOLIbIO BEKTOPOB yA0GHO
TEM, YTO MPH ITOM INOJYHAIOT NPOCTOE reOMETPHYECKOE HCTOJNKOBaHHE
onepauHH HaJ HAMH. Mbl 3HaeM, 4TO NMPH CJOXKEHHH KOMIJIEKCHBIX YH-
cell OTAENbHO CKJAAABIBAIOTCA HX AEHCTBHTENbHble H MHHMble YacTH:

(@+bi)+(c+di)=(a+c)+(b+d)i.
TouHO TaK XKe MPH CJIOKEHHH BEKTOPOB OTHEJNbHO CKJAALIBAIOTCA HX
—> - - —> - - —> —
koopauHaTH: ecnu OM=ai+bj u ON=ci+dj, To OM+ON=
=(a+b)i+(c+d)j. dro o3Hauaer, 4YTO NPH YKa3aHHOM COOTBETCT-

BHH ONepaluHAM CJOXKEHHS H BHIYHTAHHSI KOMINIEKCHBIX YHCEJ COOT-
BETCTBYIOT T€ XK€ ONCpanHH Haj Egmopamn. HWHbIMH c.vloaaml_,)emu

uucay z coorsercreyer eexrop OM, a_4ucay w — BeKTop ON, 10
yucay z-+w coorsercrsyer sexkrop OM-+ON, a uucay z—w —

— —
sektop OM—ON.
AHanorHyHo NMPH YMHOXKEHHH KOMILJIEKCHOTO YHCJIA 2 Ha ReHCTBH-
—

M(x:y)

xY

TeJIbHOE YHCJIO @ COOTBETCTBYIOIIHA eMy BekTop OM yMHOXaercsl Ha
3T0_ ke uHC/IO0. VHWIMH C/IOBaMH, YHCIY 4z COOTBETCTBYeT BEKTOP

a-OM. B camoM JeJie, Ha @ YMHOXKAIOTCA KaK 00e KOOpAHHATH BeK-
—_—

Topa OM, TaK H AefiCTBHTENbHasi H MHHMasi 4acTH YHCJaA 2.
Bonpoc o reoMeTpHYeCKOM CMbLICJIE OnepalHH YMHOXEHHS Ha KOM-
TIVIeKCHOe YHCJIO GYleT pacCMOTPEH HHXKe.

YnpaxXxHeHHusn

340. Kak pacnosioxeHH TOYKH KOMIUIEKCHOR IJIOCKOCTH, COOTBETCTBYIOIHE YHCAaM
z=a-+biu z=a—bi?

341. Kak pacrnoJiokeHn Ha KOMIIEKCHOH MJIOCKOCTH TOYKH, COOTBETCTBYIOUHE MNPO-
THBOTMOJIOXKHBIM YHCJAAM 2 H —2?

342. Bo yTo mepexogHT KPYr eIMHHYHOTO PaJHyca ¢ LEHTPOM B Hayaje KOOPAHHAT
npH npeo6pa3oBaHHH 2—»2— 2 3i?

189



2. NMonsipnas cHCTEeMa KOOPAMHAT H TpPUroHomerpuueckas dopma
KomnaexcHbix ynces. [TosoxxeHHe TOUKH Ha KOOPAHHATHOA NJIOCKOCTH
MOXKHO 3a1aBaTh He TOJIbKO €€ JeKapTOBLIMH KOOpAHHaTaMH. MOXHO
3ajaTh 3TO NOJIOXKEHHE, YKa3aB pacCTOAHHE r 3TOA TOYKH M 10 ¢HK-
cHpoBaHHo# ToukH O (nosioca) u HanpasieHue Jyya OM. Ilocaennee
3ajjaeTCA BeJIHUHHOR yria ¢, o6pa3oBaHHOro jJydyom OM c ¢pukcupo-
BaHHBIM Jy4oM OX, BuixoasiuiuM H3 ToukdH O. IIpu 3ToM yroa oTcuu-
THIBAIOT NMPOTHB XOJa 4acoBOH cTpeiku (pHc. 67).

IMTapy uuces (r, ¢) HA3LIBAIOT NOAAPHHIMU KOOPOURATAMU TOYKH M.
Mu BHIHM, YTO AJIl 3aflaHHsl NIOJASIPHOA CHCTEMBI KOOpDAHHAT Ha ILIO-
CKOCTH Hazio 3aAath noawc O, noaspuoid ayx OX n BHIGpaTh eAHHHLY
H3MEpeHHSI IJIHH H YrjoB. Yriibl OGHIYHO H3MepsIOTCS B pajHaHax.
B nanpHefimeM Mbl GyaeM HashwBaTbh YHCHO 7 Oaunol paduyc-eexTopa
OM, a ¢ — seauuunod noaaprozo yeaa (HJH NOAAPHOLIM Y2AOM, €CITH
3TO He BHI3bIBaeT HeJOpa3yMeHHH). 3HaueHHe HEeOTPHUATEJNbHOro
YyHcsia r OJHO3HAYHO OMpesieJieHO MJIA BCeX TOYeK IJIOCKOCTH, a 3Ha-
yeHHe ¢ OMNpeJessieTCsl ¢ TOYHOCTBIO O cjlaraeMoro, KpaTHoro 2m,
IJisl BCeX TOYeK, OTVIHYHBIX OT MOJIOCa, H He ONpeAeeHo 1 TOUKH O.

B cayuae, Korga Ha IJIOCKOCTH 3ajlaHa [eKapToBa CHCTEMa KOOp-
IMHAT, B KayecTBe MoJ1i0ca BHGHPAIOT OGLIYHO HA4aJo 3TOA CHCTEMH
KOODAHHAT, a B KauecTBe IMOJISIPHOTO Jyua — MOJIOXKHTEJNbHOE Ha-
npapJjeHHe ocH a6Gcuucc. [Ipu TakoM B3aHMHOM pacnoJIOXKEHHH Je-
KapTOBOHA M NMONAPHOA CHCTEM KOOpAHHAT BLINOJHSIIOTC PaBEeHCTBa

X=r oS @, (1
y=r sin ¢. (2

B camom gene, aiyu OM nepecekaeT KOOPAHHATHYIO OKPYXKHOCTb B
Touke P (¢), JeKapTOBbl KOOPAHHATH KOTOPOH pPaBHBl COS ¢ H Sin @
(puc. 68). KoopanHath ke Touku M, nexaiueit Ha ayye OP u Haxo-
asawedcs or ToukH O Ha PacCTOSIHHH r, B r pa3 GoJblie.

U3 paBeHctB (1) H (2) BBITEKAalOT COOTHOLIEHHSA

cos (p=f—, ‘ (3)
sin g=-~. (4)
Kpowme Toro, u3 tpeyroibHika OMN BHIHM, YTO
CAyt=r. (5)
M yA M(x;y)
. pg) > y

i
N
4




IMoJsyyeHHble COOTHOILEHHS MO3BOJIAIOT HAXOAHTb AEKAPTOBHI KOOP-
JHHATH TOYKH MO ee MOJIAPHHIM KOOpAHWHAaTaM H o6patHo. U3 ¢op-
mya (3) H (4) BuiTekaer, uTO

tg o==. (6)

[To 3TOMy paBeHCTBY MOXHO HaATH 3HaueHHe ¢ C TOYHOCTHIO JO CJa-
raeMoro, KpaTHoro n. 3HakH X H Yy NMO3BOJISIIOT YCTAHOBHTb Y€TBEPTh,
rfie pacnoJioXkeHa TOYKa, H TeM CaMbiM 3HayeHHEe ¢ C TOYHOCTBIO JO
cJlaraemMoro, KpaTHoro 2m.
IMpumep 1. Hafinem nonsprble koopauHaThi ToukH M (\/3; —1).
Pemewnwne. Mo popmynam (3), (4), (5) umeem:

(VB +(—1)’=

[To 3amaHHLIM 3HAYEHHSIM COS @ H SiN ¢ HAXOAHM, YTO (p=—%.
3HauHT, NOJSAPHBIE KOOPAHHATH TOYKH M panuu(?; —%).

ITpuMep 2. Halinem nekapToBH KOOPAHHATH TOYKH M, ecliH ee
NoJISApHBle KOOpAHHATHI PaBHH 4 H —%.

PemeHnne. Ilo popmynam (1), (2) umeem:

x=4 cos( —%) =4.2@=2ﬁ
y=4 sm( —T) = _4.____ —24/2.

HHorna oTbicKaHHe NOJSIDHBIX KOOPAHHAT TOUYKH Jierye JenaTh
no yeprexy, 4eM No ¢opmyJam.

I[Tpumep 3. Haiigem nossipHuie KoopaAHHATH TOYKH M (—1; 1).

PemeHnne U3 pucynka 69 cpady BHAHM, 4TO

VTP FTP =2, 9=

Tak kak KOMIJEKCHHE yHcia H306pakaloTcsl TOYKAMH KOOPAH-
HAaTHOH IJIOCKOCTH, HX MOXHO 3a/laBaTb He TOJIbKO C MOMOLUIbIO fie-
KapToBbIX KOOpPAHHAT 3TOH TOYKH, HO H C
noMouibio ee moJASIpHBIX KkoopauHat. Hs3
¢opmya (1), (2) creayer, 4TO eciaH z=
=x-+4yi, TO

z2=r cos @+ir sin p=r (cos ¢+ sin @).

Onpedeanrenue JInnHa paauyc-BeK-
Topa TOYKH M, H306paxkaomed 4YHCIO Z2,
Ha3bIBAETCSA MOOYAEM FTOTO YHCJIA, a MoJsAp-
HBIA yros TOYKH M — apeymenTOM WIH
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¢asod yncna z. Moayap yHcIa 2 0603HAYAIOT |z|, apryMeHT 3Toro
yHcaa o6o3Havaiotr Arg z. .
Taxkum oGpasoM, B 3anucH

z2=r (cos ¢+ sin ¢) (7)

YHCJIO r ABJISIETCS MOAYJIEM 2, a YHCJIO ¢ — apryMeHTOM 3TOrQ YHCJa.
3anuch (7) HasbLIBAIOT TPU2OHOMETPU4ECKOU opmod uwucra 2.

Monysb 11060ro KOMIUIEKCHOTO YHCJ/Ia €CThb HEOTPHUATENbHOE Aeii-
CTBHTEJIbHOE YHCJIO, paBHOE HYJIO JHIIb NpH 2=0. ApryMeHr uncaa z
HMeeT GeCKOHEYHOe MHOXECTBO 3HayeHHH, OTJIHYAIOWIHXCA APYr OT
Ipyra Ha cjaraemble, KpaTHule 27m.

B cayyae, ecqiH XOTAT MOJYYHTb OJHO3HAYHO ONpeleJeHHOe 3Ha-
YyeHHe apryMeHTa, BolGHPAIOT 3HauyeHHe, Jiexalllee MeXAY YHCJIaMH
—an B n, H 0603HaYal0T ero arg 2, —n<<arg z<<n. [Ipu nepexone
yepe3 OTPHIATEJNbHYIO NIONYOCh 3HaYeHHE arg z MEHSIeTCS CKauyKOM —
Bblllle 3TOH NMOJIyOCH OHO pPaBHO T, a HHXe Hee OHO PaBHO — .

[Ipumep 4. HalizeM TPHrOHOMETPHUECKYIO 3aMHCh YHCEN:

1) V3—i; 2) —6; 3) —2<cos%—isin%).

Pemeunne. 1) Umeem: r=2, (p=——g—. 3Haunr,

. \/§—i=2(cos( —-%'—) +i sin( —%)).
2) HUmeem: r=6, p=mn. 3uaunur,
—6=6 (cos n+i sin n).

n

3) 3anucs z=—2(cos 2 isin ) He SIBJISIETCH TPHIOHOMET-

5 5
pHuecKoii ()OPMOH 3aNHCH KOMIJIEKCHOTO YHCJIA 2, TIOCKOJBKY 3/eCh
MHOXHTeJb — 2 OTPHLATEJIEH, PaBHO KaK H 3HaK nepex i. [Tepennmenm
z B BHIE

n . . n
2—2( —cos ?-i-l sin 5).
Tenepp ocranoch HaATH Takoi yroa ¢, 4TO COS = —COS ¢-,

. . 4
sin ¢=sin % SlcHo, uto ¢=—mn. 3nauur,

z=2(cos in+i sin in).
5 5
3ameuanne |. Tak Kak npH z=x+yi, z=x—yi 0 2z=2+y*=|2|% 10
CrpaBeIABO PaBeHCTBO
|z)2=2zz. 8)

3ameuanune 2. Jlna [geficTBHTENAbHHX YHCeJ MOHATHE MOAYJA COBnajgaer
c BBefleHHIM B VII kiacce. AprymeHt neficTBHTe/IbHOrO YHCAA x paBeH 0, ecin x>0,
H paBed n, ecn x<<0.
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B 3aknioueHne BHISICHHM T€OMETpH- _y4\
YECKHA CMHICJI BhIpaXKeHHsl |z—w)|.
Mul 3HaeM, YTO YHCJIO 2 — W §o6pa)§3-

ercsl pa3HocTbio BekTopoB OM u ON,
H306paxaloluX YHcIa z W W COOTBeT-

CTBEHHO, T. €. BEKTOPOM NM (puc. 70).
Uucno xe |z—w| paBHO pauHe
3TOro BeKTopa, T. €. paccTOSHHIO
mexay ToukamH M u N. Hrak, Puc. 70
YHCJIO | 2— w | pasHo paccToanuo mexc-
dy rouxamu M (2) u N (w).

IIpumep 5. HalineM MHOXeCTBO TOYEK 2, /ISl KOTOPHIX:

1) |12—2+5i|=6; 2) |z—2+45i] <6.

Pemenne. 1) JlaHHoe MHOXeCTBO SBJISIETCS OKPYXXHOCTbIO
paauyca 6 c ueHtpoM B Touke A (2; —5).

2) 3T0 MHOXECTBO ABJSIETCA KPYroM paamyca 6 c umeHrpoM B
Touke A (2; —5).

M(z)
Z—w

N(w)

x"

YnpaxHeuuns

343. IpencraBbre B TPHTOHOMETPHYECKOH (hopMe KOMILIEKCHHE YHCJA:

1) V34i; 2) 2—2i; 3) 6+6i; 4) 1—i+/3; 5) 3+4i'

LA £ .
6) —3(c057+z sin 7) ;' 7) 3cos 6 3i sin —; 8) sin — 8 —icos {5
344. Tpencrasbre B anreGpanueckodt popme uncaa:
n,,. T 2n . . 2n
1) 3(cos —6—+l sin ?); 2) 8(cos-—3- +isin -3—)
345. Jlokaxkure, 4TO AJA JIOGHX KOMIWIEKCHHIX YHCEN
21l =22l < lzit 22l <zl + 22
346. okaxure, uTo ecsu |z|=1, T0 E=-i—.
a+i

347. Tokaxwure, 4to ecyd |2| =1, 2= 1, TO 2 MOXXHO NPEACTaBHTb B BHlE z=;——;.—, rae
a — AefACTBUTENIBHOE YHCJIO.
348. Jlokaxwure, uTo eclH |z2| =1, To pasi JI060ro AeACTBHTENbHOrO YHCJAA @ HMEEM,

| z cos +sin (p|
zsing+tcosgl
349. BuuHcJIHTE MOAYJIH KOMIUIEKCHHX YHCEJ:
2) z_\/a’+b’+1\/2a
(a—b)+2i+ab
350. JlokaxHTe, 4TO JUISi MOGHX KOMIJIEKCHHX UHCEJ 2| H 23 BHIOJHSACTCA PaBEHCTBO
21421+ |21 — 2212 =2 (12112 + | 221?).
7 H. 5. Bunenxun 193
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351. 3 Bcex KOMMAEKCHHX YHCeJ, YAOBJIETBOPSAOIIHX YCaOBHIO |2—25i| <15,
Haf/iiTe YHCJIO, HMeEIOLllee HaHMEHblllee 3HAa4YeHHe apryMeHTa (€CiH 3HaYeHus
apryMenra 6paTh 3aKJIOYEHHHIMH MEXIy —% H 7).

352. M3o6pasnute Ha uepTeke MHOXKECTBO TOYEK KOMILIEKCHOH OGJAcTH, YHOBJeT-
BOPSAIOUIHX YCJIOBHIO:

1) Rez>1;2) Imz< —2; 3) |2—4i|=7; 4) |z—4+il <5;
5) 2z+32+432=0; 6) | zll| =3.
z2—4
353. Haiinure ycaoBus, 3afaiouine o6aacTH Ha pHcyHke 71.

3. YMuoxenue, BO3BEAiCHHE B CTeneHb M AeJieHHE KOMMJEKCHbIX
4HCeJs B TPHrOHOMeTpHYecKOH dopme. B TO BpeMms KaK c/l0XKeHHE H Bhl-
YHTaHHEe KOMIJIEKCHBIX 4yHCe] YJAOOHee BLIMOJHATL B ajareGpanyecKod
¢opmMe, yMHOXKaATb H AEJNHTb 3TH YHCJIA yAoGHee, HCHOJAb3Ysl TPUTO-
HOMeTpHUecKylo (OopMy 3amHCH.

Bo3abMeMm uHcla 2 H w, 3aJaHHBIE B TPHTOHOMETPHYECKOH ¢opMme:

z2=r (cos @i sin @),
w=R (cos Y+i sin P).

[lepemHOXKast 3TH 4HCJIA, NOJYYHM:

2w =r (cos ¢-+i sin ¢): R (cos Pp+i sin )=
=rR [cos ¢ cos P —sin ¢ sin Pp-+i(sin ¢ cos P+ sin P cos ¢)|.

Ho mo ¢opmysam n. | § 3 rnasul VI

cos ¢ cos P —sin @ sin Pp=cos (¢ + ),
sin ¢ cos P sin P cos p=sin (p+ ),
H [03TOMY

zw=rR [cos (¢p+¢)+i sin (p+P)].

Takum 06pa3oM, npu YMHONEHUU KOMNACKCHBIX YUCEA UX MOOYAU
NepemMHONCAIOTCA, G apeymentol ckaadweaiorca. Tak Kak npH 3Tom
MOAYJIH H aprymeHntThl npeo6pa3yloTcsi OTAENbHO APYT OT Apyra, BhI-
NOJIHEHHE YMHOXXEHHSI B TPUTOHOMETPHYeCKOH ¢opMme mpolle, yeM B
ajare6paHyecKoH.

[Mockonbky r=|z|, R=|wl|, ¢=Argz, Y=Argw, 10 nojy-
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YeHHBIH Pe3yJbTaT MOXHO 3aMHCaTh CJeAyIOIIHM 06pa3oM:

lzw| =lz|-|w], (1)
Arg (2w)=Arg 2+ Arg w. (2)

CMbics paBeHCTBa (2) COCTOMT B TOM, YTO apryMeHT YHCja 2w OT-
JIHYAETCs1 OT CyMMBl apryMeHTOB YHCeJ 2 H @ JIMIIb HAa KpaTHoe 2:.

[Mockoabky neneHne — peficTBHe, O6paTHOE YMHOXXEHHIO, TO TNPH
w#0 uMeeM:

%:Ré(cos (p—p)+i sin (p—1)),

H moToMy
2| __ 1zl

l wl T el 3)

Arg(%)=Arg z2—Arg w. 4)

HHbiMH csioBaMH, #00YAab 4ACTHOZ0 PABeH OTHOWLEHUIO MOOyael
OJeaumozo u Oeauteast, a apeymeHT 4aCTHO20 — PA3HOCTU AP2YMeH-
T08 OeAumo20 u Geautressn.

HakoHen, nockoJbKy BO3BeleHHE B CTeNeHb ¢ HaTypaJibHbIM IO-
Ka3aTeJieM CBOJAHTCSA K YMHOXKEHHIO paBHbHIX MHOXXHTEJIEH, HMEET MECTO

dopmyana

2"=r"(cos ng+i sin ng). (5)

Taxkum o6pa3om,
|2*| =1z2|", (6)
Arg (2")=nArg z. (7)

HHniMH clioBaMH, MO0yab CTenenu C HATYPAALHLIM NOKA3ATEAEM N

pasen crenenu C Tem e noKasaresem MOOYAs OCHOBAHUSA, APSYMEHT

3TOU e CTenenu — ap2YMeHTYy OCHOBAHUR, YMHONCEHHOMY HA n.
[Ipumep 1. BHuHCIHM 3HaueHHe BbIpa’XKEHHS

A=— (1+0°-GB—0
(—1+iV3)* (—2—-2)

Pemenue. PackppiBas cKO6KH, Mbl MOJyYyHJH Ol OYEHb rpo-
MO3/IKOe BhIpa)KeHHe, BHIYHCJEHHe KOTOporo G6buio Gbl 3aTpyIdHH-
teabHo. [lostomy nocrynmum HHaue — mpeoGpa3yem Bce uHcaa K
TPHTOHOMeTPHYECKOH ¢opMe:

l+i=ﬁ(cos—+tsln ) V3—i=2 (cos(—%)-l—isin(—%)),
—1+iv5=2(cos—“+isin2—“);
—2— 21—-2\/—(cos<——)+tsm( 3“).

IanHoe BbipaXX€HHe MOX>KHO 3alHCaThb B BHIE
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oo (009" (oo s D)
(T D) (o 3 oo 2)

Orciona nosyyaem, 4to

S +5-10-3 158 5z 20 3 150 5a 20
2 7 L n | 7 i ] L
A=2 (cos( y = 3 +zsm( T = 31

)27} () rn(—) -

YnpaXueHHS

354. Buuncaute ciefyiollHe BHpajXKeHHsl, MPEeJCTaBHB HX B TPHIOHOMETPHYECKOH

dopme:
I V3+i \/_+x/§z 3) 14cos a+isin a
1—i’ i—y3 l4+cosa—isina °

355. Buuncanre liz , Te 2==cos @i sin ¢.

356. BuiunciHTe cienyiouie BHIpaXKeHHS:

A+ (B+D° - o (A= (=89 5 (4™

A—if 1—iy3)"’ (1439 (=" —i(149>"

357. Haiinure (1+4sin ¢+i cos @)

1)

1
358. Jlokaxurte, 4TOo eciau z+?=2 cosa (rae 2 — KOMILIEKCHOe UHCJO), TO
a1
2 +—2,l—=2 cos na.

4. ®opmyna Myaspa. [IpumeHeHHs KOMIJIEKCHLIX YHCEA K A0~
Ka3aTeJAbCTBY TPHrOHOMETPHYECKHX ToXaecTB. Ecau nojsoxuth B
¢dopmyae (5) n. 3 r=1, To MOAYyYHM YaCTHBIA caydait 3Toi popmyJnl,
Ha3nlBaeMbl#i ghopmyaod Myaspa:

(cos @+ i sin ¢)" =cos ngp+i sin ne. (1)

Sroii GpopMyI0fi MOXKHO BOCIIOJIL30BATLCA /ISl BHPAXKEHHsI CHHYCOB H
KOCHHYCOB apryMeHTa n¢ 4epe3 CHHYCH H KOCHHYCbl apryMeHra .
IOas 3toro npuMeHHM K JeBo# 4acTH ¢(opmyay GuHoma HbloToHa
(cm. 1.9 § 3 rnaBbl V) H yureM ¢popmyJnl AJA crenereit uncaa i. [Toay-
YyaeM, 4TO
cos ngp-+i sin np=cos" ¢4 Cr i cos" ' ¢ sin p—
—C2 cos "% ¢ sin® ¢—C3 i cos" 2 ¢ sin® ¢+
+Chcos "~ gsint o+ ...
196
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Orciona cjaeayioT paBeHCTBa
cos np=cos"” ¢—C2 cos"~? ¢ sin? q>+C,,cos (p sinfgp— ...,
sm ng=C)cos" "' ¢sin ¢—C3 cos"? g sin® ¢4 ... .

CyMMHpOBaHHe BeJeTCsl A0 TeX NOp, MoKa NoKa3aTelb NMPH COS @ He
obparturcsi B 0 HH B | (B 3aBHCHMOCTH OT YETHOCTH n). Hpcxo.nbky B
BLIpaXkeHHe JJIsi COS nQ BXOAAT JHIUb YETHHE CTENMeHH Sin ¢, TO HX
MOXKHO BHIPa3HTb 4Yepe3 COS ¢ H MNOJNYYHTb BHIpaXKeHHe IS COS nQ
MMIIb Yepe3 cos . A sin ng NPH HEYETHOM N MOXKHO MOJYYHTb BbI-
paXkeHHe JIHIUb 4epes Sin ¢, a PH YETHOM 1 — B BHJE NPOH3BeJAeHHS
cos @ Ha BupaxkeHHe oT sin ¢. Haiizem Takue BHpaxeHHs! A5 HEKOTO-
pHIX 3HAYEHHH n.

[Tpn n=3 nonyuaem:

cos 3p=cos® p—3 cos ¢ sin® p=
=cos® ¢—3 cos ¢ (1 —cos® ¢)=4 cos® p—3 cos ¢,
sin 3¢ =3 cos? ¢ sin ¢ —sin® p=3 (1 —sin? ¢) sin p—sin® p=
=3 sin p—4 sin® ¢.
ITpu n=4 noayuaem:
cos 4p=cos* ¢—6 cos? ¢ sin? ¢+ sin* p=
=cos* ¢—6 cos? ¢ (1 —cos® )+ (1 —cos? Y=
=8 cos* p—8cos? g1,
sin 49 =4 cos® @ sin ¢—4 cos ¢ sin® p=
=4 cos ¢ (1 —sin® @) sin p—sin® p)=4 cos ¢ (sin p—2 sin® ¢).

YnpaXHeHnn

359. Tloaw3ysich ¢opmyaoit MyaBpa, BHpa3uTte uepe3 cos @ U sin ¢:
1) cos 5¢p; 2) sin 5¢; 3) cos 6¢p; 4) sin 6¢.
360. Hafinurte cymmy:
1) sin ¢+sin 29+ ... 4sinng; 2) cos ¢+4cos 2¢+ ... +cos ng.
361. lokaxuTe TOXKIECTBO
tg® 20° — 33 tg* 20° 427 tg? 20°=3.

5. U3BneueHne KopHS H3 KOMMJAeKCHOro uncaa. Kak u ans nei-
CTBHTEJIbHBIX YHCEJI, KOPHEM n-i CTenenu u3 KOMNAEKCHO20 4UcAa z,
TIe n — HaTypaJibHOe YHCJIO, Ha3hiBalOT TaKoe KOMILIEKCHOE YHCJIO W,
uT0 w"=2. KopeHb n-ii cTenesn U3 z o6osnauaiot 4/z. Takum o6pa-
30M, ecan w=~R/2, To z=w". [lokaxkem, 4T0 M3 JIO60Oro KOMILJIEKC-
HOTO YHCJIa 2 MOXKHO H3BJIeUb KOPeHb 7n-#l CTeNeHH, NpHYeM eClH 240,
TO /2 MPHHHMAaeT n Pa3JHYHBIX 3HAUEHHH.

Byznem sanuchiBaTh uHcsia B TpHroHoMeTpHuecKoi ¢opme. ITycrb
z2=r (cos i sin a). Yucao w Gynem uckatb B BuAe w =R (cos ¢+

197



:|-i sin @). B cany ¢opmyast (5) m. 3 paBeHCTBO w"=2 NpHHMMaeT
BHI:

R" (cos n@—+i sin ng)=r (cos a+i sin ).

Ho nBa KOMNJIEKCHBIX yHCJa PaBHH B TOM H TOJIBKO B TOM cJjyuae,
KOrja HX MOAYJH paBHbl, 2 apryMeHThl OT/IHYAIOTCS JIHILb CJlaraeMbiM,
KpaTHHIM 2%, 3HAUHMT,
. Rn =r,
ng=a-+2kn, k€Z.

IMockoabKy 4HC/IO R H0MKHO GhiTh HEOTPHLATENbHLIM, MOJyYaeM,

49To
R=4/r, (1)
¢=ﬂ“}@, kez. (2)

Hrak, ansa moayia R HCKOMOro YMcja Mbl MONYYHIH ONpelesieHHOe
3HauenHe. UTo XKe KacaeTcsi apryMeHTa ¢ 3TOrO YHCJa, OH MOXeT IpH-
HHMAaTh pa3jiHuyHble 3HAUYeHHS B 3aBHCHMOCTH OT 3HA4Ye€HHHA [eJIOro
yncaa k. BRsICHHM, IIPH KaKHX 3Ha4eHHAX k) H ky NOJAYy4aloTCs 3Haue-
HHAl @, OTVIHYAIOLIHECA APYF OT Apyra Ha KpaTHoe 27 (T. e. OAHHAKO-
Bhle 3HaueHHd w). Jlns 3Toro pas3HocTh

a-t2nk  a42nky _ 2n (ki— ko)
n n n

JOOJ2kHA OHITb KpaTHa 2;:. JTO HMeeT MeCTO B TOM H TOJbKO B TOM
cayvae, Koraa ky — k2 aeaurcsa Ha n. Orcioga caenyet, uto npu r#0
3HayenusaM k=0, 1, ..., n—1 cooTBeTCTBYIOT pa3/iHuYHble 3Haue-
HHSl KODHAl, a k=n JaeT TO e 3HaueHHe KOPHH, 4To k=0, npu k=
=n-1 noiyyaem TO e 3HaueHHe KOPHS, YTO H NpH k=1 H T. A.
Yucao pa3iHYHBIX 3HA4YEHHH KOPHS PaBHO 7.

Mul 10Ka3anu, TakHM 06pa3oM, clelyioliee yTBepXKIAEHHE:

Teopema. a3 2106020 HATYPAABHOZ0 HUCAQ N U 4106020 OTAUHHOZ20
OT HYAA KOMNAECKCHO20 HUCAG 2 CYUWECTBYIOT N PA3AUHHLIX 3HAYEHUL
KOpHa n-d CTenexu.

Ecau z=r(cos a+isin a), 70 3Tu 3nauexus svipaxcarorca ¢op-
myaot

wk=4/7( cos ———“";2“k+i sin ————“";2“") , (3)

ede k=0, 1, .,., n—1.
Bce TOUKK w; JieXXaT Ha OKPYXKHOCTH pafHycoM 4/r ¢ ueHTpoM B
HayaJie KOOPAHHAT. APpryMeHTH COCEAHHX TOYEK OTJIHMYAIOTCA APYr OT

2
apyra Ha —f—, a NOTOMY yKa3aHHbie TOYKH AEJAT OKPYXHOCTb Ha n

paBHHIX uyacTeil. HHIMU CJIOBaMH, OHH SIBJISIIOTCA BepLIHHAMH Npa-
BHJIBHOTO 7-YroJIbHHKA, BIHCAHHOTO B 3Ty OKPYXHOCTb (pHc. 72).

198




ITpumep 1. Hafinem Bce 3Ha- y“
yeHus aaa 3/ —14i. W,
Pemenmue. Haxomm A —1 i, w,

uro r=-/2, ¢===. 3naumr,
37 1 onk

Zﬂ"z—'\/ (cos —}isin —— 4 3 ) W3 0

Orciona noJjyyaem, 4To s

wo=5\/§(cos %—i—isin 1) =£(1+i), Wy
=§\/§(cos ——-:I'E-I—t sin :; )— Puc. 72
=3F (—V6—2+i (V6—2)
w2=f§/§( cos ——- 19“ <3-+isin 19") 5\/5( sin <=—i cos %) =
=T(\/§—\/§—iﬁ/§+ﬂ/§»-

PaccMOTPHM HeKOTOphle YaCTHhIE CJIy4aH:
1) Keadparnouli kopeno u3 komnaexcnozo uucaa. llpu n=2 dop-

myaa (3) ompenensier ABa 3Ha4YeHHs Aas /r (cos a i sin a):
wo=x/;( cos %+i sin -;—) ,
w, =W/;( cos oc—--;—r"’-’5+i sin 5"—'12'&'-) = —-\/;( cos —;—+i sin —;—) .

JTH 3HaUeHHA OKa3LIBAIOTCA (KakK H CJ1€J0BaJIO 0XKHAATh) B3aHMHO

+ 2nk

MPOTHBONOJNIOXKHBIMH. [IpuMeHsis (opmyJibl, BhIpaxKaiollue cos—;— H

sin i;— yepe3 coS &, JEerko npeo6pa3oBarh 3TH GOPMYJbl K BHAY, yKa-

3aHHoMy B . 4 § 1.

2) Kopenv n-ii crenenu u3 noaoiuTeabHozo OeliCT8UTEAbHOZ0
qucaa. Eciin x — nonoxurenbHoe NefiCTBHTENbHOE YHCIIO, TO |x| =1x,
¢=0. opmyna (3) npMHHMaeT B 3TOM CJydyae BHA:

wk—‘\/_(cos%"-l—tsn ) k=0, 1, .., n—1.

l'Ipu k=0 noJiyyaeM MnoJIOXXKHTEJbHOE JeHCTBHTEJIbHOE 3HAUEHHEe Wo=

=4[x, T. e. apHdmerHUecKOe 3HaueHHe KopHA. Eciaum n — uernoe
YHCI0, n=2m, TO NPH k=m noJy4yaeM eule OJHO JeACTBHUTEJbHOE
(oTpHLaTEe/IbHOE) 3HAUEHHE KOPHS:

wn=4x (cos 222 i sin 208 ) — —4/x.
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Eciu ke m — HeueTHoe 4MCJIO, TO HalJeHHOE Bhlllle 3HAYEHHe
KOpHA npH k=0 sABAAETCA €AHHCTBEHHBHIM nenc'rﬁmenbﬂum 3Haye-
HHEM JJi1 KODHSA n-# CTENeHH.

K H3BJIeYeHHIO KOpHell CBOAMTCA pelleHHe TaK Ha3nBaeMHX J8y-
4AEHHbLX YpasHenud, T. €. yDaBHEHHH BHIa

az"+b=0.

b
B camom nesie, Takoe ypaBHeHHe PaBHOCHJILHO YPABHEHHIO 2" = ——,

H MNOTOMY JJisI €ro pelleHHss Haao JHIb HaATH BCce 3HayYeHHA
n b
- a

ans —.
[Ipumep 2. PeminM AByusieHHHI® YPaBHEHHSA:

1) z 24+1=0; 2) 2*—1=0; 3) 2—1—0; 4) z+1— 0;

5) 28—1=0; 6) 2*+1=0; 7) 24+1=0; 8) 2°— O.

Pemenne Kaxpaoe H3 3THX ypaBHEHHH peillaeTcsl MyTeM pas-
JIOXKEHHSI COOTBETCTBYIOLLEr0 MHOrOWIeHa Ha MHOXXHTEJNH NepBOH H
BTOPO# CTENeHH.

1) Pasnoxenne MHOrouieHa 2’41 Ha MHOXHTENH HMeeT BHI:

224 1=(2—i)(z+i). Orclona HaxoMM 1Ba KOpHS ypaBHEHHS:

21=i, 22=—i.
2) Tak kak
2 —1=(2—1) @+ )=(c—1)(z+1) (2 +1),
TO B CHAy |) HMeeM ueTbipe KOpHAl ypaBHeHHS: 2y=1, zo=—1,
23,4= i.

3) Paznoxum 2°—1 Ha MHOXKHTEIIH: 2 S—l=(z—1)(2+2z+1).
Peinas ypasneuusi 2 — 1 =0 u 2*42+41=0, noayyaeMm TpH KOpHS:
—14i+3

21=1, 23 3= 2

4) Pewaercss aHasoruyHo 3). KOpHSIMH fIBJASIIOTCA YHCJa

l:l:l\/§

21=—1, 29,3= )

5) Tak kak 2°—1=(2*—1)(z*+1), 310 ypaBHeHHe cBoaHTCS
K ABYM npeinaymuM. KopHsaMu siBasiotcs

:l:l:l:zw/g

21 0=, 23,56= 2

(6epyTcsa Bce ueThpe COYETaHHSA 3Haxon)
6) Has PasnoKeHHs MHOrouNeHa z *+ 1 Ha MHOXHTENIH NPHGABHM
H BhuTeM 22°, T. e. (2/2)%

24 1=2 422+ 1— (22 =(+ 17— (2 2=
=(z2—_2w/—+1)(2 +22+1).
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Tenepb HAJI0 PEWINTh NBAa KBaJAPAaTHbIX yDaBHeHHs: 2°— V2z41'=
HZ +\/§z+l—0 Pemas ux, nosyyaem YeThHpe KOPHS:

21.2.3,4='%;(j: 1+i).
7) MHorounen 2°+41 packnanbiBaercsi Ha MHOXHTENH CJENYIO-
mHM o6pa3oM:
LH+1=+1)(*—2"+1)=
=(z—i) (z+i)[(z* +2°+1)—32%|=
=(z—i) (z+i) (2 —Bz+ 1) (Z? +~3z+1).
Peiiasi KBagpaTHbe YpaBHEHHs, NOJyyaeM IIeCTb KOpHEH ypaBHEHHS:
) 34i
2, 9= %1, 23,4‘5.6=:—t‘"/‘2—i‘£-
8) Pa3foXXHM MHOrouseH z°— 1 Ha MHOXHTEeJH:
P—l=E—1)(*+22+22+2+1).
Orcioaa caenyer, uro z;=1. Uro6ul HaATH OCTaJbHbBIE YETHIPE KOPHS,
HaAo pellHTb ypaBHeHHe

2?+2422+2+1=0.
Pa3nenum o6e yacTi 3TOro ypaB»HeHHﬁ Ha 2% M NMOMOXHM z+—§—=w.
Tak kak w? =22+2+—21§-, TO MoJlydaeM ypaBHEHHe
W —2+4w+1=0, 1. e. w'+w—1=0.

OHo umeeT ABa Kopna w, 2—-—l:—ti. Tenepb ocTasoch peLIATb

—1++5 L __—1—5
3 H z+z 5 , T. €

242810, 245, 4 0.

Pemas ux, nonyyaem:

- —14+5+i~/10+25
2,37 )

4

2 _ —1—6+i4/10—2+56 '
4,5— 4 .

K H3BA€yeHHIO KOpHeA CBOAHTCA H PelleHHe TaK Ha3bIBAEMbIX
Tpex4neHHbixX YypasHenut, T. €. ypaBHEHHH BHla az 24 b2"+¢c=0.
3necb Haflo CHadaJja CrieslaTb MOACTaHOBKY 2"=w, pelHTb KBaA-
paTHOe ypaBHeHHe aw 4 bw+c=0, a NOTOM pEWIHTb ypPaBHEHHs
2"=w U 2"=w;, I'le W, H W — KOPHH KBAJ|PaTHOr0 YpPaBHCHHS.

[Tpumep 3. Pemum ypaBHeHHe

25—923 4+ 8=0.
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Pemenne. [NoacraHoBka 2°=w NPHBOAMT K KBaApaTHOMY
ypaBHeHHI0O w’—9w+4-8=0, HMelomemy Kopud | u 8. Pemas
ypaBHeHHs1 2°=1 u 2*=8, noJyyaeM KOPHH [AHHOTO ypaBHEHHs:

Z]=l, Z2,3=#§', Z4=2, z5_6=_lii‘\/—3—.

YnpaxHeHHSs

362. CkoabKO H KaKHe 3HAUEeHHsl MMeeT NpousBeneHHe -/ — 16-+/—9?
363. MoxXHO JIH yTBepK/aTb, YTO AJSI KOMILIEKCHHX YHCeJ CIpaBelJHBH PaBeHCTBa:

1) Vla+bi) (c+diy=A/a+bi-~Jc+di; 2) \a+bi=([a+ bi)*?
364. BuouHCc/aHTE 3HAYEHHA: %/Z 1\/;,_ %/——2+2i, V-1

365. Pewnre kBaApaTHHe ypaBHEHHS:

1) X24+4ix+12=0; 2) »?+7ix—12=0; 3) x*—8ix—15=0.
366. Peiinrte nByusieHHble ypaBHEHHS:

1) 822—27=0; 2) 2'2—1=0; 3) 2*432=0; 4) 2'°—1024=0.

367. Peiinte TpexuJieHHHE ypaBHEHHS:
1) 2—172*4+16=0; 2) 2'?2—652°+464=0.

6. OcnoBnan Teopema aare6pni Mmuorousienos. Bo Bcex npHmepax,
pa3o6paHHbIX B MpeAbIAYIIEM ITYHKTE, yPaBHEHHE n-i CTeNeHH HMEJIO n
KOpHeH (JeACTBHTENIbHRIX HJH MHHMBLIX). AHaJIOrHYHO OGCTOHT A€o
ansi ypasHenusi (x—3)? (x4-4)°=0, ecan cumraTh KaXablii KOpEHb
CTOJIbKO pa3, KaKoBa €ro KpaTHOCTb,— OHO HMeeT MNATb KOpHEM:
KOpeHb — 4 TpeTbedl KPaTHOCTH M KOpPeHb 3 BTOpOH KPaTHOCTH.
U 3nech unciio KOpHe# cOBnafiaer co cTeneHbio ypaBHeHHs. [loameuen-
Hasl 3aKOHOMEPHOCTb He CJlyyafiHa, OHa HMeeT MecTO I Bcex ajre6-
paHuecKHX ypaBHeHHH, IIpHYEM He TOJIbKO IJs ypaBHeHHiHl c aeficT-
BHTEJIbHBIMH KO3()(pHLHEHTaMH, HO U JJIA1 YPaBHEHHH C KOMNJIEKCHRIMH
Ko3¢¢puuuentamu. [lokasaTeabCTBO 3TOr0 YTBEPIKAEHHS OCHOBaHO
Ha cenyiollefi TeopemMe, KOTOPYIO Ha3biBalOT OCHOBHOU Teopemoli ar-
2e6pol. MHO204AEHOB:

Teopema 1. JT1060e ypasHenue ¢ KOMNACKCHIMU KOIPPuyuenTanu,
cTenenb KOTOPozo Goabuie HYas, umeer xors O6vi 0OUH KOMNAEKCHbLM
KOpeHb.

OtMeTuM, 4TO B (DOPMY/JIHPOBKE 3TOH TeOpeMHl NeHCTBHTe/NbHHIE
yHcJa baccMaTPHBAIOTCA KaK YacTHBIA cjydyaH KOMIJIEKCHBIX, H MO-
TOMY H3 Hee CJefyeT, YTo Jio6oe ypaBHeHHe C JeHCTBHTeNIbHHIMH KO-
3¢ppuuHeHTaMH HMeeT XOTA Gbl OJHH (6GbITb MOXET, KOMIJIEKCHBIH)
KOpE€Hb.

Jloka3aTenbCTBO OCHOBHOH TeopeMnl ajreGphl MHOTOYJIEHOB [0-
BOJIBHO CJIOJKHO, H Mbl €ro OMyCKaeM.

OTMeTHM HEKOTOpHie CAEACTBHA H3 TeOpeMnl |.

Caencteue 1. JIi060id mHo204nen n-il cTenenu C KOMNACKCHHIMU
Ko3gpuyuenramu packaradoisaerca 8 npoussedenue n AuUHeHbLX MHO-
aurened:
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2"+ an12" 7 . Fao=a, (2 21)-... (2—2), (1)

2de o, ..., Qn, 21 ..., 2n — KOMNAEKCHbIE YUCAQ.
HokasarteabcrtBo. [lpoBerem n0Ka3aTeAbCTBO MO HHAYK-
uud. TIpp n=1 yTBepXjAeHHe HCTHHHO, TaK Kak a2+ ado=

=a (z+%). [TpeanonoxxuM, 4TO yTBepXKAeHHe BEPHO NpPH n=R.

JlokaxeM HCTHHHOCTb 3TOro yrBepxjeHuss npu n=~k-+1. 1o Teo-
peme | MHorouwiex

P(@)=aps1 2" +ar*+...+ao

HMeeT XOTHA Obl OJHH KOMIJIEKCHHIH KOpeHb 2,4,. Ho Toraa no teope-
me be3sy (cm. n. 3 § 3 rmaBut 11) 3TOT MHOrOWIEH JENIUTCA HA 2 — 244,
u noroMy P (2)=(z2—zr4+1)Q(2), rae Q (2) —mMHOrouneH cre-
newd n. [lo npeanosoxeHHI0O HHAYKUHH HMeeM:

Q (2)=b(z—21) ... (z—z).
3Hauur,
P (2)=b(z—2z))+...-(2—2) (2—2k41).

To, ut0 b=ae+1, nojlydaeM MyTEM PacKpHITHA CKOGOK H CPaBHEHHA
Ko3¢pduunentos npu z°+!,

Hrak, B cany npyHuMna MaTeMaTHYeCKOR HHAYKIHH yTBepXKAeHHEe
HCTHHHO JJs BCeX n.

Caencteune 2. JTio6oe ypasHenue n-i crenenu (20e n=1) ¢ koun-
AEKCHOIMU KO3PuyuenTamu umeer n KOMNAEKCHbIX rcopnetl (npH
3TOM KaXJhil KOPEHb CYHTAIOT CTOJILKO pPa3, KAaKOBa €ro KpaTHOCTb).

HokasarteabctBo. [lo ciegcteuio | ypaBHeHue

an2"+...4ay=0
MOXHO 3amnucaTh B BHAE
ap(z—21)+..s (z2—2,) =0

BuauM, yTo KOpHAMH 3TOrO ypaBHex-ma ABJISAIOTCA YHCAA 2, ..., 2n
H YTO HHHIX KODHEH OHO He HMeeT.

ITpumep 1. CocraBum ypaBHeHHE Hanmeﬂbmeﬁ CTeNeHH, Kop-
HSIMH KOTOpOro fIBAAIOTCA uucaa 3, 2-4i, 2—i, a crapuuét KoapPu-
UHMeHT paBeH 4.

Pemenne. HckoMoe ypaBHEHHE HMeeT BHI:

4(z2—3) (z—2—i) (z—2+4+i)=0
PackpniBasi cko6GKH, MojiyyaeM ypaBHEHHe
42° —282*+682—60=0.

[Ipumep 2. CocraBHM ypaBHEHHe HaHMeHblUeHA CTeNeHH, AJA
KOTOpOrO YHCJIO i IBJISIETCSI KOPHEM BTOPOA KPAaTHOCTH, a YHCIO 1 —
KOpHEM TpeTbell KPaTHOCTH, KO3 (HLHEHT Ke NPH cTapuieM uJeHe
paBeH 3.
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Pemenne Hckomoe ypaBHeHHE HMeET BHA:
3(z—i)? (z—1)*=0.
PackpniBasi cko6ku, nojiyuaeM ypaBHEHHE
32°— (94 6i)2* + (6 + 18i) 2° 4 (6 — 18i) 2 — (9—6i) 2+ 3=0.

3 ameuaHnHe. [lockoabky M060it MHOrouJeH HOMyCKaeT pa3jioXKeHHe Ha JIH-
HefiHble MHOXHTeJH (1), MeXay ero KOpDHAMH H KO(QHIUHEHTAMH HMEIOT MeCTO
cootHowenusi Buera (cM. n. 3 § 3 raaeu II).

B 3ak/i0ueHHe pacCMOTPHM BONPOC O Pa3jiOXKEHHH Ha MHOXHTENH
MHOTOYJIEHOB C JIeHCTBHTeJbHHIMH KO3¢duuHeHTaMH. CHayaaa AoKa-
XKeM clefyiolliee yTBepKIeHHe:

Teopema 2. Ecau KkomnaeKkcroe «ucao o A6AA€TCA KOPHEM MHO20-
unrena P(z2), umeroujezo OdelicTeurenvuvie Koagguyuents, T0 U conps-

HCEHHOE C O 4UCAO O ABAAELTCA KOPHEM TO20 Je MHO204ACHA.
HokaszateabcTBo. B n. 3 § 1 6ua0 nokasaHo, uro Aas
MHOrOYJIEHOB ¢ JeHCTBHTEeNIbHBIMH KO3((HLIHEHTAMH BEPHO PaBEHCTBO

P (a) =P (o).
Tak kaK 1o ycjioBHIO & siBJsieTC KOpHEM MHorouieHa P, To P(a) =0,
a Toraa P (a)=P (a)=0=0, u motoMy o — KopeHb MHOrounesa P.
JlaHHyio TeopeMy MOXKHO YTOUHHTb: 0. HE TOJIbKO ABJIAETCH KOPHEM
MHOroujeHa P (2), HO HMeeT NpH 3TOM Ty XXe KPaTHOCTb, YTO H .
Orciofa BHITEKAeT, 4TO KOPHH MHOrowieHa P (2z) MOXHO pa36GHuTb Ha

JAeHCTBHTEJbHbE KOPDHH H Ha Mapbl B3AaHMHO CONMPSIAKEHHHX KOMIJIEKC-
HbA KopHeil. JIeACTBHTeJIbHOMY KOPHIO 0. COOTBETCTBYET B pa3Jioxe-

HHH MHoOrowieHa P (2) MHOXHTeNb (2—a), a nape o H o CONPSIXKEH-
HBIX KOMIUIEKCHBIX KOpHeH — B2 MHOXHTedsd (z—a) (z—a). Ecan
a=fB-+7vi, TO
(z2—a) (z—a) =(z—B—yi) (z—B+7i) =
=(2—B)’ "Y'= (2—B)’ +V"=2"—2Bz+ B’ +7".

IpH 3TOM OUEBHAHO, UTO KBaApaTHUHBIA TpexudeH 2 —2Bz+4 B4y
He HMeeT ReACTBHTEJbHBIX KOpHeH. TeM caMbM JloKa3aHa cjefyouias
Teopema:

Teopema 3. J1i060i mHozouren ¢ delicTauTesbHbIMU KO3 PuLuen-
TAMU MOJceT ObiTo npedcTassen 8 sude

P (x)=an(x—x1) ..o (x—xz) (X2Fbix+ci)-..X¥

2

2
X (x*4bmx+cn),
20e xi, ..., X by, bo, ..., by, €1, Ca, ..., Cn — OelicTBUTEAbHBIE HUCAQG,
npudem MHOXNCUTeAU 6TOPOL CTeneHu He UuMeloT OeliCTBUTeAbHbLX

KopHed.

(MBl nuilleM x BMECTO 2, MOCKOJIbKY TEOpeMa Kacaercs MHorouje-
HOB € JEHACTBHTEJNbHBIMH KO3(p(HLHEHTAaMH H MOXHO CYHTAaTb 3HA-
YeHHAl X AeHCTBHUTEJNbHBIMH UHCIAMH.)
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YnpakHeuns

368. CocraBbTe ypaBHeHHe NMATOH CTeNEHH, MMEOIee KOPHH

X|=i, X'2=2i, x3=x4=l, X5=—i.

369. CocraBbTe ypaBHEHHE UYE€TBEPTOfi CTeMeHH, HMelollee KOPHH X)=Xp=x3=

=1 +i, Xy=2.
370. CocraBbTe ypaBHeHHe HaHMeHbllefi CTelmeHH C AeACTBHTEJbHHLIMH KO3(HLH-
€HTaMH, HMeIollee KOPHH X =Xxp=2—i, x3=i.

371. Pas.vloxm're Ha JIHHeHHHe MHOXHTEJIH MHOT'OYJIEHHI:
1) x*+4x2+5,  2) x*+6x2+25.

372. lokaxure, uro:
1) muorouwses (cos ¢+ x sin ¢)”—cos ng— x sin ne aeanrcs Ha x>+ 1;

2) MHoroujeH X" sin g—p"~! x sin np+p" sin (n—1) @ JIeJIHTCA Ha
x*—2px cos p+p°.

373. Hafinnre cymMy p-X cremeHeifi kopHel ypaBHeHHs x"=1, rae p — HaTypa/b-
HOe YHCJIO.

7. KoMmnjekcHbie 4YHCJA H reoMeTpHueckHe mnpeobpa3oBanus.
PyHKIMH KOMNJEKCHOrO nepemMenHoro. Mu Buaenu Bbime (cM. 1. |
§ 2), 4TO CJIOXKEHHIO KOMILIEKCHBIX YHCEJl OTBEYaeT CJAOXKEHHe BEKTO-
pPOB TOYeK, H306pa’KalOLUHX 3TH YHCJIA Ha KOMIIEKCHOH MJIOCKOCTH.
Orciona caeayer, uto oTo6pakeHHe z—2 -+ a, CONOCTaBJAsAIOLIEe KaXK-
IOH TOYKe Z TOYKY Z-+a, HMeeT MPOCTOH reoMeTpHUYeCKHH CMBICH —
OHO SIBJIfIETCSl Napa/iie/ibHBM MepeHOCOM Ha BEKTOp, paBHbIA pa-
IHyC-BeKTOpPY TOYKH A (a).

BHISICHHM Tenepb reoMeTPHYECKHH CMBICJ YMHOXEHHSI Ha KOMII-
JekcHoe uyncao. I1pu 3ToM s mpocToTH peun He Gynem pasjHuyaTh
caMo YHCJIO 2z H H3o6paaiouyio ero Touky M (2). Ilyetb R — novio-
JXKHTeJbHOe YHCI0. Mbl 3HaeM, 4To ecaH z2=r (cos ¢-isin @), To
Rz=Rr (cos ¢+isin ¢). TakuM 0o6pa3oM, MOAYJb YHCJIA Z YMHO-
XKaercsl Ha R, a apryMeHT OCTaeTcsi HeH3MeHHbIM. YUYHTHIBasi reoMerT-
pPHYECKHHA CMbICJ MOAYJSi H apryMeHTa KOMIUIEKCHOrO 4HCJa, BHIHM,
uTo oTo6paxkeHHe 2—Rz, rie R >0 ABasiercs roMoTeTHeR ¢ LEHTPOM
B Hayajle KOOPAMHAT H Ko3(pdHUHEHTOM R.

Hanee, nyctb a=cos a-isin &, z=r (cos q>+t sin ¢). Toraa
az=r (cos (p+a)+isin (p+a)). Iro nokaspiBaeT, 4TO YMHO-
XKEHHIO Ha YHCJIO C elHHHYHBIM MOAYJIEM H apryMEeHTOM ¢ COOTBETCT-
ByeT NMOBOPOT BOKPYr HauaJjla KOOPAHHAT Ha yroa o. SICHO, YTO yMHO-
XEHHIO YHCesl z Ha uyMcjaa BHAa R (cos a+isin @) cooTBeTCTBYyeT
KOMIO3HIHA YKa3aHHbIX Bhille Npeo6pa3oBaHHil, T. €. NOCJAENOBa-
TelbHOE BLIMOJHEHHEe FOMOTETHH C KO3 (PHUHEHTOM R OTHOCHTEJNLHO
HadaJsa koopauHat O u nmoBopora Ha yroa o BOKpyr Toukn O. Bonee
C/I0XKHOe MpeoGpa3oBaHHE MOJYYaeTCs, €CJAH MOCTaBHTb KaXIAOMY

1
uHcay 270 B coorBeTcTBHE 4HCIO — . Tak Kak

1
r (cos ¢+ sin @)

~L(cos (—q) +isin (—q)) ,
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a) 0)
Puc. 73

TO NMPH 3TOM MPeoGpPa30BaHHH TOYKA C MOJSPHBIMH KOOpAHHATaMH
1
(r; @) NMEPEXONHT B TOUKY C MOJISIPHHIMH KOOPAMHATAMH | —; —¢).

Ha pucyHke 73 n3o6paxeHo, B KaKylo (PHTrypy NepexXOAMT MpPH 3TOM
npeo6pa3soBanuu kBaapat OABC. Buaum, uto ¢opma ¢urypn Hs-
MEHHJIaCb, HO YIJIbl MeXJy JHHHAMH OCTaJHChb HEH3MEHHLIMH.

[TpeoGpasoBaHHsl MJIOCKOCTH, NMpPH KOTOPHIX -COXPAHAIOTCA YIJIB
MEXY JHHHSAMH, Ha3blBaIOT KOHpOopmHbiMU npeobpa3osanuamu. OHH
HrpaloT BaXKHYIO poJib B KapTorpagHH, Tak Kak Mo3BOJSIOT NOJyYaThb
KapThl 3¢MHOH NOBEPXHOCTH, Ha KOTOPBIX YIJbl MeXAY JHHHAMH Ta-
KHe XKe, KaK Ha 3To#l noBepxHocTH. Teopus KoHpopMHBIX npeo6pa3o-
BaHHH IVIOCKOCTH TeCHbIM 06pa3oM cBsi3aHa C duggeperyupyemovinu
¢ynKkyuamu, apryMeHT KOTOPhIX H 3HaUEHHs FABJSIOTCA KOMIUIEKCHHI-
mH yHcaamH. [lonsitHe au¢depeHIHPYEMOCTH onpefensieTcsl TaK XKe,
Kak aasi GQyHKUHHA NeACTBHTEJbHOrO apryMeHra.

Kondopmubie oTo6pakeHus1 HCIOJb3YIOTCSA NPH PEeIieHHH MHOTHX
3ajiay TEOPHH YNPYroCTH, a3po- H I'HAPOJHHAMHKH, 3JIEKTPOCTATHKH
H HHBbIX o6Gaacreil (H3HKH H TexHHKH. Jlasi 3TOro cjloXKHble 06JacTH
KoHpopMHO mnpeoGpa3yioT B Gojee npocTthle (Hampumep, B Kpyr),
nocJie yero pewaioT 3ajady Ajsi 3Tod npocToit 06aacTH H OGpaTHHM
KOH(GOpPMHBHIM npeo6pa3oBaHHeM NOJYy4alOT pellileHHe AJSA HCXOLHOMH
o6nacti. KoMmieKkcHble yHc/la HAXOAAT NPHMEHeHHe H B KBaHTOBOM
MeXaHHKe.

YnpaxHeHnn

374. Kaxoe reomerpnueckoe nmpeo6Gpa3oBaHHe onpefeasier popmyia:
1) u=>5iz; 2) w=—3iz+2—4i?

375. Buipasure B BHIe u=f[ (2) reoMerpHueckoe mNpeo6pa3oBaHHe KOMIIEKCHOM
MJOCKOCTH, COCTOsIlIlee B NMOCJeN0BaTeNIbHOM NMPHMEHEHHH:
1) romorerHH oTHOCHTeqbHO ToukH O ¢ KOIQ(HIHEHTOM 2 H mepeHoca Ha
BekTOp 3+4i; 2) Tex Xe npeo6Gpa3oBaHHil, HO BHIMOJIHEHHHWX B OGPaTHOM MO-
psnke.
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376.

3717.

378.

Buipasute B BHAe 4=/ (2) rOMOTETHIO KOMMJEKCHOM MJIOCKOCTH OTHOCHTE/bLHO

ToYkH | —i ¢ Ko3ppHUHEHTOM 5 H mnpejcraBbTe ee B BHJE NOCJ€NOBaTeNbHOr0O
BHIIOJHEHHS TOMOTETHH OTHOCHTEJbHO ToukH O M napajjieJIbHOTO nepeHoca.
JlokaxnTe, yTo mocjefoBaTeNbHOe BHIMOJHEHHe IBYX Npeo6Gpa3oBaHHi, Kaxpoe
H3 KOTOPHIX MOJY4Yaercd NocJeAoBaTe/IbHHM BHINIOJHEHHEM TOMOTETHH, MOBOPOTa
BOKPYT TOTO € HEeHTPa H MapaJuieJIbHOTO MepeHoca, MOXHO 3aMEHHTh ONHHM
nnpeo6pa3oBaHHEM TOrO XKe THMA.

IMocrpofite 06pa3 kBaapata c Bepunnamu A (0; 0), B (0; 2), C (2;2) u D (2; 0)
NpH caelyioueM NpeoGpa3oBaHHH:

1) w=iz; 2) w=2iz—1—23i, 3) w=2% 4) w=%.



Fnasa Xl|
SNEMEHTHl KOMBMHATOPMKM

§ 1. MHOXECTBA, KOPTEX(M, OTOBPAXXEHMA

1. Muoxecrsa u onepauny nan HuMu. B § | ruasu [ 6uisio BBe-
JeHO TMOHSITHE YHCJIOBOTO MHOXKECTBA H ONpejeJieHbl onepalHH Hal
TakKHMH MHOXecTBaMH. BBeneM Tenepb NoHsATHE MHOXNeCT8A C 3ae-
Menramu Jo6o# mpHpPOAL. DTO NMOHATHE He ONpejesseTcs, a JHIIb
HJTIOCTPHpYeTCcA npHMepaMH. HanpuMmep, MOXXHO rOBOPHTb O MHO-
KecTBe A6JIOK B MeIIKe, MHOXKECTBE HAaTypaJbHLIX YHCeJ, MHOXKECTBe
KBaJpaToOB Ha INIOCKOCTH H T. A. MHOXeCTBO cuMTaeTCs 3alaHHhHIM,
€CJIH O KaXK/IOM 3/IeMEHTe MOXKHO OJHO3HAa4YHO CKa3aTb, NPHHAMJIEXKHT
OH 3TOMY MHOXeCTBY HJH HeT. OGBIYHO MHOXKecTBa 0603HAayaloT
NPONHCHBIMH JIATHHCKHMH GYKBaMH, a HX 3JIEeMEHTHl — CTPOYHBIMH
G6ykBaMH. Ecau sneMeHT x npunadaesxur MHOXeCTBY X, TO NHIIYT
x€X, B NpoTHBHOM cJuyuae nuumyt x¢ X.

ITpumep |. Ecan X — MHOXKECTBO PYCCKHX CJOB H3 CJIOBapsi
B. K. laas, 1o «ceMbs»€ X, a «sieben»¢ X, 8¢ X.

IMMpumep 2. Ecin N — MHOXECTBO HaTypajbHHX YHCeN, TO
4€N, a— 0,3¢ N, Cupuyc¢N.

JIBa MHOXKecTBa Ha3bIBAIOTCS PABHLIMU, €CJIH OHH COCTOSIT H3 OA-
HHX H TeX e 3jeMeHToB. Hanpumep, MHOXeCTBO PaBHOCTOPOHHHX
TPEYroJbHHKOB PaBHO MHOXECTBY PaBHOYTOJNIbHBIX TPEyroJibHHKOB,
a MHOXKECTBO NapaJljieJIorpaMMOB — MHOXKECTBY Y€ThlPeXyroJbHHKOB,
HMEIHX HeHTp cuMMeTpuH. Ecain MHoxectBa X H Y paBHH, TO IH-
myt X=Y.

MHO0XeCTBO, He cojepiKalllee HH OJHOrO 3JeMeHTa (HanpHMmep,
MHOXXECTBO MNATHJETHHX TIpPOCCMEHCTEepPOB MO IIaxMaTaM HJH MHO-
XKeCTBO HATypajibHhiX KOpHel ypaBHeHHsi 4x°—1=0), HasHBaiOT
nycroim muoxecreom. Ero o6o3navaior Q.

MHoxecTBO 116J10K B MellIKe, pbi6 B OKeaHe, BHAOB XXHBHIX CYLLECTB
KOHe4Hbi — KOJMYECTBO HX 3JIEMEHTOB MOXHO BHIPa3HTb HaTypalb-
HbIM YHCJIOM (XOTA MBI He BCerfa 3HaeM 3HaueHHe 3TOro YHCJAA).
MHoXecTBa HaTypaJibHBIX YHCeJl, PoMGOB Ha MJIOCKOCTH, IAapoB B NPO-
cTpaHcTBe 6eckoHeqtvt. KoHeuHOEe MHOXKECTBO MOXKHO 3aJaTh CnucCKOM
€ro 3JeMeHTOB (HaNMpHMep, MHOXKECTBO YYEHHKOB B KJacce 3afaercs
HX CIHCKOM B KJAaCCHOM XypHaJje). [/[Ba cnucKa 3/1eMEHTOB OJHOrO
H TOTO XKe MHOXecCTBa X MOryT OTJIHYaThCH APYr OT Apyra JHIIb IO-
psaakoM 3jnementoB. Hampumep, {1, 2, 3} u {3, 1, 2} — cnucku oxn-
HOro M TOro XKe MHoXxectBa {l, 2, 3} =3, 1, 2}.
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B nanbHefimeM Mbl Gyiaem 0603HauaTh YHCJIO 3JE€MEHTOB KOHEUHO-
ro MHoXecrBa X uepe3 n (X), a MHOoXecTBO X, coaepikailee n 3Je-
MEHTOB, Gy/ieM Ha3blBaTb 1-3AEMEHTHbLIM MHONCECTEOM.

[Mpumep 3. Ilycth X — MHOXECTBO NMPOCTHIX YHCEJN, MEHBILHX,
yeMm 20. OHO cocTOMT H3 BOCbMH umcea: 2, 3, 5, 7, 11, 13, 17 u 19.
[Mostomy n (X)=8, a X sABAsieTcsi BOCbMH3JIEMEHTHLIM MHOXXECTBOM.

EcaHn 371eMeHTH KOHEYHOro MHOXeCTBa Kak-J1HG0 NMepeHyMepoBa-
Hbl, Mbl GyZleM TFOBOPHTb, YTO 3TO MHOXeCTBO ynopadoxeno. OpHO
H TO XK€ MHOXXeCTBO MOXKHO yNOpAJOYHBATb Pa3JHYHBIMH CIIOCOGaMH.
HanpuMep, MHOXKECTBO yuallHXCH B KjJacce MOXHO YNOPSIIOYHTDb MO
pocTy (KakK Mo BO3pacCTaHHIO, TaKk H N0 yGHBaHHIO), N0 Becy, B ajada-
BHTHOM IOpsiike GaMHJIHA H T. A.

BeckoHeuHOe MHOXECTBO HeJb3sd 3ajaTh cnHckoM. Ero 3apaior
OGLIYHO XAPAKTEPUCTUYECKUM CBOUCTBOM, T. €. CBOACTBOM, KOTOPHIM
06/1alalOT BCe 3JEMEHTHl .MHOXeCTBa H He 06JafaloT 3JeMeHTH, He
NpUHALJIEKAllHe 8TOMY MHOXKecCTBY. MHO2KecTBO, 3aflaHHOe Xapak-
TeDHCTHUECKHM CBOWCTBOM P (x), 0603Ha4alor ! {xIP (x)}. Hanpu-
Mep, 3anHch {xlx —7x+12=0} o6o3HauaeT ' MHOXXECTBO KOpHeH
ypaBHenust x* —T7x+12=0 (1. e. MHoXecTBO {3, 4}), a 3amucb
{AABC|AB=AC=BC} — MHOXeCcTBO PaBHOCTOPOHHHX TpPEYroJb-
HHKOB.

Ecau KaXpabiii ajeMeHT MHOXecTBa X sIBJSIETCA B TO XK€ BpeMs
3/IeMEHTOM MHOXecTBa Y, TO roBopsiT, 4T0 X — 4acTob, HJH, HHaue,
nodmnoxmecreo MHoxectBa Y. B stoM cayuae mumyt: X Y. Ha-
NpHMep, MHOXECTBO KBaJpaToB SIBJISIETCA NMOJMHOXECTBOM MHOXeCT-
Ba pOMGOB, 2 MHOXKECTBO POMGOB — MOAMHOXXECTBOM MHOXKECTBA MNa-
paJuiesiorpaMMoOB. MHOXKeCTBO HaTypaJIbHBIX YHCeJ, AesiHXcs Ha 10,
ABJIIETCA MOAMHOXKECTBOM MHOXKECTBA YETHbIX HATYpaJsIbHbIX YHCEJ.

OueBuaHo, 4t0 ecii XY u Y=Z, o X<Z. Ecin X<V u
YcX, to X=Y. [lanee, ajas ao6oro MHOXecTBa X BEepHH BKJIO-
yeHust X u X< X.

OG6o6iuM Ha Jo6bie MHOXKeCTBa, BBeieHHble B § 1 raashl | onepa-
UMH nepeceyeHHsl, OGbeAHHEHHS H BHIYHTAHHS YHCJIOBBHIX MHOXECTB.

Onpedeanenue 1. Ilepecedenuens mHOXecTB X H Y Hasbl-
Baercsi MHOXecTBO X[|Y, cocrosiliee H3 3JIeMEHTOB, KOTOphbie NpH-
Hagjexar kak X, Tak u Y.

Hanpumep, MHOXXECTBO KBaZipaToOB SIBJISIETCS NlepeceYyeHHEM MHO-
KeCTBa MPSIMOYTOJIbHHKOB ¢ MHOXXECTBOM PoMGOB, a MHOXECTBO fpa-
BUJbHBIX LIECTHYTOJbHHKOB — NEPECEYEeHHEM MHOXECTBa LIeCTH-
YrOJIbHHKOB C MHOXKECTBOM INPaBHJbHBIX MHOTOYTOJIbHHKOB.

Onpedeasrenue 2. Ob6vedunenuem MHOXKecTB X H Y HasH-
BaloT MHOXecTBO X|JY, cocrosiliee M3 3JIeMEHTOB, KOTOpbleé MpH-
Hagsexart XoTs 6bl ofHOMY H3 MHOXecTB X, Y.

Hanpumep, MHOXeCTBO TpeyroJibHHKOB fiBJisieTcsl OGbelHHEHHEM
MHOXXECTB KOCOYTOJIbHBIX H MPAMOYTOJbHHIX TPEYroJbHHKOB.

AHaJIOTHYHO ONpeneJAIOTCA ONepalHH nepeceyeHHs H 06belHHe-
HHSl HaJ JIOGBIMH COBOKYMHOCTSIMH MHOXECTB.

Onpedeaenue 3. Pasnocroio mHoxectB X 4 Y HasnBaercs
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0) xny
Puc. 74

a) Xuy 6  x\y

MHoXecTBO X\Y, cocrosinmiee M3 BceX 3/J1eMEHTOB MHOXkecTBa X, He
npuHajnexamwux MmHoxectBy Y. Ecam Y X, 10 pasHocts X\Y
Ha3hBalOT JOnoAxexnuem MHoXecTBa Y B MHoXectBe X M 0603Haya-
ot Y.

HanpuMep, pa3HOCTbIO MHOXeCTBa YETHHIX YHCEeJ H MHOXeCTBa
yHceJs, KpaTHHIX 3, AABJSIETCA MHOXXECTBO YETHHIX YHCEJ, He AeJSALIHX-
ca Ha 6. OHo sBifieTcA OGbelHHEHHEM MHOJXXECTBA YeTHHIX YHCe,
JAOLHX NPH AeJeHHH Ha 6 ocTaToOK 2, H MHOXeCTBAa YeTHHIX 4YH-
ceJl, AIOLIHX NPH AejieHHH Ha 6 octaTok 4. JlonosHeHHEM K MHOXe-
CTBY KBaJApaTOB B MHOXXeCTBe POMGOB SIBJSIETCS MHOXKeCTBO pOoMGOB
C XOTA Gbl OJIHHM OCTPHIM YIJIOM. A JONOJIHEHHEM TOro Xe MHOXECT-
Ba KBaJIpaTOB B MHOXXECTBE NPSIMOYrOJbHHKOB SIBJSIETCS MHOXE€CTBO
MPSIMOYTOJIbHHKOB C HEPaBHHIMH COCEHHMH CTOPOHAMH.

Ha pucyske 74, a, 6, 8 u306paxkeHnl CXeMaTHYEeCKH ONepalHH
Haa MHoxkectBaMH X u Y. Takne n3o6pakeHH MHOXKECTB H omepa-
UMA HaJ HHMH Ha3blBaioT duazpammamu Jdrepa — Benna.

YnpaxHeHusn

379. lasa kaKHX M3 CHeAYIOIHX Map MHOXECTB HMEET MeCTO OJHO H3 COOTHOLIEHHH
AcB, BcA, A=B, A€B, BEA:
1) A=fa, b, ¢, d, B={a, ¢, d} 2) A=@, B=g; 3) A=@,
B=fa, b, ¢} 4) A=f{a, b, ¢, B=p, ¢, a}; 5) A=@, B={0}
6) A={a), a, @), B={a}y 7) A={a, b}, [, d}, ¢, d, B={a, b}, c}
8) A={a}, a, @}, B=@?

380. BepHo JaH, uTO:
1) {1, 2)=fl, 2, 3, {1, 3, 1, 2 2){1, 2J)efl, 2, 3, {1, 3}, 1, 2}
3) {1, 3lefr, 2, 3, (1, 3, 1, 2 4) {1, 3cft, 2, 3, {1, 3, 1, 2P

381. llann mHoxectBa A={0, 1, 2, 3, 4, 5, 6, 7, B={3, 4, 5 6, 7, 8, 9}
C={—3, —2, —1,0, 1, 2, 3, 4, D={2, 3, 4, 5, 6}. 3anafite cnuckamH
MHOX€CTBa:
1) AUBUCUD; 2) AnBNCND; 3) (ANB)U(CND);
4) (AUB)N(CUD); 5) (A\B)U (B\A); 6) DjU (C\B).

382. HM3o6pasure c nomouibio auarpamm diiiepa — Benna muoxecrsa A, B, C, ecanu:
1) AcB u BcC; 2) AcC, BcC n A\B=g; 3) AcC, BcC
H C=AUB; 4) AcC, BcC n ANB*@; 5) ANB*=@, ANC+,
BNC#@, ANBNC+a; 6) ANB=@, ANC=@, BNC+J.
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2. Aare6pa muoxectB. OnepauHH Haj MHOXKeCTBaMH 06J/1afaioT
CBOACTBAaMH, KOTOpble OTYaCTH HaNMOMHHAIOT CBOHCTBA JeACTBHA HalL
YHCJIAMH, 2 OTYACTH OTJAMYHB OT 3THX CBOACTB. VIMeHHO:

I. Aasn rmo06vix muoxcecre X u Y svinoansorca pasencrea

1) XyY=YyXut’) Xn¥=¥YnX

(aHasor ToXaecTB x+y=y-+x H xy=yx).
II. dan aroboix Tpex muoxecrs X, Y, Z 8binoAnRI0TCA pasencrea

2) (XUNUZ=XUY(YUZ) n 2) (XNY)NZ=XN(YNZ)

(anaaor toxpmectB (x+y)+z=x+(y+2) n (xy)z=x(yz)), a
TaKxce pPaseHcTsa:

3) (XuNnNz=Xnz)u(rnz)

3) (XNY)UZ=(XUZ)n(Yuz)

(M3 3THX paBEHCTB OAHO MOXHO CYHTaTb aHAJOrOM TOXAECTBA
(x+y)z=xz+yz, HO TOrAa BTOPOE He HMeEET aHaJjora B OO6BY-
HOH aareGpe).

B cayuae, koraa Bce paccMaTpHBaeMbieé MHOXECTBa SIBJSIIOTCS
4acTAMH OLHOTO H TOrO XK€ yrusepcasbnozo muoxecrsea U, pesyib-
TaThl BHINOJIHEHHS onepalHil nepeceyeHHsi H O6beAHHEHHS CHOBA Ja-
IOT NMOJAMHOXECTBO H3 TOro e MHoXecrBa. JlomonHeHHe K Ji06o#
yacTH MHOXecTBa U cHOBa siB/isieTCsl 4acCTbiO TOTO XK€ MHOXKECTBa.
IIpu ¢HKCHPOBaHHOM yHHBepCaJbHOM MHOXECTBE AOMNOJHEHHe K X
o6o3Hauyalotr X’, onyckas unHgekc U. OTmeTHM cieayoiine cBOHCTBa
onepauHH NONOJHEHHS:

IIl. Jasn ao06020 muoxecrea XU umeer mecro pasencrso

4) (X)'=X.
IV. Bwuinoansiorca pasencrsa
5) @'=Uubd) U'=g.
V. dan ro6bix dsyx muomecrs X u Y uz U umeen:
6) (XNY)’'=X'UY’ u 6’) (XUY)'=X'NY". '
Mbut He 6ynem JoKa3LIBaTh BCe NepeyHCeHHLHe CBOHCTBA, a JOKa-
XeM JIHIIb paBeHCTBO (6):
ac(XNY)' < a¢XNY < agX
uin agY <> acX wam a€Y <«acX'yv’.

3HaK <> YMTaeTCs: «TOrAa H TOJAbKO TOTAa, KOraax.
3Hayur,
xny)'=xyy’.

OrmetruM, uto ecau XY, ro XAY=X, XUY=Y. B uacr-
HOCTH, NMOCKOJIbKY AJi1 Jio6oro MHOXecTBa X crnpaBemiHBo & <X
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u XcX, 10 8ceeda sepuvi pasencrea GFNX=@, SUX=X,
XNX=X, XyX=X.

Tak e kaK ¢ NOMOWIbIO NPaBHA O6GHIYHOM a.nre6pu npeo6pasyioT aJj-
re6paHyeckHe BbiPaXK€HHSA, B KOTOPhIX GYKBbI IIDHHHMAIOT YHCJIOBbIE
3HaYeHHs!, C MOMOLILIO ajre6pul MHOXKECTB Npeo6pa3yioT BulpaXKeHH,
B KOTOphIX 6YKBH 0603Ha4aloT MHOXKeCTBa, ,ipHyemM GYKBH COelHHe-
HBl APYT ¢ ApYyrom 3Hakamu [}, U, \, a K HeKoTOphM GyKBaM mNpH-
MeHeHa onepauusi JONOJIHEHHsi (B YHHBepcaJibHOM MHOXecTBe U).
[IpH 3TOM CTpeMAITCS MPHBECTH TaKoe BhIpaXeHue K HOPMaJIbHOMY
BHRY, a HMEHHO K BHAY OObeAHHEHHSl NMepeceyeHHsI HEeKOTOPHIX H3
JaHHBIX MHOXECTB H JOMOJIHEHHA K JPYrHM JaHHBIM MHOXECTBaM.
Ecan pgBa BhIpakeHHsI HMEIOT ORHMHAKOBYI0 HOpPMaJbHYIO ¢opmy
(c TOYHOCTBIO O MEPECTAHOBKH), TO OHH TOXJAECTBEHHO PaBHbl —
NpH MOACTAaHOBKE BMECTO GYKB JIOGHIX MHOXECTB M3 HHX MOJydYaer-
Cfl OJHO H TO XK€ MHOXEeCTBO.

YnpaKHeHRA

383. Ilyctb A u B — noaMHOXeCTBa YHHBepcaJbHOTro MHOXecTBa U, MMelouiHe He-
nycroe nepeceuyenne. Mso6pasure ¢ nomombio auarpamm ditiepa — Benna cie-
AylOLiHe MHOXKECTBAa H YKaXXHTe CPelH HHX paBHHe:

1) (AnB)’; 2) AnB’; 3) A’'nB’; 4) (AUB)"; 5) AuB’;
6) A’UB’.
384. Jlokaxkure, 4YTO AJA JIOGHIX MHOXECTB BepHH CJEAYIOLIHE COOTHOLIEHHS:
1) A=(A\B)U(ANB); 2) (A\B)N(ANB)=g;
3) (A\B)NB=g; 4) A\B=A\(ANB);
5) AN(BUC)=(ANB)U(ANC);
6) AU(BNC)=(AUB)N(AUC);
7) (AAB)\C=A\(BUC) = (A\C)\B=(A\B) N (A\C);
8) AU(B\C)> (AUB)\C; 9) (A\B)UC>(AUC)\B.
385. Ilycte A, B u C — nogmuoXecTBa yHHBepcaJbHOoro MHoxecrsa U. Jlokaxwure,
4T0:
1) A\B=ANB’; 2) (A\B)’=A"U(ANB);
3) A’U(BUC)’=(ANB)’N(ANC)".
386. OGo3znauum MHOXecTBo (A\B) | (B\A) uepes AAB (cummerpuuecxas pas-
HocTe muoxects A u B). JlokaxHTte, 4TO:
1) AAB=BAA; 2) (AAB) AB=A; 3) AAG=A; 4) AM=(;
5) (AAB) AC=AA(BAC); 6) AAB=(AUB)\(ANB);
7) AUB=(AAB)A(ANB); 8) (B\A)A(C\A)=(AUB)A(A|C).
387. Ynpocrute caenyiouiye BHPaXKeHHA:
1) AN(AUB); 2) (PNQ)IN(Q'NP); 3) (ANB’)U(A'NB);
4) (A’UB’)N(AUB).
388. Ilyctre AcB, CcD. Hoxkaxure, uro (ANB)U(CND)\(ANC)=AAC.
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3. Pa30uenne MHOXECTBA HA NMOAMHOXeCTBA. B ocHOBe BceBO3-
MOXHBIX KJaccHHKaUHA, NMPHMEHAeMbIX B GHOJIOTHH, JIHHIBHCTHKE
H APYTHX HayKax, JIeXKHT onepauusi pa3GHeHHss MHOXeCTBa Ha No-
NapHO HenepeceKaloLIHeCs YaCTH.

Onpedeanenue. Ilyctb U — HekoTOpoe MHOXKECTBO H X,

a€A — cucreMa noaMHoXecTB H3 U, o6aajpaouiasi caefylOUHMH
CBOHCTBaMH:
a) o6beaHHeHHe BceX MHOXKecTB X, coBmajaer ¢ U, U=|X,;
-]

6) ecan a%f, To nepeceyeHne MHOXKecTB X, H Xg mycro:
Xan Xp= z .

Toraa rosopsit, uto mHoxmecreo U pa3buro na wacru X, a.€A.

ITpumep |. MHOXeCTBO yueHHKOB pa3GHBaeTCi Ha YacCTH IO
nepBbiM GykBaM HX (amuinii (AsiekceeB H AHTOHIOK MpHHaAJIEXKAaT
oaHoi yvacrtH, besos, Boxenko u Bakpanse — apyroit u 1. A.).
[Ipn 3TOM HEKOTOphIE YACTH MYCTH, HaNpUMEP 4acTb, COCTOALLAS H3
YYEHHKOB C ()aMHJHSIMH, HAYHHAIOLIHMHCS Ha b, b HJIH Ha bi.

[Ipumep 2. Ecin X — noamHo)kectBo B U, To U pa3buBaercs
Ha MHoXecTBa X u X’ (monoaneHHe K X).

[Tpumep 3. MHOXKeCTBO BCeX MHOrOyroJbHHKOB pa3GHBaeTcs
Ha MHOXeCTBa TpPEYroJbHHKOB, YeThlPeXyroJibHHKOB, MATHYTOJbHH-
KOB H T. A. ,

I[Ipumep 4. [lycrb B MHOXKecTBe U 3ajaHHl JiloGhIe NIOJMHOXe-
crBa Xi, ..., X,. Kaxaniii ssiemeHT MHOXecTBa U NMpHHAJJIEXKHT Of-
HHM H3 3THX MHOXECTB H He NMPHHAJJICXKHT APYrHM. DTHM ONpeaens-
ercsl pa3bueHHe MHoxectBa U Ha uvact, umeiomme Bun T T2f)
N ... NT., rre aaa mo6oro k MHoXxectBo T, coBmajaeTr Ju6o ¢ X,
aun6o ¢ Xi. ’

Pa36uennss Ha HenepeceKaloLiHecsi MOAMHOXECTBA BCTPEYalOTCA
NpH pellleHHH NPOH3BOACTBEHHHIX 3ajau: JAeTajJH pa36HBaloTCA Ha
KJIaCChl MO MaTepHaJly, H3 KOTOpPOro OHH H3rOTOBJIEHH!, (popMe H pas-
MepaM, TeXHOJOrHu o6paboTku H T. A.

YnpakKHeHHRS

389. Pa3Gefite MHOXeCTBO 3aI/laBHHX GYKB pycckoro aji(aBHTa Ha cAenyiomiHe Kiac-
cH: |) HMelOIIHE TOJbKO BepPTHKAJbHYI0O OCb CHMMETDHH; 2) HMeEOIIHe TOJbKO
FOPH30HTAJbHYI0 OCb CHMMETPHH; 3) HMelollHe KaK BEPTHKAJbHYIO, TaK H ro-
PH3OHTAJNbHYIO OCH CHMMETpPHH; 4) He HMelolllHe Ocefl CHMMETDHH.

390. Cpenaiite knaccHOHKanHiO, KaK B ynpaxxHeHHH 389, mjsi uuédp H A GykB
JIATHHCKOTO aJi¢aBHTa.

391. Ha pucyske 75 u3oGpaxenn 8 ¢uryp. INpupymaiite 3 Bonpoca, no3poasioune
OIHO3HAYHO OMPENENHTh 3afaHHYI0 (QHTYpY.

4. KopTeXKH K AEKapToBO NpoH3BeAcHHEe MHOXecTB. K moHsTHIO
yNOpsiIOYEHHOTO MHOXKEeCTBa GJH3KO, XOTSl H OTJHYaeTcsi OT Hero,
MOHSAITHE KOpTexka. .
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Onpedeanenue 1. Ilyctb nano MHOXecTBa Xi, ..., Xn.

Kopresxcem pauHb n, COCTaBJIEHHHM H3 3JIEMEHTOB 3THX MHOXKECTB,
Ha3blBaeTCsl KOHEYHasl MOCJef0BaTeJNbHOCTb & =(X\, ..., Xa), TA€ AIs
Beex kR, 1<<hk<<n, uMeeM: xi€Xi. DJeMeHT X, Ha3nBaeTc R-#
xoopdunarod (Miu k-B KOMNOHeHTHOU) KOpTexa a.

[MMpumep 1. U3 MHOXecTB {a, b, ¢} u (I, 2} MOXKHO cOCTaBHTb
6 KopTexel ANHHBI 2:

(@, 1), (a, 2), (b, 1), (b, 2), (c, 1), (c, 2).

[Tpumep 2. Jlio6oe cl0BO SIBAAETCA KOPTEXKEM, COCTaBJAEHHLIM
H3 OYyKB, JeCATHYHAasi 3amHCb JIOG0Oro HaTypaJbHOrO YHCJIa — KOp-
TEeXKEM, COCTaBJIeHHHIM H3 WH(pp, H T. .

ITpumep 3. lio6oe ynopsizoueHHOE KOHEUHOE MHOXKECTBO SIBJISA-
€TCSl KOpTeXXeM, BCe KOOPAHHATH KOTOPOro Pas/HYHHL.

KopTeXn NHHH 2 Ha3bBAIOT YnopaO0O4eHHbIMU napamu, JNHHBI
3 — ynopadouennoimu TpOlKamu, ..., LJIHHH N — YnopadoueHHoIMU
n-kaMH. I KpaTKOCTH peyH CJIOBO <«YNOPSiAOYEHHHIE» 4acTo Omyc-
KaloT.

Onpedeaenue 2. [IBa KopTexkKa pasHs. B TOM H TOJIbKO B TOM
cjyyae, KOria OHH HMEIOT OJHHAKOBYIO JJIHHY, NMPHYEM HX KOOPIH-
HaTbl, CTOSIIIHE Ha MeCTaX C OAMHAKOBHIMH HOMEpaMH, PaBHHI.

Takum o6pa3oM, KOpTeXH a=(X, ..., Xm) H B=(y1, ..., Ya) PaBHH
B TOM H TOJIbKO B TOM CJlyyae, KOTAia m==n, IpHYEM X; =Yy, AJs BCeX R,
1<k<n.

TMpumep 4. Koprexn (12, 2%, 3% u (41, /16, /81) paBum,
nockoabky 12=1/1, 22=-/16, 32=-/81.

[Tpumep 5. Koprexu (1, 2, 3) u (3, 1, 2) pasauuHnl, XoTs
HMEIOT OAHHAKOBYIO JJIHHY H OZHO H TO )K€ MHOXECTBO KOOPAHHAT —
3TH KOODJHHAThl CTOSIT B Pa3HOM mnopsiake. Pa3jIHuUHBI H KOpTeXH
(1, 2, 3) u (1, 2, 3, 4) — OHH HMEIOT pa3Hyl0 AJIHHY.

KoopauHaTaMu KopTeka MOryT GuITb MHOXKECTBa, KOPTEXH H T. A.
ITpu atom, Hanpumep, xoptexH ({a, b}, ¢) u (b, a}, ¢) paBHH, TaKk Kak
{a, b}={b, a}, a xoprexHu ((a, b), ¢) u ((b, a), ¢) pa3jaHyHH, TaK Kak
(a, b)=(b, a). :
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Koprex, He comepxaliuii HA OXHOA KOOPAMHATH (T. €. KOPTeX
JAHHL 0), HAa3bIBAGTCH NYCTHLLM.

[MoauepkHeM elle pa3 OTJIHYUHA NMOHATHA KOpPTeXKa H MHOXKeCTBa:

a) B MHOXeCTBe MOPAJOK JIEMEHTOB He HI'PaeT POJIH, a KOPTeXH,
OTJHYAIOLIHECA MOPAAKOM 3JEMEHTOB, pa3jiHUHbB Jaxe B CJyuae,
KOrla OHH HMEIOT OJHHAKOBLIH COCTaB;

6) B MHOXECTBe BCE 3JIEMEHTHl PAa3J/IHUHLI, a B KOPTEXKEe KOOpAHHA-
Thl MOTYT MOBTOPATLCA.

Yr1o6ul pa3iiHuaTb MHOXKECTBA H KOPTEXH, MHl 6yleM B AaJibHEH-
ILIEM 3JIeMEHTHl MHOXKECTB 3aKJII04aTh B (PHrypHule CKOGKH, a 3J1e MEHThI
KOpTeXXelf — B Kpyrinle (B YaCTHOCTH, B Kpyrjhle CKOGKH 3aKJjio-
4aloT 3J€MEHTH YMOPAMAOUYEHHBIX MHOXKECTB).

BBeneM Tenepb NOHSITHE [NEKapPTOBAa NPOH3BENEHHS MHOXECTB.

Onpedeanenue 3. Ilycrb Ay, ..., An — HEKOTOpbIE MHOXKECTBA.
HUXx Odexaprosum npoussedernuem Ha3bBalOT MHOXKECTBO, COCTOsllee
H3 BCEX KOPTeXeR BHAA (i, ..., n), THE ar€A,, 1 k< n. JlekapToBo
npoHu3BeleHHe MHOXecTB Ay, ..., A, o603HauaioT A; X ... XA,

Mpumep 6. Ecin A=(l, 2, 3}, B=({x, y},

TO
AXB={(11 X)(l, y)' (2v X), (2v y)v (3’ x)' (3r y)}

BXA={(X, l), (x» 2)v (x’ 3)’ (y’ l)) (yv 2)» (y’ 3)}

AtoT npuMep NoKa3blBaeT, uTo, BoOGile roBops, AeKapTOBLl MPOH3-
sefieHusi AXB u BXA pa3jiuuHbl, XOTA OHH COAEPXKaT NOPOBHY
3JIEMEHTOB.

Paanuynnl # MHOXecTBa AXBXC, (AXB)XC n AX(BXC)—
nepBoe COCTOHT M3 TpoeK (a, b, ¢), Bropoe — H3 nap BHaa ((a, b), ¢),
a TpeTbe — M3 nap BuAaa (a, (b, ¢)), rie Bo Bcex Tpex cayvaax a€A,
beEB, ceC.

Ecau xots Gbl 0fiHO M3 MHOXecTB A, B mycTo, To CYUHTAIOT, 4TO
H HX A€KapTOBO NMpPOH3BeJeHHE MyCTO:

AXP=0OXA=0XD=0.

Mpumep 7. [dekaproBo npousseseHHe R X R COCTOHT H3 nap
(x, y) nefiCTBUTENbLHBIX YHCEJ, IPHYEM (X1, ¥i)==(X2, Y2) B TOM H TOJIbKO
B TOM CJydae, KOTAa X;==x2, yi=y.. Kaxnoi takoi nape coorser-
cTByeT ToYka M (x; y) Ha IJIOCKOCTH, Jisl KOTOPOA YHCJA X H Yy fAB-
JSIIOTCA A€KAPTOBLIMH KOOpAHHATaMH (OTCIOAA Ha3BaHHe «IE€KapTOBO
npoussenenne»). [lekaproBo npousseneHHe RXRXR cOCTOHT H3
TpOeK YHcea (x, Y, 2), KOTophle MOXKHO pacCMaTpHBaTh KaK KOODIH-
HaTel TOYKH M (x; y; 2) B TpexmepHoM npocrpaHcrse. [lexkapToBo
npousBefieHHe RXRX...X R (n MHOXHTeJIel) Ha3bIBAIOT N-MEPHOIM
apugpmeruueckum npocrpancreon. Ero o6o3navaor R".
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YnpaxHeunnsn

392. U3 ungp 1,2, 3, 4, 5 cocraBbre Bee 1By3HayHble uncaa. Kak cBsizano nosyunsiueecs
MHOXECTBO C JeKapToBuIM npou3seneHueM A XA, rae A={l, 2, 3, 4, 5
393. PaBHH J1H cefyiCIHe KOPTEXH:

1) (a, {a, b, ¢}, b, ¢) u (a, {a, b, c}, b, c});
2) (a, fa, b,¢c), b,c)u(a, (b, a, cl b, c)
3) (a, {a, b, c}, b, c) n(a,{a, b, c) c, b);
'4) (a, la, b, ¢}, b, c)u (a, {a, b, ¢}, a, b, c)?

5. OroGpaxenne mHoxectB. UncioBasi yHKUHs [ CTaBHT B COOT-
BETCTBHE KaXXJIOMY YHCJY H3 €e 06JIaCTH ONpefie/ieHHs1 OAHO3HAYHO
onpeneneHHoe uucAo f(x). Ilpn reomerpuueckoM mnpeoGpa3oBaHHH
IIOCKOCTH (HampHMep, MapaJijieIbHOM nepeHoce) Kaxaod Touke M
3TO# MJIOCKOCTH COOTBETCTBYET OAHO3HAYHO ONpeaeJeHHasi TOYKa TOH
ke maockocth (06pa3 Touku M). O6a 3tH noHATHA (4McaoBasi
(GYHKUMA U reoMeTpHUYECKOe OTOGpAKEeHHE) SBJISIIOTCS] YACTHBIMH CJIIY-
YasMH OOCIUEro MOHATHUA OTOGpa*KeHH MHOXKECTBA B MHOXKECTBO.

Onpedeaenue 1. CoOTBETCTBHE, CONOCTABIAIONIECE KaXKAOMY
3JIeMEHTY x MHOXKecTBa X OIHH H TOJILKO OJJHH 3JIEMEHT MHOXecTBa Y,
HasnlBaeTCs orobpaxcenuem mrowecrea X 6 muoxnecreo Y.

[Mpumep 1. Ecin kaxaoe naabTo B rapepo6e BHCHT Ha OJHOM
KpIOUKe, TO, CTaBsl B COOTBETCTBHE KaXAOMY NaJbTO KPIOYOK, Ha
KOTOPOM OHO BHCHT, NojiyyaeM oTo6parkeHHe MHOXKeCTBa NajbTo X B
MHOXX€CTBO KPIOYKOB Y.

[TIpumep 2. CraBas B COOTBETCTBHE KaXKIAOMY TPEYroJbHHKY
BIIHCAHHYIO B HEr0 OKPYXKHOCTb, MoJiyyaeM OTOGpakeHHe MHOXeCTBa
TPEyroJibHHKOB X B MHOXeCTBO OKpyxkHocTed Y.

[Ipumep 3. CraBs B COOTBETCTBHE KaXKAOMYy TPeyroJbHHKY
ero mJjoumab, nojJy4aeM OToGpa{€HHE MHOXECTBAa TPEYroJibHHKOB
X B MHOXecTBO R.

MMpumep 4. CoorBercTBHEe, CONOCTABJAIOIEE UYETHIPEXYroJb-
HHKY BIHCaHHYIO OKDYXKHOCTb, HE SIBJSIETCSi OTOGpaXKeHHEM MHOXe-
CTBa YETHIPEXYroJbHHKOB B MHOMKECTBO OKPYXKHOCTeH, MOCKOJbKY
He B KaXXIhli 4eThIpeXyroJibHHK MOXXHO BIHCATb OKPYXXHOCTb. ITO
COOTBETCTBHE SIBASIETCA OTOGpakeHHEM MHOXKECTBA Y 4YeThpexyrob-
HHKOB, Y KOTOPbIX CYMMb! JAJIHH IPOTHBOINOJIOKHBIX CTOPOH OJHHAKOBHI,
B MHOXECTBO OKPYXXHOCTeM.

MMpumep 5. CoorBercTBHE, COMOCTaBJsAIOLIEE TPEYrOJbHHKY
IDJIHHY €ro BbICOTHI, He siBisieTcs oToGpa)KeHHeM MHOXecTBa Tpe-
YrOJIbHHKOB B MHOXXECTBO YHCeJ, TaK KaK y TpeyrojbHHKa TpH
BLICOTH, H TMOTOMY €MY COOTBETCTBYIOT TPH YHCJA, a HE OAHO.

I[Tpumep 6. CoorBeTcTBHE, CONOCTABIAIOILEE OKPYKHOCTH OIH-
CaHHbIA TPEYroJibHHK, He fABJSAETCH OTOGpaKeHHEeM MHOXeCTBa OK-
PYKHOCTEi B MHOXKECTBO TPEYTrOJbHHKOB, TaK KaK OKOJIO JaHHOM
OKPYKHOCTH MOXHO ONHCaTh 66CKOHEYHOE MHOXKECTBO TPEYroJIbHHKOB.

dneMeHT MHOXecTBa Y, COOTBETCTBYIOLIHA NpH OTOGpaXKeHHH f
yieMeHTy x H3 X, 0603HayaloT f (x) H Ha3bIBaIOT 06PA30M 3JIEMEHTa X
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npH 3ToM oTo6pakeHHH. Ecim f(x)=y, TO 3JeMeHT x Ha3HBaIOT
npoob6pa3om 3jeMeHTa y npH oTo6paxkeHHH . COBOKYNHOCTb. BceX
npoo6pa3oB 3JeMeHTa y NPH OTOOpPaKeHHH [ HA3HBAIOT NOAHLIM
npoo6pazos 3TOro saeMenta u 06osHavaor f~' (y):

= () ={xIf (x)=y).

[IpaBas yactb uHTaercsi: «COBOKYMHOCTb TAKHX X, YTO f(x)=y».
Kaxpaomy nogmHoxectBy A MHOXKecTBa X COOTBETCTBYeT ero o6pa3
f (A) npn oro6paxkeHHH f. ITOT 06pa3 COCTOHT H3 BCEX 3JIEMEHTOB
MHOXeCTBa Y, KOTophle IBJASAIOTCA 06pa3aMH KaKOro-HHGYAb 3ieMeHTa

H3 A:
f (A)=lyly=f (a), acA}

Kaxaomy noamHuoxkectBy B H3 Y cooTBeTCTBYeT ero noJinbiii npoo6pas
f~!(B) npu oro6paxkennu f. OH COCTOHT H3 BCeX 3/EMEHTOB, 06pa3bl
KOTOpHIX NMpHHaAJexat B:

f~' (B)={xIf (x)€B}.

MHoxecTBo A Ha3bBalOT 064acT6l0 onpedesenus orobpaxeHud f, a
MHOXecTBO [ (A) — mHOXecT8oM 3Hauenul 3TOro 0ToGpaKeHHs.

Mpumep 7. Ilyctb f — oproroHaibHasi NMPOEKUHsI MJOCKOCTH
Ha npsamyio ! (puc. 76). O6Gpa3om ueThipexyroabHika ABCD siBasiercs
orpe3ok EF. Iloanbim npooGpa3om orpeska EF sBasiercs noJioca, or-
paHHueHHasi npsaimMbiMu EL u FM.

OTMeTHM HeKOTOphle BHAH OTOGpaKeHHH.

Onpedeaenue 2. Echin npu oto6pakeHHH [ pasjiHyHbie
3JIeMeHThl MHOXeCTBa X NepexoisiT B pa3jiHuHble 3/JeMEHThl MHOXe-
ctBa Y, T0 oTo6GpaxkeHHe [ Ha3bIBAlOT 06PATUMbIM.

Onpedearenue 3. Ecan npu oTo6paxeHHH [ KaXKAbIA 3JEMEHT
MHoXecTBa Y siBasieTcsi o6pa3oM XxoTA Obi OZHOro ajemeHra H3 X
(T. e. ecan Bce nosiHble nMpoo6pasu [~ (y), y€ Y nenycrtnl), To [ Ha3HI-
BaioT oto6pakeHneM X na Y, aHe X B Y

Onpedesrenue 4. O6patumoe oroGparkeHHe MHOXecTBa X
Ha MHOXeCTBO Y Ha3hIBAIOT 83QAUMHO
00HO3HauHbIM oTobpaxcernuen X Ha Y.

3aMeuaHnune B coBpemeHHoA MarTeMa- L \
THYeCKOA JIuTepaType NPHHATH HHHE Ha3BaHHA \\‘ . \\
yKa3aHHHX BHlIE THIOB OTOGpaxceHuit: o6pa- \
THMBE OTOGpaXKeHHsi HA3HBAIOT UNDEKTUSHOIMU A \\\\\X\\\\\\
(ot caoBa injectio — BiOXKeHHe), OTOGpAKEHHS ‘\\\ \
Ha — clopvexTusHoimu (0T GpaHILy3CKOTO npex- \ \\\\\Q

Jiora sur—na), a B3aHMHO OIHO3HAYHBHIE —

buexrusroimu. E \\\ F
[Tpumep 8 Orobpaxenue, npu \

KOTOPOM KaXXIOMY MNaJLTO COMOCTaB-
JfieTCSl KpIOYOK, Ha KOTOPOM OHO BH-
CHT, fABAseTCSI OOpaTHMBbIM, €CJH Ha Puc. 76
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KaXXIOM KpIOYKe BHCHT He GoJjiee OHOro najbTo (HEKOTOpble KPIOUKH
MorytT GuiTb mycThiMH). OHO siBJsieTcs OTOGpa’KeHHEM MHOXeCTBa
najabTo X Ha MHOXECTBO KPIOYKOB Y, eC/IH Ha KaXKJIOM KPIOYKe BHCHT
XOTb OAHO NMaJbTO (Ha HEKOTOPHIX KPIOYKax MOXeT ObiThb HECKOJIbKO
nanbto). HakoHell, OHO siBAsieTCSl B3aHMHO OAHO3Ha4uHLIM OTOGpaXKe-
HHeM X Ha Y, ecJiH Ha Ka’K[OM KpIOUK€ BHCHT POBHO OJHO MaJlbTO.

Ecan oro6paxenne f MHOMXecTBa A B MHOXecTBOo B o6paTHMO,
TO KaXIAOMy 3JeMeHTYy b u3 f(A) cooTBeTCTBYET ORHH H TONLKO OJHH
3JIeMeHT a u3 A, 'raxoﬁ uto f (a)=>. [lonaras f~' (b)=a, nonyuaem
oTo6pakeHHe f‘ MHoXXectBa [ (B) Ha A. Ero HasHBaioT o6parxoim
0TOGpaXEeHHIO f- Ecau oto6pakeHne f B3aHMHO OAAHO3HAUHO, TO TeM
XKe CBOACTBOM 06JajaeT H o6paTHoe eMy oToGpaxenue [~ '.

OtMmerHM, 4TO eCsIH CYLUECTBYeT B3aHMHO OJHO3HauyHOe oTobpa-
JKeHHe KOHEYHOro MHOXecTBa A Ha KOHeYHOe MHOXecTBO B, ToBA H B
B nopoBHy sqemeHToB. Ecan xe cyuwecrByer ob6patHMoe otoGpa-
JKeHHe KOHEeYHOro MHOXeCTBa A B KOHeUHOe MHOXeCTBO B, To MOXHO
JIHIIbL CKa3aThb, YTO B B He MeHblle 3jIeMEHTOB, ueM B A. 310 yTBepX-
JleHHe (OPMYJHPYIOT 4acTO CJAEAYIOIHM 06pa3oM:

Ecau npedmeroe 60avwe, yem auuxos, To npu aobom pacnpede-
ACHUU 3NEMEHTO8 NO AUUKAM XOTb 8 OOHOM U3 HUux oKaxercs 6oaee
odnoeo npedmera (npuHuun [{upuxue).

Ha s3bike oro6paxkeHu#l 3ta (OpMYJHPOBKA O3HAYyaeT, YTO €CJH
B A (MHOXecCTBe npeiMeTOB) GO/bllie 3JIEMEHTOB, 4eM B B (MHOxKecTBe
AIIMKOB), TO He CyliecTByeT o6paTHMOro oroGpaxxeHuss A B B.

B cayuae, Koraa cymecTByeT oTto6pakeHHe [ KOHEUHOrO MHO-
xKecTBa A Ha KOHeYHOe MHOXECTBO B, T0 B A He MeHbILe 3/IeMEHTOB,
yeM B B. UTo6ul y6eauTbCS B 3TOM, JOCTATOYHO BRIGPATh B KaXKAOM H3
AOJIHHIX NMPOOGPa30B JE€MEHTOB MHOXecTBa A 10 OJHOMY 3JIeMEHTY.
Boi6paHHble 3neMeHTH 06pa3yioT 4yacTb MHOXecTBa A, colepiKallyio
CTOJIbKO K€ 3JIeMEHTOB, YTO H MHOXeCTBO B. 3T0 H 3HauHT, YTO B A
He MEHblIe 3JIeMEHTOB, YeM B B.

YnpaxHeHusn

394. KaxaoMmy TpeyroJibHHKY CTABHTCH B COOTBETCTBHE €To NJOIaAb. Y KaXHTte 06aacTb
onpele/ieHHS! H MHOXECTBO 3HaueHHM 3Toro oroGpaxenns. Kak HasuBaiorcs
TPeyro/ibHHKH, 06pa3bl KOTOPHX MpH 3TOM OTOGPaXKeHWH COBNAialoT?

395. KaxpmoMy ajare6paHYecKkOMY YpaBHEHHIO CTABHTCH B COOTBETCTBHE €ro CTemeHb.
YKkaxKHTe MHOXECTBO 3HAUeHHH I/ 3TOro oToGpakKeHHs.

396. Cpenu cienyloumHx oro6pakeHHil yKaXXHTe OTo6paKeHHs Ha: 1) X —MmHOXe-
CTBO KPYyroB, Y — MHOXeCTBO AeHCTBHTEJbHBIX UHCEJ], KaXKAOMy Kpyry como-
cTaBJsleTcsl ero Mmiowanb;

2) X — MHOXeCTBO KpYroB, Y — MHOXXeCTBO MOJIOXKHTEJbHHX AeHCTBHTEJbHHX
yuceJ, KaXI0OMy KpPYry COMOCTaBJSIETCA €ro mJouiaib;

3) X={x| —3<x<5), Y=R, [: x—>x°.
4) X={x| —3<x<5), Y={x|0<x<<25}, frx—at.
397. Hafiqute o6pas X gaas oro6paxenus [: x—>x’—4x+5, rae X=Y=R.
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398. Slsasiercs aM coprBercrBHe «UeNOBEK y — CHH ueJOBEKa x> OTOGpaKeHHEM
f: x—y mHOXecTBa Bcex Jofieil B ceGA? fiBaseTcA JM TaKHM OTOGpaxKeHHEM
coorBeTcTBHE «UesnoBek y — CTapluMii ChH ueaoBeka x»? SiBasercs JH otoGpa-
XeHHeM f: x—y cooTBercTBHE «UesOBeK y — OTell YeJOBEKa x»?

399. slsasiercs A oToGpakeHHeM coorBercTBHe «CrosHLed rocyjlapcrBa x sIBJISIETCH
TOPOA Y»?

400. IMpuBeanTe W3BECTHHE BaM NpHMEpH OTOGpaXeHHii W3 reomerpHu. Jas oto6pa-
KeHusi f: x—x*—5x+4 mHoxectBa R B R Hafinure:

1) o6pasn uncea 3 u 7;
2) o6pa3 orpeska [3; 7}
3) noaHble mpoo6pasn unced —2 H 4;
4) noxnu#i npoo6pa3 orpe3ka [—2; 4]

401. Kaxnpoit 6ykBe andaBHTa, KpoMe GYKBH «Si», CTABHTCS B COOTBETCTBHE cCJe-
nywomas 3a Heft 6ykpa, a GykBe «si» — GyKkpa «a». Hafinure o6pa3 noamnoxecrna
raacHHX GyKB H mepecedeHHe 3TOTO o6pa3a C MHOXECTBOM IJIaCHHIX GYKB.

402. JlokaxuTte, 40 06beAHHeHHe HeKOoTopofi (PHTYpH H ee o6pa3a MpH CHMMETPHH
OTHOCHTEJIbHO NPsiMOi [ CHMMETPHYHO OTHOCHTEJbHO 3TOW MPSAMOIi.

403. [loxaxHTe, 4TO nepeceueHHe HEKOTOpof (Hrypnl H ee o6pa3a NMPH CHMMETPHH
OTHOCHTEJIbHO TOYKH A CHMMETPHYHO OTHOCHTEJbLHO 3TOH TOUKH.

404. Cpenn cieayiomux oro6paxeHuft yKa)KﬁTe o6paTHMbie H B3aHMHO OJHO3HAYHBIE:
1) KaXJo#t OKPYMHOCTH CTABHTCAi B COOTBETCTBHE €€ LeHTp;
2) KaXJ0# OKPYKHOCTH pajsHyca |1 cTaBHTCSi B COOTBETCTBHE €e IeHTD;
3) kaXjoMy KBaJpaTy CTaBHTCS B COOTBETCTBHe ero mepumerp (3zecb X MHO-
XKecTBo KBanparoB, Y=R). Bce ¢purypH paccMaTpHBalOTCA Ha MJIOCKOCTH.

405. Tlocrpoiite o6paTHHe OTOGpaXKeHHsl sl CJAEAYIOUHX O0TOGpaKeHHi:

1) x>x?—4x+3, X=[2, 4+ ), Y=R;
2) x+x*—4x’+3, X=[/3, + o), Y=R.

406. CymectByer JH otoGpaxkeHHe, o6paTHOe 0TOGpaXKEeHHIO:

1) x—>x*—4x’+3, X=[/2, + o0), Y=R;
2) x—>x* —4x>+3, X=(— 0o, —+f3} Y=R?

§ 2. OCHOBHbLIE 3AKOHB KOMBMHATOPUKM

1. Beenenne. IIpH peiieHHH MHOTHX MPaKTHYECKHX 3ajay MPHXO-
OHUTCA BHIGHpaTb H3 HEKOTOPOH COBOKYMHOCTH OGDBEKTOB 3JIEMEHTHI,
o6siafialollHe TeM HJIH HHBIM CBOHCTBOM, pacnoJiaraThb 3TH 3J€MEHTH
B onpeaeJeHHOM mopsiike H T. A. [lockosbKy B TakHX 3ajauyax pedb
HIET O TeX HJH HHHX KOMOHHAUHAX 06BEKTOB, HX Ha3blBAlOT KOM6U-
natopuuimu 3adavamu. O6nacTb MaTeMaTHKH, B KOTOPOA H3y4alOTCsl
KOMOHHATOpHLIE 3afiauyH, Ha3LIBAIOT KOMOUHATOPUKOU.

[IpuBeneM HeCKOJbKO MpHMepOB KOMGHHAaTOPHHIX 3aAad.

1. Pacnonoxurb 10 Touek H 5 OTpe3KOB Tak, YTOGH HA KaXKJAOM
oTpe3Ke OLLIO MO 4 TOUKH.

2. PacnoJoxHuTh ukcaa 1, 2, 3, 4, 5, 6, 7, 8, 9 taK, yTo66l OHH 06-
pa3oBaJii «MaruyecKuil KBaapaT», T. €. KBaipaT, B KOTOPOM CyMMHI 11O
BCEM CTPOKaM, BceM cTosi6uam H OGEeHM [HaroHajsiM OXHHAKOBHI.
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3. Hafitu Bce pacnosioxeHHsi BOCbMH (pep3eil Ha mIaxXMaTHOMH AOC-
Ke, MPH KOTOPHIX HH OJHH H3 HHX He MOXET B3ATb Apyroro (T. e. He
CTOHT C HHM Ha OJHOH TOPH3OHTAaJH, JHGO OJHOW BepTHKAJH, JHGO
ONHOA JHAaroHaJu).

4. Hafith yHcno pacnoJioxeHHA BOCbMH Jlajiel Ha LIaXMaTHOM
JOCKe, NPH KOTOPHIX HH OJHa H3 HHX He MOXeT B3ATb APYTYIo.

5. Y3HaTb, CKOJIbKHMH Coco6aMH MOXXKHO H3 7 MaJIb4yHKOB H 9 ne-
BoyeK BhI6paTh KOMaHAy Insi 3cradeTHOoro Gera, ec/iH B KOMaHAY
JOJIXKHEI BOATH 4 MajIbuHKa U 4 JAEBOUYKH.

6. IlyremecTBeHHHK AOJXKEH o6beXxaTb HECKOJbKO ropojaoB, MO-
6GLIBaB B KaXX/IOM H3 HHX 10 OXHOMY pa3y, H BepHyTbcs Ha3af. Haiitu
KpaTyaHIIHA BapHaHT NyTelIeCTBHS, €CJIH H3BECTHB PACCTOSIHHA MeX-
Ay rOpONaMH, NMPHYEM H3 KaXJOro ropojia MOXHO NONAacTh B JIOGOH
Opyroii, MHHysl OCTaJjibHble rOpOAa.

OTH npHMepnl NOKa3hIBAIOT, YTO KOMGHHATOpPHLE 3ajayH MOKHO
pellaTh Ha pa3HLIX YPOBHSIX: HCKaThb XOTSl 6bl OHO pelleHHe MOCTaB-
JeHHOH 3ajaud (nmpuMepnl | H 2), HCKaTb BCce ee pelleHHsA (MpHMep
3), OTHICKHBaTb YHCJIO pellileHHH AaHHOA 3ajauyH (nmpumepnt 4 H 5),
Cpeld pa3jIHYHBIX CNOCOGOB pelleHHSI HCKaTb ONTHMaJbHHIH (mpH-
mep 6). MHorna nmpuxoAaurcsi JOKa3HBaTh, YTO JAaHHAsi KOMGHHATOP-
Hasl 3afaya He HMmeeT pemeHnsi. Hanpumep, emwe JI. diinep nokasad,
YTO HeJb3si pacnoyoXutbh 36 o¢uuepoB, HMeOWHX 6 pasIHYHBIX
BOHHCKHX 3BaHHA H NpHHajJexaiux 6 pasaHuHBIM polaM BOMCK
(mo onHOMy odHUepy AaHHOrO 3BaHHA B JaHHOM poOje BOMCK), B 36
KIeTKax KBaJpaTa Tak, YTOGH B KaXXNAOA BEPTHKAJH H KaXAOA ropu-
30HTaJIH OblIH NpeACTaBjieHH BCe- 3BaHHAA H Bce pojaa Bodck. Ha
pHCYHKe 77 moKa3aHO pellleHHe 3TOH 3aJaud JJsA YeTbipeX BOMHCKHX
3BaHH# H YeThipeX POAOB BOKCK.

Mul 6ynem 3aHHMaTbcsA B 3TOMA [V1aBe JIHIIb 3aa4aMK, B KOTOPhIX
Haao HalTH YHCJIO cOCOGOB pellieHHS] TOA HJIH HHOH KOMGHHATOPHOH
npo6jeMbl. IDTH 3ajnayu 06pa3yloT 4YacTb KOMOGHHATOPHKH, Ha3sbl-
BaeMYIO NnepeducauTesbHol KoOM6uHaTopukod WIH Teopueld nepeuuc-
Aenudl.

XapakTepHo# yepTOi MaTeMaTHYECKOrO NOAXO0JA K PeLIeHHIO Npak-
THYECKHX 3ajau fiBaseTcA abcTparHpoBaHMe, T. €. OTBJEYEHHe OT
KOHKPeTHbIX 4epT, BbifiBJEHHEe INyGHHHOTO coJepXKaHHsA, o61iero AJs
3ajiay, BHELIHe OTJIHYAIOWMUXCA APYT OT Apyra. 3To MPHBOAHT K NOCT-
POEHHIO MaTeMaTHYeCKOH MOJeNH 3afayH, K BBeACHHIO OGLIHX MOHA-
THH, OXBaTHIBAIOLHX YacTHble cayuyad. B
KOMOGHHATOPHKE TaKHeé MOAEIH OGLIYHO
CTPOAIT C MpHBJICYEHHEM Pa306paHHBIX
B § | moHATHA MHOXeCTBa, NOJAMHOXECT-
8d | Ac | Do | Ca Ba, YNOpsiAOYEeHHOro MHOXXECTBa, KOpTe-
Xa, otobpaxeHHsl H T. A. B caepyournx
NyHKTax Mbl pa36epeM, OMHpasAch Ha 3TH

Aa 86 Cc Dd

(/] Da Ad Bc

DC cd | 8a | a6 TIOHAITHS!, ABA OCHOBHLIX 3aKOHA KOMGHHa-
TOPHKH — MPAaBHJIO CYMMbl H TMPaBHJIO
Puc. 77 NPOM3BENEH Hsl.
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YnpaxHenus

407. Vi3 maxmaTHO# AOCKH Bhipe3aHH JBe YIJIOBbie KJIETKH, pacnoJoXeHHHe Ha
ollHOH AMaroHasJH. MoOXHO JIH 3aMOCTHTb 3Ty ROCKYy MpPSMOYTOJBHHKaMH, CO-
CTOSILUHMH H3 JBYX KJETOK?

408. lllaxmaTHyl0 JOCKY ¢ 3 rOpPH30HTaNAIMH H 3 BePTHKaJAMH OGXOmAT Jajibedl H
Ha MyTH ee CJIeOBaHHA NMHIIYT OXHO 3a ApPYruM uHcaa, 1, 2, 3, 4,5,6,7, 8, 9.
Hafinure nyTh JafbH, NpH KOTOPOM TPeX3HAYHOe YHCJO, MNOJYuYHBlLIeecsd B
TpeTbeit TOPH3OHTAaJH, PaBHO CyMMe TDeX3HAUHBHIX YHCeJ, MNOJYYHBLIHXCA B
nepBHX ABYX FOPH3OHTaJSAX.

409. TloctaBbre Ha WIaXMaTHYIO AOCKY 5 ¢ep3eit Tak, 4TOGH OHH [epXKaJH MOJI YyAa-
poM Bce ee MOJS.

410. JJokaxHTe, YTO MAKCHMAJbHOE YHCJIO CJIOHOB, KOTOPHX MOJXHO MOCTaBHTb Ha
IIaxXMaTHYI0 AOCKY TaK, 4TOoOWl OHH He GHJH ApYr Apyra, paBuo 14. O6o6iinTe
pe3yAbTaT Ha CJyyal JOCKH C n TOPH3OHTAJSIMH H BEPTHKAJSAMH.

411. Iokaxkute, uto cpeiH 9 uyejaoBek ecTh JH6O 3 monmapHo 3HaKOMHX, JHGO 4 mo-
MapHO He3HAKOMBIX.

2. Mpasujao cymmui. Ecnu Ha Gaione siexkar 7 s6J10K H 4 rpyluH,
TO BHIGpAaTh OJHH IJIOA MOXKHO 744 =11 cnoco6amu. Boo6iue, cnpa-
BeJIMBO CJeflylolllee yTBepXKIEeHHe, Ha3biBaeMoe B KOMGHHATOpHKe
nPABUAOM CYMMDBL:

Ecau anement a moxcno soibpars m cnocobamu, a sremeHT b —
n cnocobamu, npusem 210604 86160p INEMEHTA A OTAUYEH OT 4106020
eoibopa 3aementa b, To 86l60p «a uau b» moxHo cdeaars m+n cno-
cobamu.

Ha Ai3bike TeOpHH MHOXKECTB 3TO NPaBHJIO GOPMYJIHPYETCH CAeAyIO-
muM o6pa3om:

Teopema 1. Ecau nepeceuenue Koxneunsix mnoxecrs A u B nycro,
ANB= O, 10 4ucso 3remenros 8 ux ob6veOuHeHUU PABHO CYMMe
qucen 3nreMenTo8 MHoxecrs A u B:

ANB=@=n(AUB)=n (A)+n (B). (1)

3amuce X=-Y umraerca: «Ecau X, 1o V>».

IMpuMeHsiA MeTON MaTeMaTHYeCKOH MHAYKLHH, BHIBOAHM H3 3TOH
TEOpEMBl CJI€[CTBHE:

Caencrene 1. Ecau xoneunvie muoxecrea A,, ..., Am nonapuo
He nepecexarorca, T. e. ecau AjNAv= @ npu j5+k, T0 umeer mecro
pasencTso

n (AU...UA)=n(A))+...4n (As). (2)

[IpaBua0 CyMMbl H €ro CJeACTBHE INPHMEHSIOTCA AAS DPELIeHHs
KOMGHHATOpHBIX 3aiay. MmMeHHO, yacTO npHXoAHTCA pa3buBaTh BCE
MHOXKeCTBO NepeyHcasaeMblX KOMOHHALHA HAa MonapHO Henepecekaio-
HWIHeCcs1 rpynnbl KOMOGHHALHH, NOACYHMTHIBATb YHCJIO 3JIEMEHTOB B
KaXk/1o¥ rpynmne H MOTOM CKJIaAnBaTh NoJay4YHBIIHecs oTBeTHl. [IpaBuio
CyMMBl MOXHO c(pOpMYJIHpOBaTb H Ha SI3bIKe OTOGPaKEeHHH.

Cneacreue 2. Ecau 3adano orobpascenue [ KonewHO20 MHO-
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acecrsa X na mroxcecreo Y, To uucao
anementTos 8 X pasHo cymme uucea
AEMEHTO8 8 NOAHLIX nPoOOPA3AX IAe-
MenT08 mHoxecTea Y.
B camoM pene, Bce MHOXecTBO X
pacnajaercs Ha NomapHoO Hemepece-
AUB Kaioliuecss 4acTH — MOJIHBE Npoo6pa-
Puc. 78 3bl 3JIEMEHTOB MHOXecTBa Y.
' Pa36GepeM Tenepb cay4ad, Korja
MHOXE€CTBA MOTyT HMeTb HemycThie
nepeceuenusi. Haunmem co cayuasd aByx MHoxecTtB (puc. 78).
Teopema 2. [Jas r1066ix KoHeunbix mHoNcecTs A u B eepro pa-
BEHCTB0

n (AUB)=n (A)+n (B)—n (A B). 3)

JdokasateasbcTBo. MHOXecTBO A|)B aBaserca o6beauHe-
HHEM TpeX MomnapHo Henepecekalouxcs mMHoxectB: A\ (AN B) (3ne-
MEHTHI, TpHHaJAexKalHe Toyabko A), B\ (A B) (3s1eMeHTH, NpHHaLIe-
Kauge Todabko B) W A(1B (3n1eMeHTH, NpHHaMJexXalHe OGOHM
mHoXecTBaM). [lepBoe H3 3THX MHOXecCTB coaepxkHT n (A) — n (AN B)
3JIeMeHTOB, BTOpoe collepXKHT n (B) — n (A B) sneMenToB, a TpeTbe —
n (AN B) sneMeHTOB. 3HAUYHT, YHCJIO 3JEMEHTOB B MHOXecTBe A|JB
paBHO

n(A)—n(ANB)+n (B)—n (ANB)+n(ANB),
n (AUB)=n (A)+n (B)—n (AN B).

Hanpumep, ecan MHoxectBo A cocrout 43 GykB {a, 6, 8, 2, 0, e},

a MHOXecCTBO B H3 GYKB {2, 0, e, X, 3}, TO HX O6BEeAHHEHHEM SIBJAETCA

MHOXeCTBO {a, 6, 8, ¢, 0, e, s, 3}, a nNepeceyeHHEM — MHOXECTBO

le, 9, e}. IIpu 3tom n (A)=6, n (B)=5, n(ANB)=3, n(AUB)=3§,
4TO corjacyercs ¢ ¢popmyJson (3).

®dopmysa (3) ABAAETCA YAaCTHHIM ciydaeM GoJiee o6uied GopMyJHl

n (A| U UA,,,)=n (A|)+ +n (A,,,)—n (A] nAg)—-n (A| ﬂAa)—
w.—n (AiNAm)—n (A2NAs)—...—n (A2NAn)—... 4)
o= N (An—1NAm)+n (AiNA2NA3)+...
(=D (AN NA)F - (=1 (AN NAm),

KOTOPYIO Ha3hIBalOT opmysod nepekpuiTuli WIAH, HHAue, gopmysold
exaouenuld u uckaouernud. B 3Ty dopmyay, kpome caMHX MHOXKECTB
A, ..., Am, BXOOAT HX BCEBO3MOXKHbIE NepeceyeHus mo 2, no 3, ..., no
m. I1pu 3TOM, eciH YHCJIO nepeceKaeMbIX MHOXKEeCTB HeYeTHO, COOTBET-
CTByIOILlee cjlaraeMoe BXOAHT B ¢opMyJay (4) Co 3HaKOM <«IJIIOC», @
€CJIH OHO YETHO, TO CO 3HAKOM «MHHYC».

Hanpumep, npn n=23 nmeem:

n(AUBUC)=n (A)+n (B)+n (C)—n (ANB)—
—n(ANC)—n (BNC)+n (ANBNC) (5)
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- wrsorre

Yro6n nokasath paBeHcTBO (5), 3ameruM, uro AYBUYC=(AUB)U
UC, u notomy no cdopmyne (3) umeem: n(AUYBUYC)=n(AUB)+
+n(C)—n ((AUB)NC). Ho no csoficTBamM onepauuii Haj MHOXeCT-
BaMH

(AUBINC=(ANC)U(BNC),

H NOTOMY

n(AUBNC)=n(ANC)+n (BNC)—n (ANCN(BNC)=
3 =n(ANC)+n(BNC)—n (ANBNC).
HayYyHT,

n(AUBUC)=n (AUB)+n (C)—n (ANC)—
—n (BNC)+n (ANBNC).

3amenss n (A|B) no ¢popmyse (3), noayuaem (5).

B o6uiem cayyae ¢opmyna (4) moka3biBaeTcsi aHaJOTHYHO MeETO-
JOM MaTeMaTHYeCKOH HHAYKLHH.

C noMoubio popMyJnt (4) Jierko HafiTH H YHCIO 3J€MEHTOB He-
KoTOporo MHoxectBa U, He NpHHaj/eXallHX HH OLHOMY H3 MNOA-
MHOXecTB Ay, ..., Am 3TOT0 MHOXECTBa — CHayaJia HaJl0 HafHTH YHCJIO
snemeHTOB B A;|J...JAm, @ TOTOM BhIYECTb HafileHHOE YHCJIO H3 YHCJIA
sneMeHToB B U.

ITpumep 1.B knacce o6yuaiorcs 42 yuenuka. M3 vux 16 yuacrt-
BYIOT B CEeKLHH IO JIerKOH artieTHke, 24 — B (yTGOJbHOA CeKLHH,
15 — B mwaxmMaTHOH ceKuHH, 11 — H B CEKUHH IO Jerko# aTyeTHKe,
H B ¢yr6osbHOH, 8 — M B JIerkoaT/ieTHYECKOH, H B IIaXMaTHOH,
12 — u B ¢yT6ONbHOMA, H B IIaXMaTHOH, a 6 — BO BCEX TPeX CEKIHSAX.
OcTa/ibHble IIKOJIbHHKH YBJEKAOTCA TOJNBKO TYPH3MOM. (CKOJIbKO
IIKOJIbHHKOB SIBJSIIOTCA TYPHCTaMH?

PeweHnune. O6Go3Hauum 4yepe3 U MHOXKECTBO BCEX YyyallMXCH,
yepe3 A — YJIeHOB JIErKOaTJIETHYECKOH CeKUHH, yepe3 B — ¢pyT60ob-
HOH, yepe3 C — maxmaTHOA H uepe3 D — TypucrtHueckod. Ilo ycio-
BHIO 3alayH HMeeM:

U=AyBUycCUD,
npHueM
DN (AUBUC)=o

H n(U)y=42, n(A)=16, n (B)=24, n (C)=15, n(ANB)=11,
n(ANC)=8, n(BNC)=12, n (ANBNC)=6.

[To ¢popmyne (5) moayuaem, uro

n(AyByC)=16+4+24+415—11—8—1246=30,
H NOTOMY
n(D)=n(U)—n(AUBUYC)=42—-30=12.
3HaYHUT, TYPU3MOM 3aHHMAIOTCA |2 MKOJIbHHKOB.
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YnpaxHeHus

412. B otnesie Hay4yHO-HCCJIEA0BATENbCKONO HHCTHTYTa PaBOTAIOT HECKOJBKO YeJOBEK,
NpHYeM KaXKAHA H3 HHX 3HaeT XOTA OB OJHH HHOCTPAHHHWMA f3nK, 6 uenoBek
3HAIOT aHIVIHACKHA fA3bK, 6 — Hemeuxu#l, 7 — ¢paHuy3cKuil, 4 3HAOT AHTIHA-
CKHA H HeMelKHA, 3 — HeMeuUKHA H (paHuUy3cKHA, 2 — (paHUy3CKHA H aHr-
Jauickui, 1 yenoBek 3HaeT Bce TPH f3niKa. CKOJBKO YesoBEeK paGoTaloT B oTAee?
CKOJIbBKO H3 HHX 3HAIOT TOJbKO AHrAHACKHA A3HK? CKOJNBKO YeJIOBeK 3HAIOT
TOJIbKO OJIHH SA3HK?

413. Crapocra ogHoro Kjiacca JaJj ClelyloliHe cBeleHHs o6 ydyeHHKax: «B kaacce
yuartcsi 45 WKOJBLHHKOB, B TOM 4YHcIe 25 MaJbyHKOB. 30 WIKOJILHHKOB yyaTcsi Ha
XOpoLIO H OTJIHYHO, B ToM 4Hcae 16 MaabunkoB. CnoproM 3aHHMalorcs 28 yue-
HHKOB, B TOM uHcJe 18 ManbunKoB H 17 LIKOJAbLHHKOB, YYalIHXCS Ha XOpOLIO H
OTJIHYHO. 15 MaJbYHKOB yyaTCsi HAa XOPOLIO H OTJAHYHO H 3aHHMAIOTCS CIIOPTOM>.
JIOKaXHTe, UTO B 3THX CBE/leHHSIX eCcTb OlH6Ka.

414. Ckosnbko yHces1 cpefn nepBuX 100 HaTypaJbHHIX YHCeN He JENATCA HH HA 2, HH
Ha 3, HH Ha 5?

415. CKO/IbKO YHCEeJl CPe/lH NMepBOf THICAYH HATypaJbHHX YHCes He JeJATCA HH Ha 2,
HH Ha 3, HH Ha 5, HM HaA T?

3. Npasujo npon3peaenns. BrophiM 0CHOBHHIM NpaBHJIOM KOMGH-
HaTOPHKH SIBJIAETCA npasuso npouseedenus. OHO BHIpaXkaercsi cje-
ayioled TeopeMoi:

Teopema 1. Ecau mnoxecrea A u B koneunst, To 4ucao nap 8 ux
dexaproson npoussedenuu A X B pasno npoussedenuro wucea nemen-
TO8 ITUX MHONECTS:

n(AXB)=n (A)-n (B). (1)

Hdoka3sarteunbcTBo. MHOXecTBO A X B COCTOHT H3 nap BHAa
(a, b), rme a€A, beB.

Ecin A=lai, ..., an} ¥ B={by, ..., by}, TO 3TH napsl MOXHO 3a-
nUcaTh B BHAE cJjefylouled TaGaHibL:

(alv bl)y seey (aly bk)y
(@m, b1), -rr (@m, ).
BHAHM, YTO YHCJO 3THX map paBHO mk, T. e. n(A)-n (B).
C noMoIbi0 MeToJa MaTeMaTHYeCKOH HHAYKUHH ¢popMyaa 0606-
IaeTcsl Ha Ji060e YHCJIO0 MHOXECTB:

Teopema 2. Ecau mnoxcecrea A, ..., Am KOHEUHbL, TO UMEET MeCTO
pasencTao

n(AiX...XAmn)=n(Ai)+....n (An).

IMpumep 1. Ckonbko HOMEPOB, COCTOSIIHX H3 JABYX GykB, 3a
KOTOPBIMH HAYT NSATh UHPP, MOXKHO COCTABHTb, HCIOJIb30BaB 32 GyKBHI
H 10 uugp?

P e m e H H e. O603HaunM MHOXKeCTBO H3 32 GyKB uepe3 A, a MHO-
kectBo u3 10 undp uepes B. Kaxkanit HoMep TpeGyeMoro BH/Aa SBJISA-
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ercsl KopTexeM H3 JexkaproBa mnpou3seaeHuss AXAXBXBXB.
Tak kak n (A)=32, n (B)=10, To no popmyae (2) HmeeM:

n(AXAXBXBXB)=32-32-10-10-10=1 024 000.

[lpu pelmieHHH HEKOTOPHIX KOMGHHATOPHLIX 3ajay NPHXOAHTCH
HMeTb JeJio ¢ Gojee ofuiedt CHTyalHe#, yeM PacCMOTPEHHasl BhIIe.
Ona onHchiBaercsl cjefyiolled TeopeMoi:

Teopema 3. ITycro 3adano oTOOGPANCEHUE KOHEHHO20 MHONECTEA
X na mroocecreo Y, npuvem 8 xaxcovid 3rement mnoxecraa Y orobpa-
aaerca 0GHO U TO e HUcCA0 Inementos mHuoxecrea X. Tozda 4ucao
anemento8 8 X pasHo npou3sedenuio Hucaa 3aementos 8 Y Ha 4ucao
nemenTo8, oTobpamcaouuxca 68 KancOold sementT mHoxcecrea Y.

IHokasarteanbcrTBo. MHoOXecTBO X pacnajaercss Ha momap-
HO HelepeceKaloliHecs: MOJAMHOXecTBa — MOJHbe NPoo6Gpa3nl 3JeMeH-
TOB MHOXecTBa Y npH oto6GpaxkeHuH f. [To3TOMy uHC/IO 31€MEHTOB
B X paBHO CyMMe YHCeJ 3JeMEHTOB B 3THX Npoo6pa3ax, a YHCJIO Npo-
o6pa3oB paBHO yHcay 3jemeHToB B Y. Ilo ycioBHiO Bce npoo6Gpa3nl
MMeIOT nopoBHY 3JeMeHTOB. [lostomy n (X) paBHO cymme n (Y) pas-
HBIX cJaraemhblX, T. €. NpousBeleHHI0 n(Y) H uyHucaa 3J€MEHTOB B
KaxJaoM npooGpase.

OrmerHM, 4TO Teopema | fIBJIfieTCi YACTHHIM CJydYaeM TeopeMH 3: JOCTATOYHO
paccMoTpeTb ortobpaxenue (a, b)—> b mHoxecrsa AXB na B. Buaum, wro mpo-
o6pa3 Kaxzaoro b€ B conepXut n (A) aneMeHToB, a B B cojaepxurca n (B) sneMeHTOB.
IMostomy n (AX B)=n (A)-n (B).

[Tpumep 2. CKONbKO yNOPSAOYEHHBIX TAP MOXKHO COCTaBHTb H3
32 6yxB, eciH B Kaxkao#t nape o6e GYKBHl pa3jIHYHHI?

Pemenue. [locraBum B cooTBeTCTBHE KaXJI0o# nape GykB mep-
Bylo GykBy 3TO# mapnl. [loayuum oro6GpakeHHe MHOXKecTBa Y map
TpeGyemoro Buaa Ha MHOXecTBO X GykB. [Toannift npoo6pa3s kaxao#
GyKBH coiepKHT 31 6ykBy (Bce GyKkBHl, KpoMe faHHO#) . [losTOMY uHC-
Jo nap tpeGyemoro BHaa paBHO 32-31=992.

3ameTHM, YTO MHOXECTBO Map B 3TOM npHMepe He Ghulo AeKap-
TOBbIM NPOH3BEACHHEM ABYX MHOXECTB. AHAJIOTHYHO MOXHO HaHTH
YHCJO TPOEK, B KOTOPbIX HHKaKHe [iBe OJHHAKOBhble GYKBH He HAYT
noapsa. Takue TpoiikH 3anHcHBalOTCA B BHIE (a, b, ¢), rie as~b u
b=~ c. Ilpu oroGpaxenuu (a, b, ¢)— (a, b) kaxxnasa napa (a, b) nmeer
noJiHblfi npoo6Gpa3 u3 31 Tpofiku. Tak Kak uucao nap pasHo 32-31,
TO YHCIO TPoeK paBHO 32-312=30752.

PemeHne 3afa4 Takoro THNMa MOXHO NMPOBOJAHTb TaKXke Ha OCHOBE
C/leRYIOLIEr0 YTBEpXKIAEHHS, o6o61aoLiero reopemy 2.

Ecau nepsyio koopdunary koprexca Oaunst k mocHo 6ui6pars
n, cnocobamu, npu a0b6om 8vibope nepeoidl KOOPOuHAT®. 8TOPAR
soibupaerca n. cnocobamu, npu 21060 8oi60pe nepsvix d8yx Koopou-
HAT TPeTbA 8LI6UPAETCA N3 cnocobamu u 7. 0. 00 k-l KOOpOuHAaTH BKAIO-
YUTEAbHO, TO obujee 4HuUCA0 noay4aemvix Takum obpasom xopredcedl
pasHo niny ... ng.
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[Ipu nocTpoeHHH TPOeK, HE COAepPKALUUX PANOM CTOSIIHMX OJHHA-
KOBbIX GYKB, NMepByI0 KOOpPAHHaTy MOXHO Bhi6paTh 32 cnoco6am,
NpH KaXAOM TaKoM BbiGope BTOpasi KOOpAHHaTa BhiGHpaetcsa 31 cno-
co6oM, a MpH KaxKAOM BuIGOpe nepBbix ABYX GYKB TpeTbsl BHIGHpaeTCs
toxe 31 cnoco6om. BHoBb nosnyyaem otser 32-31-31=30 752.

YnpaxHueHnn

416. Hmeercsi 5 BHIOB KOHBepTOB 6e3 MapOK H 4 BHIa MapoK. CKOJNbKHMH cnoco6aMu
MOXKHO BHOpaTb KOHBEPT H MapKy JJisi MOCHJIKH MHCbMa?

417. CKOJNbKHMH cnoco6aMH MOXHO BHGPaTh COMJIACHYIO H IVIACHYIO H3 cJioBa «3/a-
HHe»? H3 CJIOBA «NapKeT»?

418. CroAbKHMH crioco6aMH MOXHO yKa3aTb Ha LIaXMaTHOA AOCKe JBa KBagpara —
Gennlft W uepHui? Pewmurte Ty e 3ajavy, ecJH HeT OrpaHHYeHHA Ha UBeT
KBajparToB. PemuTte ee, eciH Halo BHGpaTh JBa Gejnlx KBajpara.

419. CKOJIbKHMH cnoco6aMH MOXHO BbIGpaTh Ha IIaXMaTHOA NOCKe Geibii H YepHHIA
KBajpaTHl, He JieXalllHe Ha OJHOA TOPH3OHTAJH HJAH ONHOM BepTHKAJH?

420. U3 3 3ksemnasipoB yde6HHKa ajre6pHl, 7 3K3eMNIISpoB ydyeOHHKa reOMeTpUH H
6 3Kk3eMmAsApoB yueGHHKa (H3HKH Hafo BHIGPaTbh KOMIUVIEKT, CORepXKaluHA Bce
Tp4 yuyeGHHKA MO ofHOMY pa3y. CKOJBKHMH CMocOGaMH 3TO MOXHO cHeaaTh?

421. B kop3une nexar 12 s6yok u 10 ameabcuHoB. Bans BnGupaer sH60 s6JI0KO,
JAH6o ameabcuH, nocje yero Hans BhiGHpaeT U3 ocraBuiHXcsi GPYKTOB H A6/0KO,
u aneabcHH. CKOJbKO BO3MOXHO TakHX BHGopoB? IIpu kakom BnGope Banu y
Hanu Gosblue Bo3aMoXKHOCTe#l BHGOpa?

§ 3. OCHOBHbIE ®OPMYJIbi KOMBMHATOPUKM

1. Paamemenns ¢ nopropenunamu. B 3ToM naparpade Mul paccmoT-
PHM HEKOTOpblie THNOBhle KOMGHHATOpHbE 3aJauH.

Sapaua 1. Hadru uucao scex xoprexeli Oaunvt k, Koropoie
MONCHO COCTABUTL U3 INEMEHTO8 MHOXcecTéa X, ecau 4uUCAO 3Tux
anemenros pasno m, n(X)=m.

Pemeunue Ham Hago Ha#ATH 4YHUJIO 3JIeMEHTOB JE€KapTOBa
npousBeneHHss X X...X X, cocrosiiero H3 Rk OJHHAKOBbIX MHOXH-
teneir. ITo popmyae (2) n. 3 § 2 3to uncao pasHo n (X)X ...Xn (X)
(k MHOXHTeNeH, T. e. paBHO n (X)t=m*.

Onpedearenue. Koprexun mjaHHH R, cOCTaBJieHHble H3 3Je-
MEHTOB m-3JIEMEHTHOIO MHOXeCTBa X, Ha3blBAlOT PA3MEUEHUAMU C
noB8TOpeHUAMU u3 m 3JeMeHTOB Mo k. UHcyio 3THX KopTexkel 0603Ha-

vaior A%. (Byksa A or ¢panuysckoro cioBa arrangément — pas-
MeuleHue. Uepra yka3biBaeT Ha BO3MOXKHOCTb MOBTODEHHSI 3JIEMEH-
TOB.)

Mbl gokasanau ¢Gopmyay

Zk= k. (1)

[Tpumep 1. CKoNIbKO NATH3HAYHBIX HOMEPOB MOJXKHO COCTABHTh
u3 aesath uudp 1, 2, 3, 4, 5, 6, 7, 8, 9?
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PemeHnune. TakHe HOMepa SBJAIOTCA KOPTEXaMH IJIHHH 5,
COCTaBJIEHHBIMH H3 3/IeMEeHTOB MHOXKecTBa X ={1, 2, 3, 4, 5, 6, 7, 8, 9).
ITo dopmyse (1) ux uncno paBo A3=9°=6561.

K noacuery uucina KopTexed AaHHOA AJIHHB CBOIAATCA MHOrHE
Ipyrie KOMGHHaTOpHHIE 3afayH.

3anaua 2. Halidem aucsro orobpaxenull muosxecrsa X 8 MHO-
aecreo Y, ecau n(X)=k u n(Y)=m.

Pemenue. IlepeHymepyeM 3seMeHTH MHOXecTBa X: X=
={x1, ..., xs}. Kaxknomy oto6paxenHio f MmHOXecTBa X B Y coorBer-
CTBYET KOpPTeX AJHHB k, cocTaBJeHHHHA H3 06pa30B 3THX 3J€MEHTOB
(B3ATHIX B TOM XKe nopsiike), T. e. KopreX (f (x1), ..., f (xz)). O6paTHoO,
3ajaHue Koprexa (Yi, ..., Ys), COCTABJEHHOIO H3 3JIEMEHTOB MHO-
xkecTBa Y, OlHO3HAuYHO onpefensier oro6pakeHHe f: 3/IeMEHT x; me-
PEXONMT B 3JIEMEHT Y.

3HayHT, yKcio oTo6pakeHH MHOXKecTBa X B MHOXKeCTBO Y paBHO
uMCJTy KopTeXel IJIHHBI R, COCTaBJIEHHHIX H3 3JIEMEHTOB MHOXECTBa
Y. Tak kak n(Y)=m, to no ¢opmyse (1) 3to uucio pasHo m".

[Mpumep 2. CkoabKuMH croco6aMH MOXHO pasjeauTb 6 pas-
JMYHBIX KOH(eT MeXAy TpeMsi ACTbMH? ‘

PemeHue. Kaxani cnoco6 pa3fienia siBjisieTcsi oTo6pakeHHeM
MHOXXecTBa KOH}eT B MHOXecTBO Jerted. Unciio Takux oro6paxkeHHRA
paero 3%, T. e. 729. ' o

Boo6uie, Jsio60e oToGpaxkeHiHe R-3JeMEHTHOro MHOXecTBa X B
m-3JeMEHTHOe MHOXeCTBO Y MOXHO HCTOJIKOBaTb KaK pacKJaaky k
3JIEMEHTOB NO m siliMKaM. Mbl BHIHMM, YTO YHCJO TaKHX packialoK
paBHO m*.

3anaua 3. Hafizem unciio Bcex MOAMHOXKECTB MHOXecTBa X,
ecsii X COAEepKUT K 3JIeMEHTOB.

Pew e H 4 e ByaeM packnagnBaTh 3JleMEHTH MHOXKecTBa X B 1Ba
aumuka. Kaxaomy noaMHoxecTBy A MHOXecTBa X COOTBETCTBYeT
cnoco6 packjJaiKkH, MPH KOTOPOM 3JeMEeHTH NMOJAMHOXKECTBa NONaAaloT
B NEpBHHA SLIHK, a OCTaJbHble 3JeMeHTh — BO- Bropoii. O6paTHo,
KaXKflasi Takasl pacKjafika OZHO3HAYHO onpejenisieT NOAMHOXeCTBO
JIeMEeHTOB, NoNaBWHX B nepBulif AWHK. [TosToMy o6uiee ynca0 NoA-
MHOXeCTB B X paBHO YHCJAY CMOCOGOB pacKJafKH 3JE€MEHTOB MHO-
XKECTBa 1O JBYM fIIHKaM, T. €. paBHO 2" =2k

310 yTBepXKAEHHE JEerko A0Ka3aThb H C MOMOLIbI0 MaTeMaTHUECKO#H
HHAYKUHH 1O k.

[Ipumep 3. Bunuiuem Bce NOJAMHOXECTBa MHOXeCTBa {a, b, c}.

Pemewnue. JlanHoe MHOXKECTBO HMEET BOCeMb NOJIMHOXECTB:

D, {a}, (b}, {c}, {a, b}, fa, c}, b, ¢}, {a, b, ¢}

Tak kak 8=2%, 3t0 COOTBETCTBYET [A0Ka3aHHOMY Bhlllle yTBEpKIe-
HHIO. '

YnpaxHeHHs
422. CKOJIbKO CYIIecTBYeT NATH3HAYHHIX HOMEPOB, He cojepXamux uudpy 8? ne
conepxamux uudp 0 u 8? cocrapjeHnuHx U3 uugp 2, 3, 5, 7?
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423. CKOJbKHMH cmoco6aMH MOXHO Pa3sioXHuTh 12 pasjHuHHIX AeTajedl mo 3 siuUKaM?

424. HUmeercsi Ha6op H3 16 kaprouek. Ha uernipex W3 HHX HamHcaHa GykBa «A», Ha
yeTnipex — OykBa «b», Ha uernpex — GykBa «B», H Ha uernipex — GykBa «I'».
CKOJIbKO pa3/iMyHbiX KOMOHHALHA GYKB MOXKHO MOJYYHTb, BHGHpasi H3 Habopa
4 KapTOUKH M pacrojiarasi UX B HEKOTOPOM MOPSAKe?

425. B HeKOTOpOM CKa30YHOM KOpPOJEeBCTBe He OblIO JABYX 4YeJOBEK C OJHHAKOBHIM
HaGopoM 3y6oB. KakoBo MorJyio 6HTb HauGojbliee YHCJIO XKHTeJeH 3TOro KOpoJeB-
CTBa, €CJIH Yy yesoBeka 32 3y6a?

2. Paamemennn Ge3 nostopenudi. ByieM Tenepb cocTaBifiTb H3
JIEMEHTOB mM-3JIeMEHTHOTO MHOXecTBa X He KOPTeXH MJIHHH kR, a
ynopsiio4eHHble MHOXKECTBa TOH ke JJHHbI. MHBIMH c/l0BaMH, B OTJIH-
ype OT i. 1| 6yneM 6GpaTh JHIIb KOPTeXH AJHHH R Ge3 NOBTOPAIO-
ILMXCA 3JIEMEHTOB.

Onpedeasrenue YnopsiioueHHOE MHOXECTBO JJIHHH k, co-
CTaBJIEHHOE H3 3JIEMEHTOB m-3J€MEHTHOro MHOXKectBa X, Ha3bBAlOT
pasmewenuamu 6e3 nosToperuli U3 m 3J€MEHTOB MHOXecTBa X mo k.
UHCI0 TakHX pasMellleHHi 0603Hayaior Ak,

3apaua 1. Hatidem uucao pasmewenuil 6e3 nosropenud uz m
nementos no k.

P e m e H He. [lepBoii KOMIOHEHTOH KOpTEXKa MOXKET CTaTh JI0GOH
U3 3JIeMEHTOB MHOXKecTBa X. Tak Kak HX YHCJIO paBHO m, TO NoJydyaeM
m BO3MOXHOCTeH BolGopa. Eciin nepBuifi 3jeMeHT x; Yyxe BbGpaH,
BTOpO# 3JIeMEHT MOXKHO BHIGpaTh JHlIL m — | cnocoG6amMu (moBTOpe-
HHE 3JIeMEeHTa X; He AONMyCKaeTcsi). AHa/JIOTHYHO YCTaHaBJHBaeM,
YTO NPH BLIGPAHHBIX 3JIEMEHTAaX X; H X2 3JIEMEHT X3 MOXKHO BHIGpaTh
m — 2 cnoco6aMi M T. A. BIVIOTb O 3JIEMEHTA X;, KOTOPhI MOXHO
BbiGpatb m—(k—1), T. e. m—k—+41 cnoco6amu (40 Hero BHIGpaHBl
k— 1 snemeHrt: xi, ..., Xx—1, HH OJMH H3 KOTOPBHIX He AOJKEH MOBTO-
PUTbCA).

[To mpaBuay mpoH3BedeHHSI NOJy4YaeM, 4TO 4YHCJIO pa3MmellleHHHA
6e3 moBTOpeHHH M3 m 371eMEHTOB NO k BhIpaxcaetrcs ¢opmyJoi

Ab=m(m—1)..(m—k+1). (1)
3ty dopMyJy MOXKHO 3anHCaTh HHaYe, eCIH BOCNOJIb30BaThbCsl 0603HA-
yenueM n! (3n ¢paxkropuar) nAA NPOHU3BEAEHHS HATYPaJbHBIX 4HCe]
or | non,n!l=1-2-...-n. Ectn yMHOXHTb 0Ge yacTH paBeHcTBa (1)
Ha (m—k)=(m—k)-...-1, TO noJayunum, 4to

(m—k)\-Ab=m-(m—1)-....(m—k+1)(m—~k)-...- | =m!
Orcioia BHITEKAET, UTO
k___ m! ’
A,,,————(m_k)!. (17)

[Tpumep 1. HaiimeM, ckoJbKHMH crmoco6aMH MOXHO BbIGpaTh
H3 Kjacca, HacuuThiBaiollero 40 yyeHHKOB, CTapocTy, KOMCOpra H
¢u3sopra.
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Pewenue. Jlio6oit Takof BHGOp ABAseTCA pa3MellleHHeM Ges
noBTopeHH# H3 40 3jeMeHTOB 10 3 (OH 3aaeTCA KOPTEXKEM JAHHH 3
6e3 NOBTOPEHHH, COCTaBJIEHHHIM H3 3JIEMEHTOB MHOXKECTBA YUEHHKOB) .
3HayHT, YucjI0 cnoco6oB BbIGOpa paBHO

A3y=40-39-38 =59 280.

B n. 1 6nna ycraHoBJeHa CBfi3b MeXAYy KOpTeXaMH IJIHHH K,
COCTABJICHHBIMH H3 3JI€MEHTOB MHoOXecTBa Y, U OTOGpaxKeHHSIMH B
Y k-3nemeHTHOro MHOXecTBa X. Pa3meleHnsiM 6e3 NOBTOPEHHA COOT-
BETCTBYIOT TakKHe OTOGpaXKeHHSl, NMPH KOTOPHIX pa3Hble 3JIeMeHTHhI
MHOXecTBa X oTOGpaXkaloTCsi B pa3Hble 3JeMeHTH MHoXecTBa Y,
T. €. o6paTHMble 0TOGpaxkeHHst MmHOXKecTBa X B Y. Tem caMbM 10Ka3a-
HO CJIeAylollee YTBepXKAEHHe:

ITycre muoxecreo X codepacur k srementos, a mnoxecrso Y —
m aaemento8. Tozda uucao obparumosix orobpancenudl muowecrea X
8 mHoxecreo Y pasno A%

HarasagHoe HcTonkoBaHHe o6paTMMbiX oToGpaxenud X B Y co-
CTOHT B TOM, YTO 3JieMeHTHl MHOXKecTBa X pacK/laAbBaIOTCS 1O /M A1UHU-
KaM, MpHYEeM HH B OAMH SILUHK HeJb3sl NMOJIOXKHTb 60Jjiee OAHOrO 3Je-
MeHTa.

YnpaxHeHHSR

426. CKOJBbKHMH CTIOCOGaMH MOXHO COCTaBHTb TpeXUBETHH noJocarthil ¢aar, ecanu
HMelOTCA TKaHH MATH Pa3/IHYHLIX [BeToB? PewHTe Ty Xe 3ajayy NpH yCJOBHH,
4TO OJIHA NOJOCA AOJMXKHA GHTb KpacHOH.

427. B uexe paGoraioT 8 Tokapefi. CKObKHMH CNOCOGaMH MOXHO MOPYYHTb TPEM H3
HHX H3rOTOBJICHHE TpeX PadMYHHX BHAOB JeTajell (N0 ORHOMY BHAY Ha KaX-
jporo)?

428. U3 10 pas3iMyHHIX KHHT BHGHPAOT 4 AAA NOCHJKH. CKOJbKHMH cnocoGaMmu
3TO MOXXHO, cZies1aTh?

429. B npodkom u3bpaHo 9 yenosek. M3 Hux Hajno BHOGpaTh nmpeicenartensi, ero 3a-
MECTHTE/A, ceKpeTapsa H Ky/abTopra. CKOJBbKHMH CMOCOGaMH 3TO MOXHO CHe-
JaaTh?

430. CKONLKHMH CIOCOGaMH MOXHO ONMYCTHTh 5 mHceM B 11 MOYTOBHX SILIMKOB, €CAH
B KaXIH# LMK OMyCKalOT He GoJjee OLHOTO MHCbMa?

3. Nepecranoskn Ge3 nosropennii. Ecnu ainHa pasmelnenns Ges
MOBTOPeHHH paBHA YHCJIy /M 3JIEMEHTOB MHOXeCTBa X, TO B 3TOM pas-
MellleHHH BCTpPeYyaloTcsl 1Mo OJHOMY pa3y Bce 3jdemeHTH H3 X. [IBa
TaKHX pa3MelleHHs OTIHYAIOTCA APYr OT ApYra JHIlb MOPAAKOM 3THX
jeMeHTOB. JlaguM TakuM pa3MeuieHHAM ocoGoe Ha3BaHHe.

Onpedeaenue. Ilepecranoskoli 6e3 nosropenuil us m 3Jje-
MEHTOB Ha3hiBalOT pa3MmellieHHe 6e3 NMOBTOPEHHH M3 3THX 3JEeMEHTOB
no m.

Yucao nepecTaHOBOK U3 m 371eMeHTOB o6o3uavaot P,. (Ot dpan-
ly3ckoro cioBa permutation — mepecraHoBka.) Tak Kak
P,=AR, 10 no ¢opmyse (1) n. 2 mosyuaem, uto

Pn=m-(m—1)-...-(m—m+4)=m-(m—1)....-1=m!
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Hrax,
Pn=m!

ITpumep 1. CKonbkuMH cioco6aMH 6 uelOBEK MOryT cecTb Ha
6 cryabeB?

Pemewnune 3aHymepyem cryibs unciaamu 1, 2, 3, 4, 5, 6 u
0603Ha4YHM 4eJIOBeKa, ceBlIero Ha k-i cryJ, uepes x,. Toraa (x, ...,
X6) — NMepecTaHOBKA H3 HMEH 3THX LIECTH JIOAed, NMpHYEM KaXkAoH
TaKOH NepecTaHOBKE COOTBETCTBYET OJHH H TOJbKO OAHH CNoco6
pa3sMellleHHs] Ha CTyJabAX. 3HAYHT, YHCJIO CNOCOGOB paBHO Pg=
=6!=720.

Kaxnasa nepecraHoBKa 3JeMEHTOB MHOXeCTBa X 3ajaeT B3auM-
HO OJHO3HayHoe OoToGpakeHHe 3TOro MHOXecTBa Ha ce6si. MmewnHo,
3aHyMepyeM 3JeMeHTbl MHoXectBa X uyHciaamu 1, 2, ..., m: X=
=(xy, ..., Xm) H BO3bMEM KaKyIO-HHGY b IEPECTAHOBKY 3THX 3JIEMEHTOB.
[Tocie 3TOro 3neMeHTy x; MOCTaBHM B COOTBETCTBHE MEPBYIO KOOP-
AMHATY 3TOH NEPECTAHOBKH, 3JIEMEHTY X — BTODYIO, ..., 3JE€MEHTY
Xm — M-10 KOOPAHHATY. DTHM 3aJlaeTcsi B3AHMHO OJHO3Ha4YHOE 0TOG-
paxkeHHe X Ha ceGs.

Hanpumep, ecain X=(l1, 2, 3, 4), To nepecraHoBke (4, 3, 2, 1)
COOTBETCTBYET B3aHMHO OJlHO3HauHOe 0TOGpaKeHHe MHOXecTBa X Ha
ce6s1, npu koropom | mepexomur B 4, 2—B 3, 3—B 2, 4 —B |.

YnpaXHeHus

431. CKONLKHMH CNOCOGaMH MOXHO OGHTb 6 CTYJIbEB TKAHBIO, €CJJH HMEIOTCH TKaHH
IIECTH PA3JIHYHHX IBETOB H BCe CTYJbS JOJKHH GHiTh pa3HoOro npera?

432. CKoJNbKHMH cnocOGaMH MOTYT PacClOJOXKHTbCA B TypHHpHO# taGauue 10 ¢yr-
6OoNbHHIX KOMAaHHA, €C/IH H3BECTHO, YTO HHKaKHe J[Beé KOMaHAH He Ha6GpajH mo-
POBHY OYKOB?

433. Ha co6pannH mojXHH BHCTYnHTb 5 uenoBek: A, B, B, I', JI. CKOJbKHAMH cMO-
co6aMH MOXHO pacloJIOXKHTb HX B CIIHCKE 0paTopoB, eciH B He RoJXKeH BH-
cTynatb A0 TOro, Kak Beictymusa A? Pemnte Ty e 3asady, ecaiH B mojxed
BHICTYNHTb cpa3y mocje A.

4. Coyeranns Ge3 nosropennii. Bynem tenepb CTpOHTL H3 3/1eMeH-
TOB MHOXecTBa X He KOpTeXH, a noaMHoxectBa. [losyuum Ttak
Ha3blBaeMhule couetaHHsi 6e3 NOBTOpEHHH.

Onpedesrenue. k-30eMeHTHHE NOAMHOXECTBA M-3JIEMEHT-
HOrO MHOXeCTBa X Ha3HBAaIOT COY4ETaAHUAMU 6e3 nosroperull U3 se-
MEHTOB 3TOrO MHOXeCTBa 10 k. Ux uncio o6o3nauaior Ch. (Ot dpan-
uysckoro cjaoBa combination — Kom6GuHauuA.)

[Tpumep 1. U3 mHOXecTBa {a, b, ¢, d, e} MOXKHO COCTaBHTb
10 coueranuii no 3 sneMeHTa B KaXAOM:

la, b, ¢, {a, b, d, {a, b,e la c d, {ac, e,
la, d, e}, {b,c,d}, (b, c, e, b, d e, I d, e}
M3 kakaoro Takoro coyeTaHHsi MyTeM Da3yIHYHBIX YNOPSAOUHBAHHM
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3JIEMEHTOB noJiyyaeTca 6 pa3MeiieHuit u3 5 ssuemenroB no 3. Hampu-
Mep, H3 coveraHus {a, b, ¢} nojyuaem cjenyloulHe pasMeLEHHs.
(a,b,¢),(a,cb)(b,a,c),b,c,a),lc,a,b)(c b, a). Orciona BAZHO, 4TO
YHCJIO pa3MellleHHA 6e3 NMOBTOPeHHA H3 5 3/JeMEeHTOB Nno 3 paBHO
6-10=60, uto cornacyercsi ¢ popmynoii (1) m. 2: A3=5-4.3=60.

3anmaua 1. Hafizem uucao coyeranuii 6Ge3 NOBTOpPEeHHH H3
m 3JeMEeHTOB 1o k.

Peumenue. U3 kaxnoro coueranust 6e3 noBTOpeHHH U3 m 1o R
nyTeM yHopsiloYHBaHHA noJjydalorcs k! pasnHyHbX pa3MelneHHA Ge3
NOBTOPeHHH H3 m 3nemeHTOB no k. [Ipu 3TOM pasauuHble coyeTaHHs
MOPOKJAAIOT pa3JiHYHbie pa3MeLIeHHsl H KaXKJoe pa3MelleHHe MOXeT
GLITh MOJIYUEHO yKa3aHHbiM o6pa3oM. Otcioma clenyeT, Yro 4HCIIO -
pa3melleHH#t 6e3 NOBTOPeHHMA H3 m 3JleMEHTOB 1o k£ B k! pa3 Goabiue,
4yeM YHCJO coyeTaHH# 6e3 MOBTOPeHHH H3 m 3JeMeHTOB o k. MHbMu

Ak
cloBaMH, Mbl fOKa3an, uto Ak=Fk!.C%. Ho Toraa Cf,,=-;’;i. IMoxn-

craBasas ansa Al BoiBeneHHOe B N. 2 3HaueHHe (Tnﬂ—!F)T’ noJjyuaem,
b m!
Cm—m~ (1)
®opmyay (1) MOXKHO 3amMcaTh Takxke cJeAylOIIHM O6Gpa3oM:
yay ylouit P
e__m(m—1).(m—k+1) ’
Co= 1.2.3-...-k ) (] )

Tpumep 2. CKoNbKHMH cIOCOGaMH MOXHO COCTaBHTb KOMaHAY
H3 4 YeslOBeK AJI cOpeBHOBaHHsA IO Gery, eciu Hmelorcsi 7 GeryHOB?
Pemenue. Uncio BHGOPOB paBHO:
4__ 7:6:5-4
Cr=1337=3
3ameuvanne. Eciu 6n komanga BuOHpanach AaA 3craderHoro Gera Ha
1004-200+400+4800 ™M, To uucio cnocoGoB BuGOpa Onio 6u B 4!=24 pa3a
GoJibllle, MOCKOJIbKY Hrpaj Gul poJjib MOPSAJAOK CMOPTCMEHOB — KTO KaKyl0 JHCTaHUMIO
Gyner Gexarb.

[Tonsithe coueraHHs 6e3 NOBTOPEHHH TOXEe MOXHO HCTOJIKOBAaTh
Ha fi3biKe 0TOGpakeHH , TOJNbKO Tenepb NPHAETCS 0TOGpaXarh ynops-
JOuYeHHble MHOXecTBa. MIMeHHO, mycTb JaHBl JBa YNOPAAOYEHHHIX
MHoXKecTBa X H Y, npuueM n (X)=~k, n (Y)=m. Toraa uucso oroGpa-
XeHHil X B Y, coXpaHAIOIIHX MOPAAOK 3J€MEHTOB, PaBHO C%. B camom
IeJie, Kaxjaoe Takoe 0To6paKeHHe OXHO3HAYHO OmnpejensieTcsl BbIGO-
pom k ssnementoB H3 MHoxectBa Y. [locne 3Toro nepBHiit 3JeMEHT
MHOXecTBa X oTo6paKaeTcsl B HAaHMEeHbUIHA H3 BHIGPAHHBIX 3JIeMeH-
TOB, BTOPOil — B cyIeAyIOIHN#A H3 BEIGPAaHHBIX 3JIEMEHTOB H T. A. BILIOTb
0 k-ro, KOTophi oto6paKkaercsi B MOCACJHHA H3 BHIGPAHHHIX 3Je-
MEHTOB.

Hanpumep, noamuoxecrsy A=(2, 3, 6} ynopsiio4eHHOro MHO-
xkecrBa Y =(l, 2, 3, 4, 5, 6) cooTBeTCTBYeT caenyiollee 0TOGPaXKEeHHe
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D ——C ynopsinouenHoro MHoxcectBa X =(10,
11, 12) B Y: 10 nepexomur B 2,
11 —B3H112—B6.

MHorne KOMGHHaTOpHBIE 3ajauH
CBOAATCA K MOACYETY 4YHCJA coye-
TaHHH 6e3 NMOBTOPEHHH M3 M 3JIeMeH-
A B TOB MO k.

Puc. 79 3anaua 2. Haligem uncjo Kop-
TeXe# AMuHB k--n, comepxamux &
pa3 6yKBy a H n pa3 GyKBY x.

PemeHne. Tak kak cocraB KopTexe# H3BeCTeH, OHH MOTYT OT-
JHYaTbCs APYT OT ApYyra JHIub nopsiakom 6yks. Ho 3ToT nopsiaok oaHo-
3HayHO omnpelejseTcs 3ajaHHeM MeCT, Ha KOTOpbIX CTOAT GYKBHl a
(ocrasnbHble MecTa 3aHHMaIOTCA 6ykBaMH x). MHBIMH cjOBaMH, Hano
BHI6paTh k-371€MeHTHOE MOAMHOXECTBO B (k+ n)-anemeHTHOM MHOXe-
cTBe MecT. A 3T0 MOXHO caenath Cky. CnocoGam.

[Tpumep 3. CkonbKHMH cioco6aMH MOXXHO NMONACTh H3 TOUKH A
B TouKy C (pHC. 79), eciH MOXKHO ABHraThcsl JIHIUb BNPaBO H BBEPX NO
oTpe3kaM CeTH?

Pemenune. Kaxiaofi myTb COCTOHT H3 8 rOpH3OHTaJbHBIX H 4
BePTHKaJbHLIX €AHHHYHBLIX OTpe3KoB. Ecan 0603HauHTh rOPH30HTAJb-
Hbli OTpe30K GykBOA a, a BepTHKaJIbHHIA — GYKBOH X, TO NMOJYYHM
Koptex u3 8 6ykB a H 4 6ykB x. CorylacHO npumepy 2 4HCJIO TaKHX
KOpTeXeH, a TeM caMblM HCKOMOE€ YHCJIO NyTed paBHO:

4 12-11-10-9
Cly=12:11-10:9__ 495
=200 — 495

Ynpaxkuenns

434. CKOAbKHMH cIocOGaMH MOXXHO BHGpaTh 5 feseratoB M3 COCTaBa KOH(epeHUHH,
Ha KOTOpoi mpHCyTcTBYIOT 15 uenoBex? .

435. CKONbKHMH cnocoGaMH MOXHO MNOCTABHTb 8 WNallleK Ha YepHble MOJSA AOCKH?

436. CKOALKHMH croco6aMH MOXHO MOCTaBHTb Ha YepHHe NOJASA AOCKH 12 Geanx W
12 yepHuIX wWalIek?

437. Y oaHxoro yenoBeka ectb 11 KHHr nO MaTeMaTHKe, a y Apyroro — 15 kuur. CkoJb-
KHMH cnoco6aMH OHH MOTYT BHGpaThb MO 3 KHHFH KaXIHi AnA o6MeHa?

438. CKOJABLKHMH CNOCOGAMH MOXHO 3aMOJHHTb KapToukd «CHOpTiOTO» (3aYepKHYTH
6 HomepoB H3 49)? Bo cko/NIbKHX ciayyasXx H3 BHGPaHHHX LIECTH HOMEPOB Mocjie
THpPaXa TPH OKAaXyTcAd YraJlaHHHIMH NpaBuAbHO? Bo CKOJNIBKHX cayuasx mpa-
BHJbHO OGyAyT yrajaH 4 HoMepa? 5 HomepoB? 6 HoMepoB?

5. Couerannn n GunHommaabnbie xo3dpduuuentni. OGo3HaueHue
Ch Betpevanoch HaM B 1. 9§ 3 raBs V npu H3yuenHH 6uHoMa Heioto-
Ha. CoBnaneHne 0603HaueHu# He ABAAETCA cayyaidHbiM: Bn. 9 § 3 rua-
Bbl V 6bljI0 JOKa3aHO, 4YTO
ko m!
C’"—k! (m—#&)"’
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a cefluac Mbl MOAYMHAH Ty XKe (opMyJy AJs yHCAa coyeTaHHH Ge3
nonTopeHnﬁ i3 m SJeMEHTOB o k. Takum o6pa3oM, K03pPHLIHEHT
npa x"~*.a* B pasnoxennn GuHOMa (x+a)" paBeH uHMCIy coye-
TaHHHA H3 M 3J€eMeHTOB 1o k. B 3TOM M0OXHO y6eZHTLCS, HE HCTIOJb3YH
dopMya ansi GHHOMHAJBHHX KOI(P(PHUHEHTOB H JJisl YHCJA COue-
TaHHH.

B camoMm nene, 3anuimeM (x+ a)™ B BUAE NPOH3BEACHHSI MHOXHTe-
Jeit (x+a):

(x+a)"=(x+a)-....(x+a) (m mHOXHTENEH).

Ecau packpoiBaTb CKOGKH B 3TOM IpOH3BEJeHHH, HE HCNOJb3ys 060-
3HaYeHHSA CTENeHH H He NepecTaBisAsi MHOXKHTeJeH, TO MOJyYHM BCe-
BO3MOXXHble KOPTEXH JJIHHBI m, cocTaBJjeHHule H3 GyKB x H a. Hanpu-
Mep,

(x+aP=(x+a) (x+a)(x+a)=

=xxx+ xxa+ xax + xaa+ axx+ axa -+ aax -+ aaa.

YT10o6H! BHIAICHHTDb, KaKHe H3 STHX CllaraeMblx BOAAYT B WJeH pa3Jio-
XKeHHusi GHHOMa, cojiepXKaluit x™ ~* g*, Hajo y3HaTh, CKOJIBKO H3 TaKHX
KopTexel coaep:KaTt m—k GYKB x n k 6yxB a. B n. 4 6bl10 MOKa3aHo,
YTO YHCJIO TaKHX KOpTexed paBHO fn—k)+4, T. €. Ch. ITO H nOKa3kl-
BaeT, 4To Koaduuuent npu x™ *.a* B pasnoxenun 6uxoma (x4 a)™
PaBeH YHCJY COYeTaHHRA H3 m 3JI€eMEHTOB MO k.

B n. 10§ 3 rnaBu V Goilan JI0Ka3aHHl Ha OCHOBeE q)opmy.nu 6HHOMA
HbloTOHA H IBHOrO BhlpaXkeHusi Aasi CF pasiiMuHble CBOHCTBA YHCeJ.
Mu nokaxkeM ceffyac, 4To 3TH CBOACTBA MOXHO JOKa3aTb Ha OCHOBe
KOMGHHATOPHLIX pacCyXKIeHHH.

1) Uro6m noka3aThb paBEHCTBO

o+ Cht ot Cht ..+ CR=2", (1)

3aMeTHM, YTO MHOXKECTBO H3 /M 3JIeMEHTOB COAEPKHT 2™ NOAMHOXKECTB
(cM. n. 1). Pa3zo6beM COBOKYNHOCTb BCEX MOAMHOXKECTB Ha KJacCH, OT-
Hecsl K k-My KJaccy NOAMHOXKECTBa, CoAepxkKaliHe R 3/1EMEHTOB. Torna
B O-M knacce Gyzer C° moamHoxects, B 1-M kiacce — C), NOoaMHo-
XECTB, ..., B m-M — Cp; noaAMHoXKecTB. [ToCKo/bKY KaxKa0e oaAMHOXe-
CTBO NoOMajaer B OAHH H TOJBKO OAHH KJacC, MO NpaBHJAY CyMMBbI NO-
Jyyaem paBeHcTBO (1).
2) Yrto6n noKa3aTb pPaBeHCTBO

Ck — ’mn—k, (2)

MOCTaBHM B COOTBETCTBHE KaXAOMY R-3JIeMEHTHOMY NOAMHOXecTBY A
m-3JleMeHTHOrO MHOXecTBa X ero fonoJjiHeHHe B X. 3T0 HONOJHeHHe
COIepXKHT m—k 3JIeMeHTOB, MpH4YeM oTo6GpaXkeHHe, CTaBsillee B CO-
OTBETCTBHE MNOAMHOXECTBY €ro JOMOJHEHHe, B3aHMHO OJHO3HAaYHO
(eciu A== B, 10 1 A’ 54 B’). 3HauHT, YHCJIO M-31€MEHTHHX NOJMHO-
*ecTB B X paBHO 4HCAy (m—R)-3JleMEHTHBIX NOAMHOXeCTB. A 3To
H 3HAYHT, 4TO
h=Cn "
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3) Heckoabko cj0XKHee HOKa3biBaeTCs PaBEHCTBO
Ch=CH\+Ch_.. (3)

BoiGepeM B m-3j€eMEeHTHOM MHOXecTBe X KaKO#-HHOYAb 3JEMEHT a
H pa3o6beM Bce k-3jeMEHTHbe NMOJMHOXKECTBAa MHOXecTBa X Ha ABa
Knacca. K nepBoMy OoTHeceM Te MOJMHOXECTBa, KOTOpbie COAepXKaT
3JIEMEHT 4, a KO BTOPOMY — BcCe ocTaJbHbue. Eciii H3 KaXka0ro noaimMHo-
xecTBa l-ro Kiacca yaajguThb 3JieMEHT @, OCTaHeTCs ’Qc— 1)-3s1eMeHT-

HOe NMOJMHOXeCTBO (m — 1)-31eMeHTHOro MHOXecTBa X , nosryyaemoro
yAaneHnem U3 X saeMenta a. [Toatomy 1-i knacc copepxur Cr— MHO-
xecTB. MHOXeCTBa e 2-ro Kiracca AIBASIOTCA k-3J€MEHTHBIMH MOA-

MHOXeCTBaMH (m — 1)-3/1eMeHTHOro MHOXeCTBa X (Beab OHH He co-
nepxart a). [Tostomy ux uncio pasHo C%_;. Tak Kak kaxnoe k-ane-
MEHTHOE OAMHOXECTBO H3 X nonaJjio B OHH H TOJIbKO OJHH KJIacC, a HX
yHcIo paBHO C%, TO MO MpaBHJy CyMMH HMEEM PaBEHCTBO

ct =Cf,.__.'|+C,.._.‘

AHasorHYHbIM 06pPa30M MOXKHO C MOMOILbIO Kom6nHaTopHux pac-
CYXJeHHA BHBECTH AajbHefimue cBoficTBa uncen Ck.

YnpaxkHueHus

439. Jloxkaxute clenyiollHe TOMXAECTBA A uHcen Ch:

1) CR4+Cr+Clot ...+ Chpm 1 =Cl¥m;

2) CCrp+CpCr=) 4.+ CCR+ ..+ C Chp=CT;

3) O+ CRhi 4+ Con Cil et +Chyp Crhnyp=CaYY;
4) CACr—CLCrol 4. (=1 CECrt ... (= 1)" CP o=

440. Jlokaxure, YTO

(CO+(CY+...4+(CP = Chn.

6. Mepecranosxn c nosropenusmu. IIpu nepecraHoBke GykB B
cl0Be «ToAMNa» noaydaercss Ps==5!=120 «cioB». Ecan xke nepecras-
JATb GYKBH B CJIOBE <TOMOT», TO MOJYYHTCS MeHbIUe pa3JHYHBIX
«CJIOB» [IOTOMY, YTO HH NlepecTaHOBKa ABYX GYKB «T», HH NlepeCTaHOBKA
IBYX GYKB «O» He H3MEHSIOT «cjoBa». Ml HMeeM 3JeChb Jeso C nepe-
CTaHOBKaMH C NOBTOPEHHEM.

Onpedeanenue. Ilepectanosxodd ¢ nosropenusmu €OCTaBa

(k1, ..., km) H3 GyKB (ai, ..., am) HA3HIBAIOT JIOGOH KOPTEX IJIHHHI
k=Fk+ko+...+ km, B KOTOpPHII GyKBa @) BXOAHMT k| pa3s, ..., 6yKBa
am—kn pa3. Uncjio Takux nepecTaHoBOK o6o3Hawaior P (R, ..., Rm).

[Ipumep 1. Koprex (a, b, a, a, ¢, b, b, b, ¢) ABAsieTcs nepecra-
HOBKOH C MOBTOPEHHAMH H3 TpeX 6YKB a, yeThipex 6yKB b u AByX GYyKB C.
Ero cocras Buipaxaercs koprexeM (3, 4, 2) (Mbl cuHTaeM H3 GykB a,
b, ¢ 6ykBa a — nepBasi, b — BTOpasi H ¢ — TpeTbsl).
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3 a 1 a4 a. Haitnem uncio P (&, ..., km) IEPECTaHOBOK C NMOBTOpe-
HHSIMH, HMEIOIIHX cocTaB (R, ..., Rm).

Pemenue. INepecraHoBky cocraBa (ki, ..., Rm) MOXKHO moOJY-
YHTh CJeRylIOIHM o6pa3oM: CHauaja BbIGHpaeM k) MecTo H3 o6lero
yucaa Mect k=R +ke+..+k, ¥ numeM Ha HHX OYKBY a; —
3TOT BBIGOP MOXKeT GHITb caenan Cr' cnoco6amu. 3aTeM H3 OCTaBLIMXCS

k—Fk, mecr BhiGHpaeM k; MecTa M NHiIeM Ha HHX GYKBY a2 — 3TOT
BHIGOp MOXKeT ObiTh caenan Cf2_,, cnoco6amu. BriGop mect aast GyKshl

a; Moxer Gutb caenan Cf* , _, Cnoco6aMH H T. A.
[To npaBuay npou3BelAeHHsI MoJiydaeM, YTO BbIGOp nepecTaHOBKH

cocraBa (ki, ks, ..., km) MOXeT GbiTb CHeJNaH
CrCp o O,
cnoco6amu. B cuny dopmyan C{,=% noJyyaem:
P R=])
P (ky, ko, ..., km)=
B (k—h)  (k—ki——ka_)!
il (k—Fr)! kol (k—Fky— ko)l ) O1 '
IMocne cokpaieHHa nosyyaeM ¢opmyay
R (itket ..tk
P(ki, ..., km)_klikzl kml ki k! kel (1)

MMpumep 2. CKOAbLKO CJIOB MOXXHO NMOJNYUHTD, NepecTanss Gyk-
BHl B CJIOBE «MaTeMaTHKa»?

P e m e H 1 e. CI0BO «MaTeMaTHKa» AABJISETCA KOpTexKeM AaHHH 10,
HMeIolHM coctaB (2,3,2, 1, 1, 1) (6ykBa «M» BXOAHT ABa pa3a, 6yKBa
«a» — 3 pa3a, 6yKBa «T» — JBa pa3a, GyKBH «€», «<H», «K» — IO Ol
HOMYy pa3y). 3HauHT, IIPH NepecTaHOBKAaX GYKB NMOJYYHTCH

10!
P(2, 3, 2, l, l, 1)=m=15] 200 «cJioB».

Kak u apyrde MOHATHS KOMGHHATOPHKH, NEPECTAHOBKH C MOBTO-
PEHHSIMHM MOTYT GHITb HCTOJIKOBaHbI Ha AI3biKe 0TOGPaKEHHA MHOXKECTB.

Mycrs nann MHoXectBa X H Y, mpuuem n(X)=k=~k 4 ..
witRm, n(Y)=m, Y=y, ..., ym}. Torna P (ky, ..., km) paBHO umCIy
oro6paxennit X B Y, Takux, uTO NOJHBA NPoo6Gpa3 3jeMeHTa y;
CONEPXHT k; 3neMeHToB. UMEHHO, KaXXZIOMy TaKOMYy OTOGpaikeHHIO f
COMOCTABJISIETCS IEPECTAHOBKA C MOBTOPEHHAMH JUIHHH R, COCTOSIILAs
H3 GYKB Yi, ..., Ym, IpHUeM GYKBA y; CTOHT HA MECTE Te€X X¢, AJs KO-
TOpHIX [ (Xe)=y;.

Mpumep 3. CkoabKUMH cioco6aMH MOXKHO Pa3jioXuTb 28 pa3-
JHYHBIX MPEAMETOB M0 YETHIPeM PAIHYHLIM SILIHKAM, TaK, YTOOL B
KaXJOM SILIHKE OKa3aJocCh Mo 7 nmpeaMeToB?

PemeHnue. B cHly CKa3aHHOro Bhllll€ YHCJO CMOCOGOB PaBHO

28! __ 28!
P(7, 7, 7, 7)=W—(7—’)‘.

235



B npuMepe 3 Gbl0 CyLUIECTBEHHO, YTO SILIHKH MOXHO OTJIHYHTb
Apyr OoT Apyra (HanmpHmep, OHH NMOKpallleHH B pa3Hble LBeTa).

[Tpumep 4. CKONbKAMH CIOCOGAaMH MOXXHO MOJIOXKHTb 28 pa3-
JIMYHBIX OTKPHITOK B 4 ONHHAKOBBLIX KOHBEPTa TaK, YTOGbl B KaXXIOM
KOHBepTe JieXaJso N0 7 OTKPHITOK?

Pemenne CHayana noMeTHM KOHBepTH uu¢ppamu 1, 2, 3, 4.
Torpa cornacHo mnpumepy 3 4YHCJIO pas3/IHUHLIX PacCKAafiOK pPaBHO
P(7,7,7,7). Iocae 3Toro corpeM noMeTkH. Tenepb KOHBEPTH MOXKHO
NPOH3BOJILHO NEPECTABSATh APYT C APYrOM, HE MEHsIS pesyJbTaTa pac-
KNaJKH (Be[b OHH Tenepb HEOTJIHUMMAEI APYT OT Apyra). Tak kak 4nc10
pa3jiHYHbLIX NEepPecTaHOBOK 4YeThipeXx KOHBEPTOB paBHO P,=4!, TO
YHCJIO Pa3JIHYHHIX PacKJafloK yMeHbinaeTcss B 4! pa3, H NOTOMY OHO
paBHO

P(7 7,7, 7)_4! (7')4
3amMeuaHH e. ScHo, YTO YHCJIO PA3JHYHHIX PACKJIAIOK ABJAETCA LeakM. [Toatomy
————,———4!2(3:) uesnoe yncao. Takum e 06pa3oM ROKA3LBAETCs, YTO MPH JMOGHX HaTypaJb-

_(mn)!
HHX m H n YHCIO oe.
m (n!)m LeJr

3aMeTHM Tenepb, YTO TaK Kak

k m!

TO hopMysy 6HHOMa HbloTOHA MOXKHO 3anHcaTh cieyIOLHM 06pa3oM:
(x4a)"= kZ P(m—k, k) x™* q*. (2)
=0

Takas 3anuch o6o6uiaercst Ha caydadi 60JblIEro YHC/Ia CJlaraeMbixX B
cko6ke. UmMeHHO nnis Mo6uIX k U ¢ BepHa opmyna

(1 xo4 .2t =2 P(ky, ... ki) xb ... xP, ®3)

rae CyMMa pacnpoCTpaHsIeTCsl Ha BCE YHCJIOBHe KOPTeXH (R, ..., R)
M3 HEOTPHIATEJNbHBIX LEJLIX 4YHCeJ, TaKHe, 4TO Ry+..+Rki=k.

®opmysa (3) moka3nlBaeTcsi Tak ke, Kak q;opuy.na 6uHoma Hbio-
TOHA: 3aNHCHIBAIOT BhipaXkeHHe (xi-+..+4x)* B BHAe npousBene-
HHSl k& MHOXHTeJiell, pacKpbiBalOT CKOGKH 6e3 0603HAUeHHA CTEeNeHH
H H3MEHEHHsl MOPsilka MHOXHTeJIed, JOKA3hBAIOT, YTO NPH 3TOM IO-
JYYHJIHCb BCe KOPTEXH IJAWHOA Rk M3 OYKB x|, ..., X:, H BHIBOAAT
oTcioaa, uto ko3 duuueHT npH x¥' ... x¥ pasen P (ky, ..., k). Mul ony-
CKaeM JieTajli 3TOr0 pacCyXAeHHS.

MMpumep 5. Packpoem ckoGku B BhlpaxeHuu (a-+b-+-c)’.

Pemenne. Orer HMeeT BHA:

(@+b4cP=2 P (ki ks, k3) a¥bc*,
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rae cymMma pacnpocTpaHeHa Ha Bce KopTexH (ki, Rg, k3) TaKHe, 4T0
k|-|-k2+ k3=3. Umu siBasiorcss koprexu (3, 0, 0), (0, 3 ) (0 0, 3),
(2,1,0), (2,0, 1), (1,2,0), (1,0,2), (0,1, 2), (021) (1
Tax Kak
P(©0,0,3)=P(0,3,00=P (3,0, 0= 010’3! =1,

P(2,1,00=P (2,0 H=P(l,2, 0)— (1,0,2)=P (0, 1, 2)=

=P(0,2 )= 2,1,0' =3,
P(1,1, 1)_” 1'1! =6,
TO
(a+b+c)P=a’+b3+c*+3a’b +3ab® +3a’c+3ac® +
+3b%c+ 3bc® + 6abc.
[Mpumep 6. dokaxeM, 4to CyMMa BCeX HHCel P (ky, ..., ki),
ISl KOTOPHIX ki +- ...+ k;=F, paBHa t*.
Pemenue. llonoxkum B ¢opmyre (3) xi=xy=..=x=1.
[Tosnyyaem:
t:=2 P(k, ..., ki), (4)

rae ki+...+ki=k.

YnpaxkHeuns

441. CKOJbKO <«ClIOB» MOXHO MOJNY4YHTb, NepecTaBisis GyKBH cjoBa <«napaGona»?
CJI0Ba «MaTeMaTHKa»? CJIOBa «MeTaMopgo3as?

442. CkoJbKHMH CI0COGaMH MOXHO PacCTaBHTb lIaxmartHele GUrypH (kopoasi, ¢dep-
351, ABe JaJibH, ABYX CJIOHOB H ABYX KOHefi) Ha NMepBOH FOPH3OHTAJH LIAXMATHOM
JIOCKH?

443. Y mMaMH 6o 2 a610Ka, 3 rpywH H 4 aneascHHa. Kaxkauit neHb oHa faBaJsa pe-
Genky no ogHoMy ¢pykry. CKOJbKHMH CNOCOGaMH OHA MOrjia 3TO cAeaaTh?

444. Jlns npemuii Ha MarteMaTU4ecKOH o/NMMNHaje BHAeNieHO 3 3K3eMIVIApa OAHOM
KHHTH, 4 35K3eMIUIfpa Apyrofi 1 8 3K3eMIIsApOB Tperbes.

CKONbKHMH CMOCOGaMH MOTYT GHTb pacrnpefiesieHH 3TH npeMuu Mexay 30 yua-
CTHHKaMH OJHMIIHA/IH, €CcIH KaX/oMy Bpy4aercsl He Gosee OJHOR KHHTH?

445. CxoabkuMH cnoco6aMH MOXHO NepecTaBHTb GYKBH CJIOBA «Oropois, 4toGbi TPH
OYyKBH «O» He LM NnoApsAn?

446. CKOJNbKHMH CMocOGaMH MOXHO MepecTaBHTb GYKBH CJOBa «0GOPOHOCNOCOG-
HOCTb», YTOGH ABe OYKBH «O» He LIJIH MOAPAN?

447. Hafigure yuCJIO 4JIeHOB Pa3JiOXKeHHS:

1) (@a+b+cP;  2) (@a+b+c+d)t

448. Hafizure HanGonbiuii Ko3pUIHEHT B PA3/IOKEHUH:
1) (@a+b4+0)'% 2) (a+b+c4-ad)'.
449. Haiigute xospduuuent npu x* B pasnoxennu (14 2x-+3x9)'°.
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450. Hafinure Kospduument npu x* B pasnokeHuH
(x4 42

451. Hafiaute cyMMy uYeThipeX3Ha4YHHIX YHCeJ, MOJYy4aeMHX NMPH BCEBO3MOXHLIX Mepe-
cranoBkax uugp 1, 1, 4, 4. To xe camoe nas uudp 0, 0, 4, 4.

7. Coueranns c noropenusMu. B 3akjioueHHe paccMOTPHM Tak
Ha3biBaeMbie COYeTaHHs1 C NoBTOpeHHsIMH. [TycTb HMeloTCS IpeAMeTH m
BHJOB H H3 HHX COCTaBJisieTcsl Ha6op, colepxKaluuit £ snemeHToB. [IBa
TakHX Ha6opa CYHTAIOTCH OJHHAKOBHLIMH B TOM H TOJILKO B TOM cJyuae,
KOrJia OHH HMEIOT OHHAKOBHIA cocTaB. TakHe Ha6ophl Ha30BeM Coue-
TARUAMU C NOBTOPEHUAMU U3 m IaemenTos no k. Uucao coueranuii ¢

NOBTOPEHHSIMH H3 m 3JIeMeHTOB Mo k 0603HaunM Ch.

3apauva 1. HafigeM uHc/I0 coueTaHHA C NMOBTOPEHHSIMH H3 m
3JIEMEHTOB 1O k.

Pemwenne. Kaxanii cocTaB coueTaHHsl 3aJaeTcsi KOpTeXXeM
(k1 ko, ..., km), COCTOSIIUHM H3 HEOTPHUATEJbHBIX WEJLIX YHCe], rie
k) NoKa3nIBaeT KOJHYECTBO /IEMEHTOB NIEPBOTO BHAA, k2 — BTOPOrO, ...

..y km — m-ro. Takum o6pasoM, C% paBHO KOJIHUECTBY UYHCJIOBBIX
Koprexedt (ki ..., km) IJHHBI M, AAA KOTOPHX Ri+kRe+...+hkn=F
(KaK yka3nBaJoch, 3/1eCb BCce B; — HeoTpHlUaTe/bHbIE Lehe YHCa).

Hrak, Hano pelwinTb caeayoilyio 3agady:

3anava 1’. HafizeM KOJHYECTBO TeX YHCJOBHIX KOpTeXeH
(R, ..., km) BNHHBL M, BJAA KOTOPHX R+ Ro+... 4+ km=Fk.

PemeHnne DByaeM koaupoBaTh Kaxkanli Koprex (ki, ..., km)
KOpTeXXeM, COCTaBJIEHHHIM H3 elHHHL H HyJei. C 3To# 1eabio 3aMeHHM
B KOpTeKe KaXK/10e YHCJIO k; OCJIe0BaTeIbHOCTBIO H3 k; eAHHHL (ecJH
kij=0, To eHHHUL He MHIIYTCSA), a KaXAylo 3anatyio HysaeM. [Toay-
YHTCA KOPTeXK M3 Ry+ ...+ kn=~F enuHdl H m—1 Hyas (3anaThix
B Koprexe (ky, ..., km) Ha 1 MeHbine, yeM uHcen). Hanpumep, koprex
4, 1, 0, 2) konupyercs Tak: (1, 1,1, 1,0, 1,0, 0, 1, 1). O6paTHo, Kax-
JIOMY KOpPTeXY, COCTaBJ€HHOMY H3 & eIHHHU H m— | Hyxs, cooTBeT-

CTBYeT YHCJIOBOA KoptexX (Ri, ..., Rm), Tako#, uto k4.t kn==*k.
Tloatomy HCKOMOe uHCsIO KOpTexke#H BHAa (R, ..., Rm) PABHO YHCJTY KOp-
Texkelt U3 k eguauu U m— | Hyas. Ilo popMysie nepecTaHOBOK C NOBTO-
PeHHSAIMH YHCJIO TaKHX KopTexedi paBHO P (k, m—1), T. e. (:—"'("—nm_;l;?.

Ho 3710 uHcno pasHO Ckym—1.
HUtak, Mbl 10Ka3ajH paBeHCTBO
Ck=C,I:+m—l- (l)
[Tpumep 1. Ckonbko Ha6OpOB H3 7 MHPOXKHBIX MOXHO COCTa-
BHTb, €CJIH B NpoOJaXke HMeIOTCA 4 copTa NMHPOXKHBIX?
Peweunne. Hckomoe unciao pasHo Ci, T. e. Cii4—. Ho

7 __10-9.8__
C|0=C:l;0—- 1.2.3 == 120.

HUrak, MoxHOo coctaBHTb 120 HaGopoB.
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[MTpumep 2. CKoAbKHMH ciocO6aMH MOXKHO Pa3JIOXKHTb R OfH-
HaKOBHIX LIAPOB MO / Pa3jHYHBIM SLIHKAM?

PeweHue Pa3sinyHble cnoco6hl packiafKH pas3jiHYaOTCs JHIID -
YHCJIOM IIApOB, MONABIIHX B KaXKAHH SAUMK. 3HAYMT, YUCIO TaKHX

crnoco6os pasHo Ck, T. e. Chim_).

YnpaxHeHHA

452. B noutoBoM OTAe/ieHHH NMPOLAIOTCA OTKPHTKH 10 copToB. CKOJIBKHMH cnoco6amu
MOXHO KymuTh B HeM 12 OTKpHTOK? 8 OTKpHTOK? CKOALKHMH cnocoGaMu
MOXXHO KyMHTb 8 pasjiH4HHX OTKPHTOK?

453. CKOJIbKO CYUIECTBYET TPEyroJbHHKOB, AJHHB CTOPOH KOTOPHX MPHHHMAIOT OLHO
H3 clelylOlHX 3HaueHHii: 4, 5, 6, 7 cM?

454. CKoJIbKO MOXKHO MOCTPOMTb Pa3jHYHHX MPAMOYTOJBHHX MNapajieleNuneaon,
IMMHB pebep KOTOPHX BHIPAXaloTcA HaTypaJbHHMH uHcjaamu ot 1 o 10?

Pemnre HHXKecsieayOlHe 3aa4H, TPHMEHSAS Pa3jIHYHbE GOPMYJIH
KomM6uHaTopHKH. (HekoTopnle 3ajayH HMEIOT MNOBHLIIIEHHYIO TpPYA-
HOCTb.)

455. CKOJIbKHMH CMOCOGaMH MOXHO OTOGpaThb HECKOJbKO (PYKTOB H3 ceMH SGJOK,
YeThipex JHMOHOB H MN€BATH ameJbCHHOB (MbH CYHTaeM, 4To (PYKTH OJHOro
BHJA HEPa3HYHMHI)? :

456. CKONIbKO «CJIOB», COAEpXalllAX He MeHee 4eM oAHy GyKBy, MOXHO COCTaBHTb
u3 ABYX GykB «A», natH 6ykB «B» u neBatH GyKB «B»?

457. 20 pasnHyHHX JeTajiedl pacKAafHBalOT B TPH fllAKA, NMPHYEM B MEepBHA SIUIHK
KAagyt 3 merajii, BO BTopoit — 5 fgerasefl, a B TpeTHA — Bce OCTaJjibHHE AETaJH.
CKOJIbKHMH COCOGaMH 5TO MOXHO CAENaTh? '

458. CKoJbKO NATHOYKBEHHHX «CJOB», KaKJA0€ H3 KOTOPHX COCTOHT M3 TpeX corjac-
HHX H JBYX IVIaCHHIX, MOXKHO COCTaBHTb H3 GYKB CJOBa «ypaBHeHHe»?

459. 20 maccaXXHpoB COGHpAIOTCS COBepUIHTh Moe3aKy B moe3fe. B Kacce ectb 12
GHJIETOB Ha HHXXHHE NOJAKH H 8 — Ha Bepxuue. [IpH 3TOM 4 naccakHpa He Xe-
Jal0T exaTb BHH3Y, a 5 naccaxkupoB — HaBepXy. CKOJBKHMH €mOcoGaMH HX
MOXXHO Pa3MecTHTb B moe3fie, ecaH: |) MOpAAOK pa3MellleHHSl MaccaXXHpOB MO
MecTaM KaK BHH3y, TaK H HaBepXy He YYHTHBaercsl; 2) mopsiloK pa3MelleHHS
YUHTHIBaeTCA H BHH3y W HaBepXy; 3) YUHTHIBaeTcsi TOJILKO NMOPSIIOK pa3Melle-
HHSl TacCaXXHPOB BHH3Y?

460. CroJbKO HIeCTH3HAYHBIX YHCEJ MOXHO COCTaBHTb H3 muép 1,2, 3,4, 5,6, 7, 8, 9,
eclH KaXK/J0e YHCJIO JOJKHO COCTOAITh H3 TPeX YeTHHX H TPeX HedeTHHX uupp,
npHYeM HHKaKHe J(Be (HGpH B HEM He IOBTOPSIOTCA?

461. B naGopartopuu paGoraior 8 ¢usukoB H 10 xumuxkoB. Hamo coszarp pabouue
TPyNNH no TpeM TemaMm. B nepByio rpynmy no/KHH BoiiTH 4 (H3HKa, BO BTO-
pylo — 5 XHMHKOB, a TpeTbsi JOJIKHA COCTOSITb H3 TPeX YeJOBeK, KOTOpHE MO-
ryT OHTb KaK (pH3HKaMH, TaK H XHMHKaMH. CKOJbKHMH CNOCOG6aMH MOXHO CO-
3/laTh TaKHe Ipynmn?

462. B Tteuenne fecATH HeAedb LIKOJbHHKH ROJXKHH HamHcath 10 KOHTPOJNBHHX pa-
Gor, B TOM uHcle 2 mo MareMaTHke. CKOJBKHMH cnoco6aMH MOXHO COCTaBHTb
pacnicanHe 3THX PpaboT TakK, 4TOGB KOHTPOJbHHE PaGOTH MO MaTeMaTHKE He
HIIH APYr 3a Ipyrom?
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463.

464

465.

466.

467.

468.

469.

470.

471.

472.

473.

474.

475.

476.

4717.

Y ¢dunarenncra ectb 8 pasHHX MapoK Ha KOCMHYECKYI0 TeMy H 10 pa3HHX Mapok
Ha crnopTHBHYIO TeMy. CKOJIbKHMH CMOCOGaMH OH MOXKeT HaKJAeHTb 3 MapKH nep-
BOro BHAAa H 3 MapKH BTOPOro BHAa B ajb60oM Ha 6 mMpoHyMepoBaHHHX MeCT?
Cefip oTkpuiBaeTcs nmpH momow LHGpoBoro Koxa, uugepbiar KOTOporo co-
cToHT H3 100 KJAaBALI C YHCJIAMH, PacMOJOXKEHHHMH MO OKPYXHOCTH. Jlas Toro
4yTO6H OTKPHTb Cefi), HeOGXOAHMO HaXKaThb KaKHe-TO 3 K/aBHLIH, MPHYEM H3-
BECTHO, YTO MeXJy JIOGLIMH JBYMS HCKOMBIMH KJaBHIIAMH Pacnojaraiorcs He
meHee 10 knaBHu. CKOJNbKO KOMGHHAIHA H3 TPeX KAaBHII HEOGXOXHMO Mepenpo-
60BaTh, YTOGH 3aBENOMO OTKPHITh cefip, ecin: 1) mOpANOK HaXKATHS KAaBHII He-
CyUIeCTBEH; 2) 3TOT MOPSAMOK CyllecTBeH?

B MacrepcKo#l Mo H3roTOBJIEHHIO Kiloyed ecTh 12 THNOB 3aroToBOK A Kjloyed.
M3 kaxnofi 3aroToBKH MOXKHO clleJlaTh KJIOY, BHpe3aB BHCTYNbl B MATH Ompe-
JleJleHHBX MeCTaX, MPHYeM Ha MepBOM MecTe BEJIHYHHA BHICTYNA MOXET MpHHH-
MaTh 2 3HaYeHHs, a Ha OCTaJbHHX — 3 3HaueHHA. CKOJNbKO Pa3jiHYHHX Kiloued
MOJXKET H3rOTOBHTb MacTepckas?

JiBe komanan A H B urpaior cepuio Matuei Mo GackerGoay 1O Tex NOp, MOKa
OJlHA H3 HHX He OJEPXKHT YeThpex mobGen (HHYbHX B 6acker6ose HeT). CKOJbKO
Pa3IHYHBIX cepHAi TaKHX Mardyefl MOXeT GHITh?

CKOJIBKO CpeflH KHJIOMETpPOBHX croJ6oB 0/999, 1/998, 2!997 , 999|0 Takux,
YTO Ha HHX JHUIb JiBE PA3NHYHHE UHPPH?

Hafinute MaKCHMaJIbHOE YHCJIO LIAXMATHHX KOpoJefi, KOTopoe MOXHO MOCTaBHTb
Ha OGHYHYIO JOCKY TaK, YTo6n OHH He GpajH Apyr Apyra. Pelnnte Takyio xke
3ajlayy AJSi DOCKH C m BePTHKAJSIMH H n TOPH3OHTAJISIMH.

Kakoe HanMeHbllee YHCJIO HIAaXMAaTHHX CJOHOB HAJ0 MOCTaBHTb Ha OGHIYHYIO
JIOCKY TaK, YTOGBl OHH AepXKaJu moA 6oeM KaxJoe moje NOCKH H KaXAH#A CJIOH
OhiJl 3aIHLIEH APYTHMH?

PaccraBbTe Ha WIaxMaTHOM JOCKe HaHMeHblllee YHCIO Jafied TaK, YTOGH Kaxjaoe
noJjie AOCKH 6uI0 GHTO Mo KpafiHe#i Mepe ABa pa3a. Peiunrte 3ajauy B ABYX Ba-
pHAaHTaX: CYHTas, 4YTO JaJAbsi He ObeT MoJed, 3aCJOHEHHHX OT Hee JPYTHMH
JaAbSAMH, H, CYHTas, YTO OHA 6beT TakHe MOJs.

Kakoe HanGoJiblliee KOJHYECTBO AaMOK MOXHO NMOCTaBHTb Ha YepHble MOJSA lIax-
MaTHON JIOCKH TaK, YTOGH KaXAylo AaMKy MOIJa CHATb XOTS GH OfHA H3 OCTalb-
HBIX JaMOK?

H3 uyncana 1234567891011...9899100 Buiuepkuute 100 uudp tak, 4yto6H ocraslie-
ecsl YHCIO GhlI0 HaHGOJIbILHM.

B wectH cekropax Kpyra paccrabieHo 6 wallek, M0 OXHOA B KaXXJIOM CeKTope.
Onnum XoxoM pa3peinaercs JioGne ABe WIAIIKH NMePeABHHYTb B COCElHHE CEKTO-
PH TaK, YTO OJHA ABHXKETCH MO YacoBOM CTPejiKe, a JApyras — NPOTHB 4acoBOH
CTpeJKH. MOXHO JHM co6paTh TaKHMH XOJaMH Bce WIAIIKH B OXHOM ceKTope?
Jann 20 nonapHo HepaBHHIX HATYpPaJbHHIX YHCeJ MeHbLIHX, YeM 70. Jlokaxure,
4TO CpelH MOMapHHX pa3HoCTedl 3THX yHceJ €CTb 4 OJAHHAKOBHIE.

H3 nByxcor umcen 1, 2, 3, ..., 200 BHOGpaJaH OfHO YHCJO, MeHblnee 16, H eue
99 npyrux uucen. Jlokaxkete, yro cpea BHGpaHHHX 100 uyHcen ecTb ABa, H3
KOTOPHX ORHO AEJHTCA Ha ApYroe. '

Jlokaxxute, yto H3 981 uncaa, KaXa0e H3 KOTOPHX He mpeBocxoauT 1958, MOXHO
BHGpaTh TPH YHCJAA, TaKHe, YTO CYMMa [JBYX H3 HHX pPaBHa TPeTbeMy.
JHokaxure, uto 77 Teje)OHOB HeJib3si COEAHHHTD APYT C APYroM TaK, YTOGH KaX-
OB GbJI coelHHeH POBHO ¢ 15 npyraMu.
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484.
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486.

487.

489.

490.

Jokaxure, yro 20 B3BelIHBAHHSIMH 6Ge€3 ruUpb HeJb3sl YMOPANOYHTH MO Macce
10 npenmeros.

CKOMBKHMH CMOCOGaMH MOXKHO MpeAcTaBHTh 4HCIO 1000000 B BHAe NMpoH3Be-
JEeHHsI TPeX MHOXKHTeNled, eC/IH Pa3/ioXKeHHSs, OTJIHYAIOMIHECA MOPSIKOM MHOMH-
TeJlefl, CYHTAIOTCA Pa3IHYHBIMH?

CKONIbKHMH CTMOCOGaMH MOXXHO Pa3/ioXKHTh 19 PasjiHYHLIX MPeaMETOB 1O 5 AuM-
KaM TaK, 4To6un B 4 sillHKa JIerJIH Mo 4 mpeAMera, a B ocTaBliHAcA — 3 mpeaMera?
CxKo/bKHMH cloco6aMi MOXHO pa3nioxkuTh 3 Mapk no 20 k. H 10 mapok mo 10 k.
B 4 nakera pa3Horo uBera? Peunre 3Ty Xe 3ajady, ec/iH NaKeTH Hepa3JHIHMH.
CKONBKHMH cnocoGaMH MOXXHO BHIGpaTh H3 n Pa3jiHYHHIX NPENAMETOB HeYeTHoe
YHCJIO Mpe/MeTOB?

CKOJNLKHMH cnoco6aMH MOXHO mNepecTaBHTb GyKBH cjoBa «lOnurep», uro6u
rAacHHe UWIIH B al(aBHTHOM MOpsiKe?

CKOJIbKHMH CMocoGaMH MOXHO NepecTaBHTh GYKBH CJIOBa «Mepelieeks, YTOGH
4 GyKBH «e» He WJH NMOApAA?

CKOZIbKHMH CMOGOGaMH MOXHO mMepecTaBHTb GYKBH CJIOBa «MapaJuleH3M»,
4TOGH He MeHA/ICA MOPANOK riacHHX GyKB?

CKOJIbKHMH Cnoco6aMH MOXKHO MepecTaBHTh GYKBH CJIOBa «MacTyX», YTOGH MeX-
Jy ABYMSl IacHbIMH GyKBaMH GbLIH JiBeé cOrJiacHHe?

CKOJNLKHMH CNOCOGaMH MOXHO NepecTaBHTb GYKBH CJOBa <«OrOpoA», YTOGH
IBe GYKBH «O0» He CTOSIIH pSIOM?

CKOJIbKHMH CNOCOGaMH MOXHO MepecTaBHTb GYKBH CJIOBA «KOCMOC», 4TOGH JBe
OJTHHaKOBble GYKBH He CTOSJIH PANOM?

CKONIbKHMH cnoco6aMH MOXHO paccraButh 10 GykB «p» H 10 GykB «n», 4TOoGH
ans a060ro k<< 20 cpeau mepBHX & GYKB Ouljio He MeHbille GYKB «M», YeM «p»?
CKOMbKHMH cNMOCOGaMH MOXKHO pacctaBHTh 20 GeJnX WIalleK Ha INaXMaTHOH
JIOCKe TaK, 4YTO6H pacmojioxeHHe OBIJIO CHMMETPHYHO OTHOCHTENbHO IEHTpa
JfocKH? Pemnte Ty XKe 3ajlauy npH yCJAOBHH, YTO LIALIKH CTAaBATCSA JHIIbL Ha 4ep-
HHE MOJS.



Frnasa Xl
SNEMEHTH TEOPMM BEPOSATHOCTER

§ 1. BLIMMCINEHME BEPOSITHOCTEA

1. Beepenne. CoGbiTHSI B MaTepHaJbHOM MHPE MOXHO pa3GHTb
Ha TPH KaTeropHH — GOCTOBEPHble, HEBO3MONCHbIe H Cay4alinbie. Ha-
NpHMep, eC/IH MOAGPOCHTb HTPaJNbHYIO KOCTb, TO JOCTOBEPHO, YTO YHCJIO
BhIMABIIHX OYKOB GyJeT HaTypaJibHHIM YHCJIOM, HEBO3MOXHO, YTOGH
3TO YHCJIO PaBHAJIOCH 7, H BO3MOXKHO, 4TO OHO 6yjeT paBHO 5. OnHako
npH OAHHX GpocKax 3TO 4HCJO GyAeT paBHO 5, a mpH ApYrHX GynyT
BblMajaTh Apyrde 3HaueHHd ouykoB: 1, 2, 3, 4 uin 6.

[ToTpe6HOCTH NMPaKTHKH NMPHBEJH MaTEMaTHKOB K H3YYeHHIO CJy-
yadHLIX coGuiTHA. Hanpumep, npu opraHu3auuH TeseOHHOA CBA3H B
HEKOTOPOM padHOHe HY>KHO 3HAaTh YHCJIO BbI30BOB B KaXXILIH MOMEHT
BPEMEHH, a OHO CJyuaiHHIM 06pa30M H3MEHSIETCS C TeYEHHEM BPEMEHH.
IIpu crpenbbe U3 apTHIIEPHACKOrO OPYAHA HAJ0 3HATh YHCJIO CHapH-
JOB, MONABIIHX B lleJb, a NMONajiaHHe B LeJb SIBJSETCS CJay4adHHM
COGHITHEM.

Ha nepBuiii B3rs11 MoXKeT NoKa3aTbCsl, YTO B 3ajla4ax O Cy4aHHbIX
COGHITHSIX HHYEro Hesb3sl CKa3aTb 06 HX Hcxoje. M pedcrBuTesnbHO,
ecsii 6pOCHTb KOCTb JIHILIb OJHH pa3, TO C OJIHHAKOBOHA BEpPOSITHOCTHIO
MOXHO OXKHAATb BuNageHus 1, 2, 3, 4, 5 uau 6 oukos. Ho npu mHuoro-
KpaTHOM NOBTOPEHHH 3TOTr0 ONbLITa OKa3biBaeTcsl, YTO OJHH HCXOAHl 6Y-
AyT NOSAABJAATLCA yallle, a ApyrHe — pexe. Hanpnmep, ecaiH GPOCHTb
koctb 1200 pa3, To oueHb MaJlOBepOSATHO, UTOGHI BCe BpeMs BLINAAAJO
onHO ouKo. 'opa3no BeposiTHee, uTo 3HaueHus 1, 2, 3, 4, 5 u 6 6yayr
NOSIBASAITLCS MPHMEPHO C OJHOH H TOH Xe 4acToToM.

Pa3zgen maTemMaTHKH, H3y4alollHA 3aKOHOMEPHOCTH CJy4aiHBIX
COGBITHHA, Ha3LIBAIOT Teopuell 8epOATHOCTed. ITa TEOPHS HMeeT JeJo
He C OTAeJbHBIMH COGLITHSIMH, a C Pe3yJbTaTOM NPOBEAEHHS AOCTATOY-
HO GOJIbLILIOTO YHCJIa HCHLITAHHH, T. €. C 3aKOHOMEPHOCTAIMH MaCCOBBIX
cayuadineix asienuii. [To onpenenenuio, npusenenHoMy B BCD, teo-
pusi BepOSAITHOCTEH eCTb MaTeMaTHYecKas Hayka, N03BoJjsioulas no
BEPOSITHOCTAIM O HHX CJIy4YaHHBIX COGBITHH HAXOAHTh BEPOSITHOCTH JPY-
FHX Cly4aHHbIX COGBITHH, CBSA3aHHBIX KAKHM-JIH60 06pa30M ¢ nepBhIMH.

B noBceHeBHOM XH3HH MBl 4aCTO MOJb3yeMCSl C/IOBAMH «BEPOAT-
HOCTb», «laHC» H T. A. <K Beuepy, BeposiTHO, noiaer A0xAb», «Be-
posiTHee BCEro, Mbl MOEAeM B BOCKpPECEHbe 3a ropoA», «JT0 COBEpILleH-
HO HEeBEPOSATHO», « MHOTO ILIAHCOB, YTO Sl YCNEIUIHO HAMHIIY KOHTPOJb-
HyI0 pa6oTy» H T. l.— BCe 3TH BHpa>KeHHS KaK-TO OLIEHHBAIOT BEPOAT-
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HOCTb TOrO, YTO MPOH30MAET HEKOTOpOe cayudaiiHoe cobGuniTHe. OnHaKo,
4yTOGbl MOXKHO OHlJIO NPHMEHATb K OLEHKe BEepPOATHOCTEH MaTeMaTH-
YecKHe MeTOAbl, HalO0 JAaTh 3TOMYy MOHSATHIO CTPOroe OINpefdeJeHHe.
Mmul cpesnaeM 310 no3aHee, a cefiuac npuBeaeM nuraty H3 BC3, naio-
ILyI0 NpeAcTaBJeHHe O TOM, YTO TaKoe BEPOSITHOCTD:

«BeposiTHOCTD MaTeMaTHUECKass — YHCJIOBAasi XapaKTepPHCTHKA CTe-
NeHH BO3MOXKHOCTH NOABJIEHHS KaKOro-iau60 onpeaesieHHOro coGuiTHs
B T€X HJIH HHHIX OlNpeJeJieHHbIX, MOTYIUHX NMOBTOPATLCH HEOrPaHHUYEH-
HOe YHCJIO Pa3 YCJIOBHSX».

Haureii 3agaueit siBjifeTcs NPeBPaTHTb ITO ONHCAHHE MOHATHSA Be-
POATHOCTH B TOYHOE MAaTE€MAaTHUECKOE OIpeJe/ieHHe H BBIICHHTD,
KaK CBfi3aHa BEPOSITHOCTb € YaCTOTOH MOSBJEHHS NaHHOro COGLITHS B
IJNMHHOA CepHH HCMLITAHHMA.

YnpaKHeHHs

491. TIpuBeante npumepn: 1) ROCTOBepHHX COOGHITHH; 2) HEBO3MOXHHIX COOGLTHH;
3) cayyafiHHX COGHTHMA. :

492, Yrto BeposiTHee — mosiBieHHe rep6a mpH GPOCaHHH MOHETH HJH MOsIBJEHHE He-
YeTHOFO YHCJIa OYKOB NMpH GpocanHH HrpajbHOA KOCTH?

493. Uro BeposiTHee npH GPOCaHHH ABYX MOHET — BhMaJieHHe ABYX UH(pP HIH UudppH
H rep6a? )

494. Uro BeposiTHee mNOJYYHTh MpPH J[EJEHHH HOMHHO MeXAy 4 HrpoKamMH — Bce
«Ay6JH» HJH e BCe KOCTH C «lIecTepKaMH»?

495. TIpoBennre caenyomuii sxcnepument: 6pocbre 50 pa3 ABe HrpajibHee KOCTH H
3aMMIIATE CYMMY AAs Kaxjaoro Gpocka. Kakasa cymMma nosiBujiach daille Bcero?
Kakas pexe Bcero? Kakoe yHCJIO QUKOB MOABHJIOCH daine: 3 Hau 12?

496. 13 memka c 33 :KeTOHAMH, Ha KOTOPHX HAMHCAHW PyCCKHe GYKBH, BHTACKHBAIOT
OnMH 3a APYrHM 4 KeroHa. CKOJIbKO pa3, MO BallleMy MHEHHIO, HYXKHO HOBTOPHTb
ITOT IKCMEPHMEHT, YTo6H H3 3THX GYKB MOJYYHJIOCh CJIoBO «6apcr»? Bo ckoiabko
pa3 Gyner MeHblle YHCJIO HeOGXONHMHIX SKCNEPHMEHTOB, €CIH 4 XKeToHa BHITa-
CKHBAIOT cpa3y (T. e. NOPANOK HX MOSIBJIEHHS HECyINeCTBeH)?

497. Yro BepositHee — yragath 6 HomepoB H3 49 uan 5 HomepoB H3 36?

498. Tlpu 10 GpocaHHsXx npaBHAbHOA MOHeTH BHNafaa rep6. Uro BeposiTHee mpH
caenyomeM 6pocke — BhnafieHHe LHPpH HIAH rep6a?

2. BeposiTHocTHOe npocTpancTBo. OCHOBHBIM MOHATHEM, C KO-
TOPHIM MBI 6yJieM HMeTb A€JO B AajibHEHIIeM, siBJSETCS MOHSTHE OIbl-
Ta, WM HCNBITAHHA. JTOMY MOHATHIO HeJb3sl AAaTh MaTeMaTHYeCKoe
onpeesieHHe, OAHAKO ICHO, UTO 3HAYAT CJIOBa «MOAGPOCHM MOHETY H
NOCMOTPHM, ynajia OHa BBepX rep6oM HJIH UH(POHA» HIH «BKJIIOYHTDH
3JIEKTPHUYECKYIO JJAMIIOUKY H NOIJsAJeTh, Yepe3 KaKoe BpeMsi OHa nepe-
roput». [1asi Hac 6yJeT CyIEeCTBEHHO JHIIb TO, YTO JaHHOE HCIKTaHHe
MOXKeT HMeTb pa3JjiHyHbe Hexoanl. [Ipu 3ToM 1is npocroTht 6yaem pac-
CMaTPHBATh JIHIIb CJy4YaH, KOrla MHOXKeCTBO U 3THX HCXONOB KOHeY-
Ho: U={X|, ..., Xa}. C KaXabnM ONLITOM MOXHO CBfI3aTb pa3/jiHYHHE
MHOJKECTBA HCXOZOB. Ba)XXHO JiHMIIb TO, YTO MPH KaXXAOM HCIBITAHHH
MPOHCXOAHT OAHH H TOJILKO OIZMH HCXOZ.
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[Tpumep 1. [lpu 6pocanun HrpaJibHOH KOCTH BO3MOXHMHI CJle-
AylOUIHe MHOXECTBa HCXOIOB:

1) {A), Ay, As, Ay, As, Ae), Tie A, 03HaUaeT BHNAfiCHHE R OYKOB;

2) {Bo; B}, rne By — BhinajeHHe YETHOTO YHCJIA OYKOB, a B, —
BblflaJleHHe HEeYeTHOrO YHCJIa OYKOB;

3) {C\, C3}, rme C\ cocTOHT B TOM, YTO YHCJO BHINABIIHX OYKOB
MeHbllle HJH paBHO 4, a Cy — 4TO 3TO YHCJIO GoJiblle HJH pPaBHO 5.

B 10 ke BpeMsi B 3TOM OMbITEe He SABJAIOTCA MHOXECTBAMH HCXO-
JOB:
4) mHoxecTBO {4, A2}, Tak Kak A, H A2 He HCUEPNLIBAIOT BCEX
BO3MOXHBIX HCXO/10B;

5) mHOXecTBO {By, C)}, TaK Kak NpH BHINAJEHHH, HAaNpHMep, 2
OYKOB OJHOBPEMEHHO MpPOUCXOAAT M By H Ci, a Mbl YCJIOBHJHCb, YTO
MOXKET NMPOH30ATH JIHLIL OAHH HCXOA.

IIps MHOrOKpaTHOM NMOBTOPEHHH ONLITA OAHH €r0 HCXOALI MOryT
MPOHCXOAMTH yalle, a Apyrue — pexe. Hanpumep, eciin MoHeTa H30-
rHyTa, TO MOXeT CJAYYHThCH, YTO rep6 BhiNajaeT BABOE yallle, 4eM
uuppa. Mul 6yaeM roBOPHTb B 3TOM CJyyae, YTO BEPOSITHOCTb Bhilla-
JeHds rep6a BABoe 6oJbllie, YeM BEPOATHOCTb BHINANECHHS UHPPHI.
Yro6bl BbIpa3HTb BEPOSITHOCTb KaXXJAOTO HCXOJa YHCJOM, HajO Bhl-
6paTb «eAMHHLY H3MepeHHs». [lJA 3TOro yCJOBHMCSI CUMTaTh, YTO
CyMMa BeposiTHOcTe#i Bcex wucxomoB paBHa 1. Torma kaxaomy
Hcxony X, GYAeT COOTBETCTBOBATb HEOTPHIATENbHOE YHCJIO pp —
BEPOSAITHOCTb 3TOI0 HCXOAA, PHYEM BHIMOJHAETCH PaBEHCTBO Pi+ ...+
+pn=1.

OnHHM H3 BaXKHBIX BONPOCOB TEOPHH BEpOSITHOCTEH fIBJAETCH TO,
OTKyAa GepyTcsi 3HaueHHS] BEPOATHOCTEH HCXOJOB HCMHITaHHH, Belb
BEPOSITHOCTH BCEX OCTaJIbHBbIX COGHITHHA Mbl 6yieM Noay4aTb, ONHPascCh
HMEHHO Ha 3TH BEPOSATHOCTH. 3JeCb BO3MOXHH [Ba CJy4as:

a) Mo KakHM-JHO60 COOGpa)KeHHSIM CHMMETPHH Mbl CYHTaeM Bce
3/leMEHTapHble HCXOIbl PaBHOBO3MOXKHLIMH, B 3TOM CJyyae HMeeM
pr=p2=..=p,, a TaK Kak p,+p2+..+p.=1, T0 BCce p; paBHH

1 1
w0 Pk=T, 1<k,

6) BepoOATHOCTH P, ..., Pn UCXOAOB X, ..., X, onpelesieHbl Npen-
BapuTeJIbHHIM NPOBEJECHHEM CEPHUH OMBITOB, B ITOM cJyuade 3a p. NpH-
HMMAIOT OTHOCHTEJIbHYIO YaCTOTY CJyyaeB, B KOTOPHIX IPOH30LLJIO 3Je-
Mentapuoe coGhiThe X; (T. €. OTHOIIeHHe —mﬁ"— 4Hcaa my TAKHX CIy-
yaeB K o6uieMy yucay M npoBeeHHBIX HCHBITAHHM).

[Toaxon a) Ha3biBaeTcsl KaaccuueCkold Cxemol TEOPUH BepOsAT-
- HocTei, a moaxoA 6) — craructudeckum nooxodom. Hanpumep, ecaun
nocjie npoBepkd 1000 meraneli oka3sanock, 4To cpeiH HHX 3 Gpako-
BaHHble, TO MPHHHMAIOT, YTO BeposATHOCTb Gpaka pasua 0,003, uau
xe 0,3%. B craTucTHKe M3y4yaeTcsi BONMPOC: KaKoe UYHCJIO HCHBITA-
HHH HYXXHO MPOU3BECTH, YTOOHW MNOJYYEHHBIE CTATHCTHYECKHM NyTeM
BEPOSITHOCTH OblIM IOCTATOYHO HaAeXKHBIMH?
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Beesem caenyiouee onpeneseHue:

Onpedeaenue. BepoaTHOCTHBIM NPOCTPAHCTBOM  HA3BI-
BalOT KOHeyHOe MHoxectBo U={X,, ..., X.}, Kaxaomy a3jiemeHry
X: KOTOpOTO MNOCTaBJICHO B COOTBETCTBHE HEOTPHLATENbHOE YHCJO
P, TPHYEM CyMMa 3THX YyHcea paBHa l.

BeposiTHOCTHOE NPOCTPAaHCTBO MOXHO 0603HayHTb Tak: (X,
w.os Xn; P1, ..., P,). Ho B nanbHefllleM IJsi KPaTKOCTH BMECTO 3TOro
6ynem nucath (U, P), rne U=X,, ..., X}, P={p\, ..., pa}.

[Tpumep 2. Ecin MoHeTa cHMMeTpPHYHA, TO BhinajeHHe repba
WM LH(pH paBHOBEPOSAITHO. B 3TOM ciyuae BepOSITHOCTHOE IIPOCTPaH-
CTBO COCTOHT H3 ABYyX HcxomoB I' m LI, xakJoMy H3 KOTOpBIX cono-
cTaBJieHa BepOATHOCTb, PaBHasl ;—

[Tpumep 3. Ecin KocTh cHMMETPHYHA, TO BEPOSITHOCTHOE MpoO-
CTPaHCTBO MOXHO BHIGpaThb Tak: {Ai, As, As, A4 As, As) (cM. mpu-

. 1
mep 1), rae Kaxau# ucxoa A MMeeT BepOATHOCTb '

Cno)kHee BONpPOC O MOCTPOEHHH BEPOSITHOCTHOIO MPOCTPaHCTBa
npH 6pocaHHH ABYX MOHeT. 3leCb MOXKHO BHIGpaTh NPOCTPAHCTBO CO-
6uiTH# Ao, A1, Aog, rae Azo O3HauaeT IBYKpaTHOe BhiNaAcHHE
rep6a, Ao — ABYKpaTHOe BhimajaeHue UHppH, a A, — TO, YTO OLHH
pa3 BuinaJ rep6 U oauH pas uudpa. OaHako 3TH COOGLITHS HE ABJSAIOTCA
paBHOBEPOATHBIMH. UTOo6H OGHApYKHTh 3TO, BO3bMEM JBe MOHETHI:
5-KoneeyHylo H 3-KoneeuHyl0. $IcCHO, YTO BhinajeHHe UH(PH! HIH rep6a
Ha KaXIOH H3 3THX MOHET HHKAaK He 3aBHCHT OT TOro, KaKOH HCXOX
nMeno 6pocaHde APYroi MOHETH. A 3TO 3HAYHT, YTO PaBHOBEPOSITHBIMH
SIBJAIOTCA He ucXoAbl Agp, Ay, Ao, a ucxogw I'T, I'Ll, LT, LILL,
Ka>K/[bIfl H3 KOTOPBIX HMEET BEPOSATHOCTH 1—. BeposiTHOCTH e COGBITHI
Az, A1, Ao2 HeoluHakoBH. Tak Kak Azp coBmagaer ¢ I'T, Ags —

. 1.

c LI, npuyeM BEPOATHOCTH 3THX COOLITHI paBHH e
11

TH A|; ocTaeTcsi BepOSATHOCTb l—%——4-=2—.

cjy4yae BepOSITHOCTHOE MPOCTPAHCTBO COCTOHT H3 HCXOHOB Ajo, A1,

1 1 1
—_, —H — BE€HHO.
1’ 2 H m COOTBETCTBEHHO

TO Ha J0J110 cOObI-

3HayHuT, B 3TOM

Ao 2 C BepOATHOCTAMH

Ynpaxueuns

499. YkaKuTe HeKOTOpHE MHOXECTBAa MCXOIOB IJIfl CEXYIOLIMX HCNMBITAHUMA:
1) npoussomuTcA BHCTpeJ NO MHIIEHH, NpejcTaBasiollei coGoit Kpyr, pa3ge-
JeHHHH Ha |0 KOHIEHTPHYECKHX YacTeH, KOTOpHle 3aHYMepOBaHHW uducaamu |,
2,3, .., 10;
2) mpoBOAMTCH TYPHHPHHI (yT6OJbHHA MaTy MeXJAy ABYMS KOMaHXaMH;
3) Haynauy uM3B/€KaeTCsi OfHa KOCTb M3 MOJHON HIPbl JOMHHO;
4) nATb pa3 noaGpacHBaeTCi MOHeETa.

500. Ha necsiti XeroHax BHIGUTH uncaa 1, 2, 3, ..., 10. Hayaauy u3Biaekaercsi oauH
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XKeToH. B KakuxX cayvyasix ykasaHH Bce BO3MOXKHHE HCXOAbl HCMLITAHHA:
1) uyetHOe, HeuyeTHoe;

2) uyerHoe, He AEJHTCA Ha 3;

3) npocroe, cocTaBHOe;

4) He Gojee Tpex, He MeHee ueThipex? .

501. Jlns HcnotaHus, COCTOSILIEr0O B MATHKPAaTHOM OpPOCAHMH MOHETH, 3afH-

502.

503.

g

505

507

g

509

510.

511.

IIHTe BCe BO3MOXKHHE HCXOIH HCNLITAHHS, €CJH YYHTHBAIOTCSA:
1) pesyabraTt Kaxpaoro 6pocka;

2) uncjo BuinajeHsi rep6a;

3) kaKo#f cTOpoHO# MOHera GoJblliee YHCJIO pa3 Majaja BBepX.

B KakHx H3 clenylOWHX NPHMEPOB YKa3aHH BCe BO3MOXKHHE HCXOAB HCIHTA-
HHSA:

1) BHIHrpHIL, MPOHIPHIN B IIAXMATHOW NapTHH;

2) BHIHrpHIL, MPOHTPHIHI BCTPedH Mo GacKetGoay;

3) Bunaaende (B yKa3aHHOM nopsiike) rep6a — rep6a, rep6a — uHdpH, HH-
pH — HHGPH NPH ABYKPaTHOM noAGpachiBAHHH MOHETHI.

OGpa3yioT Jin coOHITHA «Ha 06EHX MOHeTax BHMaJa nHppa», «<Ha 06eHX MOHETax
BHNaJ repG» MHOXKECTBO HCXONOB npu Gpocannn ABYX moHer? Kakoe coGhitHe
Halo N06aBHTb K 3THM JBYM, 4TOGbi MOJYYHJOCh MOJIHOE MHOXECTBO HCXOMOB?
OGpa3syioT JH cleayoliHe cCOGHTHS MHOXKECTBO HCXOROB MPH JBYX BHICTpejax Mo
MHIIEHH: «HH ORXHOrO MONAaJaHHA», «OAHO MOMAJlaHHE», «HET [IPOMaxas, «ecTh
XOTb OJHO MOMajaHHe»?

OG6pa3yloT JH MHOXECTBO HCXOROB cieAyiollHe COGHITHS NMPH BHHHMaHHH OJHON
KOCTOUKH JIOMHHO: «BhHHYTa KOCThb 0:0», «BHHYTa KOCTb 6:6», «cyMMa OYkoB
Ha BHIHYTOA KOCTH — HaTypaJibHOe 4HCJIO, KOTOpoe He Goubiie yeM 11»?
IlpuBennTe mpHMep ONMHITA C TPeMs HCXOHAMH.

IlpuBennTe npHMep ONMHTa C TPeMs MOMApHO HECOBMECTHHIMH COOBITHSIMH, KO-
TOpHie He 06pa3yloT MHOXKeCTBa HCXOJIOB OMHTA.

IIpuBesHTe NpHMeEp ONbITa, B KOTOPOM €CTh TaKHE YeTHpe COGHITHSA, YTO B Pe3yJib-
TaTe OMHITA OXHO H3 HHX 06S13aTeJIbHO NMPOHCXOMHT, HO OHH He O6pPa3yloT MHOXKe-
CTBa HCXONOB 3TOrO OMHTA. '

MoHera HCKpHBJIEHa, H NMOTOMY BeDOSITHOCTb BHIMafieHHsi HH(}PH BTpoe Gosblle
BEpOSITHOCTH BHIMajeHHs rep6Ga. UeMmy paBuHl 3TH BepPOSITHOCTH?

HrpasnpHast KOCTb HaJHTa CBHHIOM, B Pe3yJbTaTe 4ero BePOSATHOCTb BbiNafeHHS
KaXxJIoro 4HCJa OYKOB MPOMOpUHOHAJbHA 3TOMYy uncay. Hafimure ykasaHHbe
BEPOSITHOCTH H BEPOSATHOCTHOE NMpocrpaHcTBO. Peinnre 3afady, eciiH BepOSITHOCTh
BHINAJeHHs JI060ro YHCIa OYKOB OGPaTHO MPONOPIHOHANbHA 3TOMY YHCIY.
BeposiTHOCTb BHHrpHILA MAapTHH B LIaXMaTH MacrepoM A y nepsopa3psiiHuka B
BTpoe GoJibilie BEPOSAITHOCTH TOrO, YTO MapPTHA KOHYHTCS BHHUbIO, 3 BEPOSITHOCTb
HHYefiHOrO HcXOAa BABoe Gouiblle, 4eM NPOHrpuiua Macrepa. Hafinure Beposit-
HOCTHOE TNIPOCTPAHCTBO /IS 3TOr0 HCMBHITAaHHS.

512. 3anaer Ju cneayomwas TaGaHLA BepOATHOCTHOE MPOCTPAHCTBO?
Hcxon X1 X2 X3 X4
BeposiTHocTb 0,2 0.42 0,28 0,3
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513. BeposiTHOCTHOE MPOCTPAHCTBO 3afaHo caenyiouteii TaGauuei:

Hcxon X X2 X3 X4

BepositHocTb 0,2 0,1 - 0,5 0,2

Bo cKko/bKO pa3 MCXOA ¥3 BeposiTHee HCXo4a xz? KakHe HCXoAH PaBHOBEPOSITHH?
514. [las cnemyloumHX HCNHTAHHA YKaXXHTe MHOXECTBA PaBHOBEPOATHHX HCXOJOB:

1) 6pocalorcsi (npaBHJAbHHE) MOHETa H HrpajibHasg KOCTb;

2) nATL pa3 6pocaercsi MOHeTa;

3) u3 Memka ¢ 33 XeToHaMH, Ha KOTOPHX HaNHCaHH GYKBH PYCCKoro ajagabHTa,

OJIHH 32 JPYTHM H3BJEKAIOTCA MATb XKETOHOB;

4) TO Xe HCIbITaHHE, HO JKETOH MOC/]e H3BJeYeHHsl H 3alHCH BO3Bpallaercs B

MeLIOK; ‘

5) TO XKe HCBITaHHe, YTO B ciyyae 3, HO JKETOHH MOCJe H3BJEYEHHS paccTaBJs-

0TCA B aJIPaBHTHOM TOPSi/Ke;

6) npaBHAbHHA TeTpas’Ap, Ky6 W NpaBU/IbHBIA OKTa3Ap, FPaHH KOTOPHX MOMe-

yenn [ H(pPaMH, 6GPOCAIOT HAa MJIOCKOCTD; .

7) B PO3HTrpHIlie NEPBEHCTBA Y4acTBYIOT 18 KoMaHz, KOTopHe cayyafiHnM oGpa-

30M pa3GHBAlOTCA Ha ABe T'PyNNH, Mo 9 KOMaHA B KaXXAOH.

3. BeposiTHocTb coOniTHR. C GpocaHHeM HrpajibHOH KOCTH CBfi-
3aHbl He TOJbKO HcXoabl Ay, Aj, As, A4, As, Ae U3 npHMepa | nm. 2,
HO W HHBle COGBLITHA, HanpHMep co6hiTHE X — «UYHCJIO BBIGPOIIEHHBIX
OYKOB SIBJIIETCA MPOCTHIM YHCJIOM» HJIH cOGhITHE Y — «uHCJIO BBIGpO-
LIEHHBIX OYKOB GoJblle yeM 3, HO MeHblne yeMm 6» u T. A. Kaxxaoe u3
3THX COOBITHI BHINOJHAETCS NPH TEX HJH HHHIX HCXOAAX HCNBITAHHSA H
He BRIMOJHAETCSA IIPH APYrHX. TeM caMbiM KaXKXOMy TaKOMy COGBHITHIO
COOTBETCTBYET HEKOTOpOe MOAMHOXKecTBO MHOXKecTBa U Hcxonos. Ha-
npUMep, AJsi COGRITHA X 3TO MHOXKECTBO COCTOHT H3 HCXOJOB Az, As H
As, a 051 coGhTHA Y OHO COCTOHMT M3 HCXOAOB Ai, As.

BeeseM caenyiolee onpeieseHHe:

Onpedesnenue 1 CobbiTuem NpH AAHHOM HCNHITAHHH Ha3bi-
Baercsl JI060e moaMHOXKecTBO X MHOXKecTBa U HCXOZOB.

B nanbHefieM, ropopsi 06 HcXodax, H3 KOTOPhIX COCTOHT COGHI-
THe X, Mbl GyaeM rOBOPHTb, YTO OHH 6aroNpPHATCTBYIOT 3TOMY COOHI-
THio. [Ipo ocTanbHble XKe HcXOAH GYyAeM rOBOPHTDb, UTO OHH He 6Jaro-
NpPHATCTBYIOT co6GuiTHIO X.

Onpedenenue 2. Bepoarnocrsio cobbiTusa X Ha3HBalOT CyM-
My BEPOAITHOCTEH HCXOAOB, GJIaronNpHATCTBYIOWIHX 3TOMY COGLITHIO.

IMTpumep 1. Hainem BepossTHOCTH coObiTHi X H Y, yKa3aHHBHIX
BhblIIIE.

Pemenne. CoGuitie X COCTOHT H3 TPeX 3JIeMEHTapPHbIX HCXO0B

-1

Ag, A3, As. BeposiTHOCTb KaX/0To U3 HHX paBHA <+ T03TOMY BepOsIT-
HOCTb coObiTHsI X paBHa 3'_(15‘=%‘=%' Co6uiTHe Y cocToMT H3



ABYX HcxonoB A4 H As, H €ro BepOSITHOCTb paBHa 2-é—=;—.

Co6rniTHe, cocTosiliee B TOM, YTO BhIMAJIO MPOCTOE YHCJIO OYKOB
H 3TO YHCJIO 6oJibllie YeM 2, HO MeHbllle YeM 5, MPOMCXOMHT JIHIIb NMpPH
ucxoje As, U ero BepOSITHOCTb paBHa %.—

ITpumep 2. BuscHHM, uTO BeposiTHee BHIGPOCHTb NMpPH MeTa-
HHH JBYX KOCTe#i — 7 OUKOB HJIH 8 OUKOB?

Pemenne. TpyaHocTb 3TOl 3ajayH COCTOHT B NPaBHJIbHOM
BbiGOpe MHOXKeCTBa HcxoAoB. UTo6bl cAesaThb NpaBHJbHHA BbIGOP,
GyaeM 6pocaTb KOCTH MO OuepeAd H 3almHCHIBaTh MOJY4YHBIIHECH
ucxoanl. I1pn 6pocannu nepBofi KOCTH BO3MOXKHB 6 HCXOZOB, KOTOpblE
Mbl 0603HaunM A, As, As, A4, As, As. Bce 3TH HCXOAL! paBHOBEPOATHHI.
PaBHOBepoATHH H HCXOAW B, Bs, Bs, By, Bs, B¢ npH 6pocaHHH BTOPO#
KocTH. Tak Kak KOCTH He CKpelmJieHH APYT C APYrom, To Kaxjaas napa
ucxonoB (A;, By), rae 1 <<j<<6,1 k< 6, HMeeT OHY H Ty XKe BEpOAAT-

HOCTb. A TaK KaK YHCJIO TaKHX nap no npasHJly IIDOH3BEAEHHA pPaBHO ’

36, To BepoATHOCTbL Kaxkaoro Hcxoza (A;, B:) paBHa %

Tenepb ocTasoCch NOACYHTATb YHCIO HCXOAOB, 6JarONPHATHLIX Bhi-
najeHHIo 7 OYKOB H.8 OUKOB. 7 OYKOB BHIMAAAIOT NPH, LIECTH HCXOAAX:
(A|, Bs), (A2, Bs), (As, B4), (A4, Ba), (As, B2) (As, B|) a 8 oukoB —
npu nAtd ucxonax; (Az, Bs), (As, Bs), (As, Ba), (As, Bs), (Ae, Bo).

B nepBoM ciayuae HMeeM BEpPOSITHOCTb 6--3%=é—, a BO BTOpOM —

i ,
5-%=3%. 3HAYHT, BEPOATHOCTb BHIGPOCHTL 7 OUYKOB GoJiblue, yeM

BEPOSITHOCTb BHIGPOCHTH 8 OYKOB.

Ipu pemeHuH 3ToR 3afiaud Mbl HCIIOJIb30BaJH HHTYHTHBHOE MOHSA-
THE HE3aBHCHMOCTH ABYX HCNbITaHHH. [To3Hee MHl YTOUHHM 3TO MOHS-
THe, a NIOKa YTO OTMETHM JIHIlb, YTO €CJIH OJHO HCILITAHHE HMeeT paB-
HOBEPOSITHbIE HCXOAH A, ..., Am, 2 BTOPOE — PaBHOBEPOSATHHIE HCXOA
B, B, ..., B,, TO He3aBHCHMOCTb 3THX HCILITaHH# O3HayaeT, 4TO BCE
napsl HCXOROB (A,, B:) paBHOBEpOSATHBI, a MOTOMY Bepomﬂoc'rb no-

sBNeHHs1 Kaxo# napu (A;, By) paBHa L

ITpumepomM He3aBHCHMBIX ucnu‘raﬂun ABJISIeTCSl H3BJCYEHHE U3
MelllKa TOMeYeHHbIX JKETOHOB NPH YCJIOBHH, YTO BbIHYTHIH XX€TOH Nocje
3alHCH €ro NMOMETKH BO3Bpaiaercss o6patHo. MHaue oGCTOHT Aedo,
€cJIH BbIHYTHIi XeTOH 06paTHO He BO3BpalliaeTcs.

[Tpumep 3. B Mewke sexar 33 xkeTOHA, NOMeUeHHLIe OYKBaMH
pycckoro asngasnta. U3 Hero u3aBneKkaioT XXeTOHH H 3aNHCHIBAIOT COOT-
BeTCTBYIOLIHe GYKBhLI, IPHYEM BHIHYTHIE )XE€TOHBl O6pPaTHO He BO3Bpa-
maior. KakoBa BeposiTHOCTb TOTO, YTO NPH 3TOM INOJYYHTCSl CJIOBO
«OKO»? CJIOBO «ap»?

Peumenune Omu6ouno 610 GHl pemiath 3ajady TakK: BEpofT-
HOCTb H3BJIEYEHHSI JII060# GYKBbl paBHA —, I0O3TOMY BEPOSATHOCTb CJIO-
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XKHTbh CJIOBO «OKO» paBHa %3 , @ BEPOATHOCTb CJIOXKHTb CJIOBO «ap»

paBHa —, . 10 Gu.no 6hl BepHO, ecJH Ghl TocjieIoBaTe/IbHbie H3BJeye-

332
HHS JX€TOHOB H3 Meuu(a 6Ll He3aBHCHMBI ApYT ot Apyra. Ho Tak kak
eTOHb 06pPaTHO B MEILOK He BO3BpallaloTcs, TO, BHIHYB B NEPBHIA pa3
GyKBY «0», Mbl yXKe He NOJIyYHM ee NpH TpeTbeM H3BjedyeHHH. [Tosto-
MY BEpOSITHOCTb MOJIYYHTb CJIOBO «OKO» paBHa HyJio. Uto6nl HafTH
BEPOATHOCTb MOJIyYEHHS CJIOBa «ap», 3aMETHM, YTO MpPH ABYX H3BJe-
yeHHsiX GYKB NOJIy4aloTCsl BCEeBO3MOXKHbHIE pa3MelleHHs: 6e3 NoBTOpe-
HHA H3 33 GYKB No JABe, NIPHYEM OYEBHAHO, UYTO JiIOOble Ba TaKHX pa3-
MELLEHAS PaBHOBEPOSATHI. Tak kak o6liee YHCJIO 3THX Pa3MelleHH#H
paBHo A%;=33. 32— 1056, To BepOATHOCTb CJIOKHTDb CJIOBO «ap» paB-
1

Ha m

ST0T NpHMep NOKa3hIBaeT, YTO NMPH pellleHHH MHOTHX 3ajJlay TEOPHH
BEPOSITHOCTEH OKa3hBaIOTCS MOJIe3HBIMH (POPMYJIBl KOMGHHATOPHKH —
MpH ONpeJie/IeHHbIX YCIOBHSIX Y Hac ¢ paBHOH BEPOSITHOCTHIO MOJyYa-
I0TCSl pa3MeLlUEeHHs C IOBTOPEHHAMH (eCJIH, HalpHMep, XKETOHK! H3BJle-
KaloTcsl H IOTOM BO3BpaLialoTcsi 06paTHO), pa3Metlennsi 63 MOBTOpe-
HHUA (ec/lH KETOHH He BO3BpallaloTcd 06paTHO), NepecTaHOBKH
C NOBTOPEHHSAMH : 6e3 noBTOpeHHA, coyeTaHus H T. A. [losroe Bpems
KOMGHHATOPHKY BooOlle pacCMaTPHBAJH KaK BCIIOMOTaTe/bHYIO JHC-
UHIVIHHY JJIS1 TEOPHH BEPOSITHOCTe#, HO Tenepb OHa nmpHo6pena camo-
CTOSITe/IbHOE 3HaYeHHe.

[Tpumep 4. U3 memka c 33 keToHaMH, MOMEYEHHLIMH GyKBaMH
pycckoro ajgaBHTa, BHHHMAIOT 6 )X€TOHOB H pacroJaraiotr HX B IO-
paKe H3BJeueHHsi. KakoBa BeposITHOCTb MOJMYYHThb ¢10BO «MockBa»,
ecyd: 1) JKeTOHH IocJie H3BJIeUeHHs BO3BpalllaloTcsl 06paTHO; 2) XKe-
TOHH TOCJIe H3BJIeUeHHs1 06paTHO He BO3BpallalOTCH?

Pemenne., B cayuae | MHOXeCTBO paBHOBEPOSITHBIX HCXOJOB
MCMBLITAHHSI COCTQHT H3 BCEX pPa3MelIeHHMA C MOBTOPeHHsIMH U3 33 3Je-

menroB no 6. Ux (IHCIIO PaBHO AS;=33%. [TosTomy HcKOMasi BeposT

HocTb paBHa 33~°. B ciyuae 2 MHOXeECTBO PaBHOBEPOSITHHIX HCXOLOB

COCTOHT H3 BCeX pasmemeﬂnﬁ 6e3 noBropeHH# H3 33 semMeHTOB MO 6.

Ux uncno paBuo A$3=33-32-31-30-29-28, u noromy HcKoMas
1

33.32-31.30-29.28 °

[Mpumep 5 U3 KBaapaTHKOB ¢ GyKBaMH CJIOXKHJIH CJIOBO «MHuc-
CHCHIIH», NIOCJIe Yero KBaJAPAaTHKH NMOJOXKHJH B MEIIOK H MepeMellalH.
KaxoBa BepoSITHOCTb, YTO IOCJIe MOOYEPENHOrO H3BJICYEHHs KBajpa-
THKOB H3 MeILKa INOJYYHTCH TO XKe CaMoe CJOBO?

Peme HHe B nanHoM ciyuae paBHOBEDOSITHHIMH HCXONAMH fIB-
JISIIOTCSA MOSIBJIEHHS JIIOGLIX NMePecTaHOBOK C NMOBTOPEHHAMH H3 OLHOH
GyKBH «M», 4 GYyKB «H», 3 GYKB «C» H OJHOH GYKBH «m». YHCsI0 TakHX

BEpPOSATHOCTbL paBHA

nepecraHoBok paBHo P (1,4,3,1)= TM%TI—%QO'
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[Tpumep 6. B memke sexar 5 XKeTOHOB, NOMeUEHHLIX GyKBa-
MH «a», «6», «B», «r» H «i». VI3 Hero 4 pa3a H3BJIEKAIOT XKETOH, KOTO-
phiit ocJie 3anucH ero GykBhul Bo3aBpaLaercs o6patHo. KakoBa Beposit-
HOCTb, YTO NpPH 3TOM HH OAHa GyKBa He NMOBTOPHTCA ABaXKIbI?
Pemenune. B 3ToM ciiyyae MHOXeCTBO PaBHOBEPOATHHIX HCXO-
OB COCTOHT H3 BCeX pa3MelleHHHA C NMOBTOPEHHSAMH H3 5 3JIeMEHTOB
no 4. OHo coaepxkut A§=5'=625 pasmewenunii. BraronpuaTHEIMH
ABJISIOTCS [IPH 3TOM pa3MellieHHs 6e3 NMOBTOPEHHH, -mc.uo KOTOple

paBHO A3=5-4-3-2=120. 3HauuT, BEPOATHOCTD paBHa —0 192,

HOSTOMy BEPOATHOCTb NOJYYEHHA CJIOBA «MuccHCHITH» paBHA o

[Tpumep 7. Ilpu Tex ke yCJOBHAX HafiieM BEPOATHOCTb TOrO,
YTO B MOJIY4eHHOH 3alHCH HUKaKHe ABe cocelHHe GyKBhI He GYAYT OfH-
HaKOBBIMH.

PemeHnune. 3mech Hafio CHayasla HaATH YHCJIO pa3MelleHHH C
MOBTOPEHHSAIMH H3 5 GYKB 1O 4, B KOTOPbIX HET OAHHAKOBHIX COCeLHHX
6ykB. B kaXx10oM TakoM pa3melLleHHH NnepByI0 6yKBy MOXXHO BHIGpaTh 5
croco6aMu, a caepyouine 6ykBol — 4 cnoco6aMH (He MOBTOPss npe-
ALAYyYI0) . 3HAYHT, O NMPaBHJy NpPOH3BeNEHHS YHCJIO 6JaronpHaT-
HbIX KOMOGHHauu# paBHO 5-:4-4-4=320, a HCKOMas BEpPOSATHOCTb
paBHa 25(5) 0,512.

[Tpumep 8 U3 memka ¢ 33 KeTOHaMH, HA KOTOPHIX HaMHCaHBl
6YKBHl pycCKOro aji¢aBHTa, H3BJIEKAIOTCA 4 JKeTOHA, KOTOpble pacno-
Jaraiotcsi B ajdaBHTHOM mnopsiike. KakoBa BEpOSITHOCTb TOro, YTO
APH 3TOM MOJIYYHTCHA CJOBO «BHHT»?

Pemenune. Tak Kak XKeTOHH pacnojaraiorcsi B aJj¢aBHTHOM
nopsiike, TO CYLIECTBEHHH JHIIbL H3BJeYeHHble GYKBH, a He NMOPSIOK,
B KOTOPOM HX H3BJeKaJH. l'[oa'romy ofliee YHCJIO PaBHOBEPOATHHIX
HCXOJIOB PaBHO YHCJy COYeTaHHA Ge3 NOBTOPEHHH U3 33 6ykB 1o 4, 1. e.
Céa——-———aslsg 31 430—40 920. 3HauMT, HCKOMasi BepOﬂTHOC‘l‘b paBHa

1
40920 °

[Tpumep 9. Kaprouku, Ha KOTOPHX HamHcaHbl GYKBH CJIOBa
«0GOpOHOCNOCOGHOCTb», PpacnoJsiaraioTcs MPOH3BOJbHLIM 06pasoM.
KakoBa BeposITHOCTL TOro, YTO NpH 3TOM Bce 7 GYKB «O» MAYT
noapsan?

PeweHue OueBHAHO, YTO CYLIECTBEHHO JIHIIb PACHOJOXEHHE
cemu GykB «o». Tak Kak o6uiee yucsio KapTouek paBHo 18, To BHIGOD

18!
CEeMH MeCT Il GYKBBl «0» MOXET GHITb CHeJNaH C{s—m“ crnocoGamu.

BaaronpusiTHel BHIGOPH, MPH KOTOPHIX BCe BhHIGpaHHbIe MeCTa HAYT
noapsa. Ho rpynna u3 7 6ykB «o» MOXKeT 3aHHMaTb JHIIb 12 pasiuy-
HBIX MOJIOXKEeHHH cpeliH ocTajbHHX 11 GyKB (B caMOM Hadaje, MeXay
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nepBo# H BTOPO#, ..., B caMoM KoHue). OTciofa caefyeT, YTo HCKOMasi
BEPOAITHOCTb PaBHa

12 _ 7112 1
Cls 181  2652°

[Tpumep 10. U3 Memka c 33 :keToHaMH, Ha KOTOPHIX HANKCAHKI
GyKBH pyccKoro ajipaBuTa, H3BJIEKAIOT 4 Pa3a XKETOHbLI, NPHYEM KaXK-
AbIA XKETOH MocJie H3BJeYeHHs H 3aNHCH H306paXKeHHOH Ha HeM GYKBHI
BO3BpaillaeTcsi B MelmoK. KakoBa BepOSITHOCTb, YTO H3 MOJY4YE€HHBIX
TakHM nyTeM GykB MOXXHO 6yneT CJOXHTb CJOBO «MapT»? CJoBo
«MaMa»?

PemeHHne. MHOXeCTBO BceX PaBHOBO3MOXHBIX HCXOJOB COCTO-
HT H3 paamemel-mn ¢ NOBTOpPeHUAMH M3 33 GyKB no 4, H YHCJIO 3THX
HCX010B paBHO 33*. BaaronpusATHH HCXOAK, MPH KOTOPHIX MONY4aIOTCS
B JI060M nopsiike GYKBLI «M», «a», «p», «T». TaK KaK U3 3THX 4 GyKB
MOXHO COCTaBHTb 4!=24 nepecTaHOBKH, TO HCKOMasi BepPOATHOCTb

paBHa =, 2 . A p1s Toro uTo6H MOXHO GbLIO COCTABHTH CJOBO «Ma-

Ma», Hal0 JBaXAnl BbIHYTb GYKBY «M» M [ABaXAhl — GYKBY
«a» Tax Kak H3 3THX OYKB MOXHO cOCTaBHTb Jumb P (2,2)=

2!2! =6 mepecTaHOBOK, TO BEPOSITHOCTb NOJy4aercsi B 4 pa3a MeHb-

YnpakHeHHS

515. Byayr aiH coGLITHS paBHOBEPOATHHIMH:
1) «Bunax rep6» H «Bbnajia nHGpas MpH GPOCKE MOHETH;
2) «Bunaj rep6» H «BHNajda LHGpa» NpH GpocKe HenmpaBHJAbHOR (Hanpumep,
BOTHYTO#) MOHETHI;
3) «npoMax» H «MomajiaHHe» MPH BHCTpeJie OTIHYHONO CTPeJKa;
4) «BHNaNO ABa repba» H «BHMNaJO JABe UHPPH» NPH GpOCKe ABYX MOHET;
5) «BhMa/J0 He MeHee TPeX OYKOB» H «BHNAJO He Gojiee UETHPEX OYKOB» MPH
6pocke HrpajibHOH KOCTH;
6) omuT: BHHHMAaercss KOCTOYKAa JXOMHHO H3 MOJHOro Ha6opa B 28 kocTOueK; CO-
6nitHe A — <«BHIHYTa KOCTb, Ha KOTOpO#i ecTb 6», co6uTHe B — «BHIHYTa KOCTD,
Ha KOTOpPOH eCTb MyCTO»?

516. Ilpu Gpocke HrpajbHOM KOCTH BHYHCIHTE BEPOSITHOCTH CJEAYIOUMX COGHITHH:
1) «BHimazo ABa o4Kaxr;
2) «BHINANO MATH OYKOBY;
3) «BHNaJo YeTHOE YHCIO OYKOB»;
4) «BHNAJO MPOCTOE YHCJAO OYKOBY;
5) «uHCNO BHIMABLIHX OYKOB KPaTHO TPEM>».

517. Bpocuan aBe MoHetH. KaKkoBa BEpOSITHOCTH TOro, 4TO Ha ONAHOA MOHeTe BHINAJ
rep6, a Ha Apyro#t — nudpa?
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518. Bpocalorcsi aBe urpaibHhie Koctd. HafiiuTe BepoATHOCTH COOGHITHHA:
1) cymma BHIMaBIIHX OYKOB paBHa 2, 3, ..., 12. [TonyueHnnle pesysibrar H306pa-
3HTE Ha KOOPIMHATHOA MVIOCKOCTH TOYKAMH, Y KOTOPHX aGCUHCCa paBHa CymMe
OYKOB, a OpJHHATa — BEPOSITHOCTH 3TOH CyMMHI;

2) pa3HOCTh BHIMABIUHX OYKOB paBHa 0,1, ..., 5;
3) cyMMa BHINABINHX OYKOB GoJibllle HX NMPOH3BeNEHHS.

519. M3 natu orpeskos aauuo#i 1, 3, 5, 7 u 9 Haynady BuGupaioT TpH. KakoBa Be-
POATHOCTh TOrO, YTO H3 HHX MOXHO MOCTPOHTb TPEYrOJIbHHK?

520. Ky6, Bce rpaHH KOTOPOro OKpalleHn, pacnuieH Ha 1000 paBHHX KyGu-
KoB. HafiguTe BeposiTHOCTb TOro, YT0 HayAauy B3fITHA KyGHK HMeeT IBe OKpa-
IeHHBle TPaHH. :

521. KakoBa BeposiTHOCTb TOTO, YTO B siHBape Hayjauyy BHIGPAHHOTO rofa OKaXercs
NATh BOCKPECEeHHH?

522. Ha mecTu oAMHaKOBHX KapToukax HanucaHbl GykBH «A», «B», «K», «<M», «Os»,
«C». Kaprouku packnaamiBalotcs Hayral B psAf. KakoBa BeposiTHOCTH TOTO, YTO
NOJYYHTCA CJJOBO «MockBa»?

523. CnoBo «araBa» pa3spe3aju Ha GyKBH H HX BLUIOXKHJH HayAauy B psi. Kakosa
BEPOSITHOCTb OMATH NOJYYHTb 3TO Ke CJOBO?

524. CioBo «IuaMH» pa3pe3aju Ha GYKBH M UX BHUJIOXKHJIH Haymauy B paa. Kaxosa
BEPOATHOCTb OMATH NMOJNYYHTb 3TO XKe CJIOBO?

525. CnoBo «MoaHM#A» pa3pe3ajH Ha GYKBH H BHUIOXKHJH Hayfady YeThipe U3 HHUX B
psit. KakoBa BepOSITHOCTb NMOJYYHTH CJOBO «MHJSA»?

526. B smuke gexar 20 oAHHAKOBHX Ha oulynb wWwapos: 12 Geanx u 8 yepHbix. Ka-
KOBa BEPOSTHOCTb BHIHYTb Haymauy: 1) Geawi#t wap; 2) yepHwii wap; 3) aBa
pa3HOLBeTHHX Llapa?

527. B simuxe jexkat 20 ofHHAKOBHX Ha omynb mapoB: 12 Geanx u 8 wepsux. Hs
AILIHKa BBIHYJH Hayzauyy BoceMb apoB. UeMy paBHa BepOSiTHOCTb TOTO, HTO:
1) poBHO TPH H3 HHX 4YepHbIX; 2) 4YepHHIX LWIAPOB BLIHYJAH He GoJee Tpex?

528. B smuxe sexar 13 senennlX, 10 KpacHHX U 7 CHHHX OIMHAKOBHX Ha OLLYMb lia-
pos. Haynauy BuHuMalor 8 mapos. Uemy paBHa BeposiTHOCTb TOrO, YTO BHIHY-
au: 1) 3 3enennx, 2 KkpacHhx W 3 cHHHX Wapa; 2) | 3ejeHHifi, 5 KpacHHX H
2 cuHHX wapa?

529. Ha kaproukax sunucaun uudpu 1, 2, 3, 4, 5, 6, 7, 8 u 9. Hayrang Gepyr uernpe
KapTo4KH H BHKIajblBaloT uX B paAX. KakoBa BepositHocTh Toro, 4ro: 1) mo-
JIyYHTCS YeTHOe 4HCIO0; 2) noayuutcs yuciao 1234?

530. M3 cemu JsorepeiiHbX 6u/JieTOB ABa BHMIPHIIHKX. CeMb 4Ye/JOBEK MO OYEpeaH
6epyT no Guiery (He Bo3Bpawasi ero o6paTHo). UeMy paBHa BepOITHOCTb BH-
HIpHIIIA U 3aBHCHT JIM OHa OT MecTa B ouepenu?

531. U3 n norepefinbix GunerosB oAuH BHHrpHIIHHA. KakoBa BeposiTHOCTH TOTO,
4TO Cpend k Haynauy BHIOPaHHHX m GUJIETOB eCThb BHIUTPLILIHHIA?

532. B amnxe sexur 31 gerasb nepBoro copra H 6 meraJeii Broporo copra. Haynauy
BLIHHMAIOT TPH AeTand. UeMy paBHa BepoATHOCTb TOro, 4To: 1) BCce TpH JAeTajH
nepBoro copra; 2) Xors Gbl OfHa H3 TPeX BHHYTHX JeTajed NepBOro copra;
3) XoTb OfHA M3 TPeX BHIHYTHIX JeTaJieil BTOPOro copra?

4. Anre6pa coGbiThii. BRiuHCAATD BEPOATHOCTb COGHITHS, CTPOS
KaXXAB# pa3 MHOXKeCTBO PaBHOBEPOATHBIX HCXOAOB H INOACYHTHIBasf
YHCJI0 6J1arONpHATHLIX HCXOJOB, JOBOJbLHO 3aTpyAHHTENbHO. [ToaTomy
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IJisl BLIYHCJIEHHS] BEPOSITHOCTEH MOJb3YIOTCS NMPaBHJAaMH, NO3BOJSIO-
ILHMH 1O H3BECTHHIM BEPOATHOCTAM OJHHX COOBITHA BBHIYHCJIATH Be-
POSAITHOCTH APYrHX COGLITHH, MOJYyYaeMbiX H3 HHX C NMOMOIbLIO HEKOTO-
poix onepauuit. [TockoJabKy COGLITHSIMH Mhl Ha3BaJlH NMOAMHOXeCTBa B
MHOXKeCTBe 3JIeMEHTapHbIX HCXOAOB HCNBITAHHA, a HaJl MHOXKeCTBaMH
Mbl YyXe yMeeM BLIMOJHATb ONepalHH OObeJHHEHHS, INepeceyeHHS,
HaxXoX/eHHs JONOJIHEHHS], TO TaKHe Xe onepauuH GyleM BBHINONHATDH
HajJ COGHITHAMH.

Cefluac MH 1aiMM ONpefie/eHUs YKa3aHHLIM BHIIlIe ONepPaUMAM Hak
co6uiTHsiMH. [TockonbKy TeopHsi BeposiTHOCTe# 6bljia cO3[aHa 3aA0Jro
IO TEOPHH MHOXECTB, B HEH CJIOXKHJAaCh CBOSI TEPMHHOJIOTHSI H CBOH
0603HayeHHsl, KOTOPble HaM MPHAETCS YYHTHIBATh.

Onpedeanenue 1. Co6uiTHe, KOTOPOMY He GJaronpHsiTeH HH
OJHH H3 BO3MOXHBIX HCXOJOB, Ha3biBaeTCs He803MONCHbiM. COOLITHE
XKe, KOTopoMy GJaronpHsiteH Jio6of HCXONL HCMLITAHHA, Ha3blBaeTcCs
docTosepHbiM.

Ha si3bike TeOpHH MHOXECTB 3TO O3Hauaer, YTO HEBO3MOXHOMY
COGHITHIO OTBeYaeT MycToe MHOXECTBO HCXOAO0B, a AOCTOBEPHOMY —
BCe MHOXXeCTBO BO3MOXHHIX HcxofoB. IlostoMy GyneM o06o3HayaThb
HEeBO3MOXKHOe cOGhiTHe 4yepe3 J, a AocToBepHoe yepes U.

Onpedesnenue 2. Ob6veduneruen cobutuit X H Y HasnBa-
eTcsl cobuiTHe, KOTOPOMY GJIarONPHATHLI BCe HCXOABI, G/1aronpHATHbIE
XoTsi 6b OJHOMY H3 COGbITHR X H Y.

Hanpumep, npu 6pocaHuH AByX KocTe# 06beAHHeHHEM COOHITHH
«BHINAJI0 YETHOE YHCJIO OYKOB» H «BbINIAJIO IPOCTOE YHCJIO OYKOB» GyaeT
COGLITHE «YHCJIO BHIIABLIHX OYKOB OTJAHYHO OT 9»: B camom nene,
CPelu HaTypaJibHbIX YHCeJ OT 2 A0 12 To/bKO YHCIO 9 He sBAAETCS
HH YeTHbHIM, HH NPOCThIM. Ec/H ABa 3eHHTHBIX OPYAHS CTPENSIOT NO
OJHOMY H TOMY XKe caMoJieTy, TO O6beiHHEHHEM COGBITHI «nepBoe Opy-
Zue Mopa3uJio CaMoJIeT» H «BTOpPOe OpyJHe NMOPa3HIo caMoeT» GyaeT
«CaMoJIeT MOpaXKeH».

MHOXKeCTBO HCXOAOB HMCNLITAHHA, 6J1aronpHATHBIX O6BbeIHHEHHIO
cobuthit X u Y, asasierca o6beHHEHHEM MHOXeCTBa HCX0[0B, 6GJa-
ronpuaTHbX X, ¢ MHOXKECTBOM HCX0H0B, Giaronpusitiuix Y. [Toatomy,
KaK M B CJlyyae MHOXeCTB, o6beiuHeHHe cOGLITHA X u Y 0603HayaoT
XUY. TIpuMeHsIIOT TaKXe Ha3BaHHe «CyMMa COGHITHH» M COOTBET-
crByioulee o6o3HaueHune X+ Y.

Onpedesrenue 3. Ilepeceuernuem co6utTuit X H Y Ha3pBalOT
co6niTie, KOTOPOMY 6J1arONPHATHBI JHIIbL HCXOJbl, OIHOBpEMeHHO 6J1a-
ronpusituble H Aas X, u aaa Y. Ero o6o3Havaior XY nau XY.

B pa3o6paHHLIX Bbillle NpHMEpax nepeceyeHHsIMH GyAyT COGLITHSA
«npH 6pocaHHH ABYX KOCTefl BHIAJO ABa OYKa» H «CaMoJieT MopaxKeH
0GOHMH 3€HHTHHIMH OPYAHMSAIMH» (HAllOMHHM, YTO €IHHCTBEHHBIM 4YeT-
HbIM IPOCTHIM YHCJIOM siBJAETCA 2).

Onpedesrenue 4. Ia cobuiths X H Y Ha3LIBAIOT HECOBMECT-
HbIMU, €CJIH MX TepeceYeHHEM SIBJISIETCA HEBO3MOXKHoe cobnitHe (T. e.
€CJIH HHKaKOM HCXOJ He MOXeT GHTh GiaaronpusitreH 060HM COGHITHAM
OXHOBPEMEHHO).
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Hanpumep, HecoBMecTHBI COGLITHS «YHC-
JIO BLIGPOIIEHHBIX OYKOB HXEJNHTCA Ha 3» H
«YHCJIO BLIGPOIIEHHBIX OYKOB AaeT NpH Je-
JIHHH Ha 3 octaToK 1».

MHoxecTBa HCXOI0B, COOTBETCTBYIOLLHE
IABYM HECOBMECTHBIM COGHLITHSIM, HMEIOT MyC-

Toe nepeceueHde: XY= .
Ecin mo6ble aBa cOGLITHS H3 MHOXECT-
Puc. 80 Ba {Xi, ..., X,) HECOBMECTHH, TO 3TH COGHI-
THSl Ha3blBAIOT NONAPHO HECOBMECTHLIMU.
Hanpumep, nonapHo HeCOBMECTHH COGLITHSI «4HCJIO OUKOB AEJNHTCA Ha
3», «4HCJIO OUKOB NPH Jle/leHHH Ha 3 RaeT OCTaTOK 1» H «YHCJIO OYKOB
JaeT NpH AeNieHHH Ha 3 ocTaToK 2». A cOOBITHA X — «4YHCJIO OYKOB —
NPOCTOe YHCJIO», ¥ — «UHCJIO OYKOB — YETHOE YHCJIO» H Z — «BHIGpO-
meHo Gojiee 3 OUKOB» HECOBMECTHH B COBOKYNHOCTH (HX nepeceue-
HHe MYCTO), HO He SBJSIOTCSI NONAapHO HECOBMECTHHIMH, TaK Kak,
HanpuMep, 2 AIBJAETCHA H NPOCTHIM H YETHBIM YHCJIOM, a 5 — NMPOCTHIM
4HCJIOM, KoTOpoe Gosbille yem 3. Imarpamma BenHa ajas MHoXecTB
HCXOJIOB 3THX COOLITHA HMeEeT BHHA, H306paxeHHHI' Ha pHcyHKe 80.

Ecan cobuiThs X, ..., X, NOnapHO HeCOBMECTHMI, fIpHYEM HX 06be-
JHHeHHe COBMAajaeT C NOJIHHM MHOXeCTBOM HcxonoB U, To J1060# He-
X0/l 61aronpHsiTeH OHOMY H TOJIbKO OJHOMY H3 3THX coGhiTHA. B 3TOM
cjlyyae MHOXKeCTBO BCeX HCXOAOB pa3GHBaeTCsl Ha NMONapHO Helepece-
KalOLHECs] MOJAMHOXECTBa, COOTBETCTBYIOIIHE 3THM COGBITHAM.
[TosToMy MOXKHO BHIGpATh JPYroe MHOXKECTBO 3JIeMEHTapPHBIX HCXQJOB,
a HMEHHO HCXOAH X, ..., X,. Ecan Bce 3sieMeHTapHBe HCXOAH Gbijau
paBHOBEPOSATHH, a BCeM COGBITHAM X;, ..., X, COOTBETCTBYET OAHO
H TO Xe YHCJIO 61aronpHATHLIX 3JIEMEHTApPHLIX HCXOJOB, TO BCE 3Jie-
MeHTapHble HCXOAn MHOXecTBa {Xi, ..., Xn} TOXe paBHOBEPOATHHI.
Hanpumep, npu GpocaHHH OXHOH KOCTH COGHITHSI <BLINAJO UYETHOE
YHCJIO OYKOB» H «BHINaJI0O HEUeTHOE YHCJIO OYKOB» 06pa3yioT MOJIHYIO
CHCTEMY HCXOJIOB, IPHYEM OHH PaBHOBEPOSITHHI, IOCKOJIbKY IIEPBOMY H3
HHX COOTBETCTBYIOT TPH cCjyuasi BhajeHHs O4KOB (2, 4 u 6) u BTO-
pomy Toxe TpH (1, 3 u 5).

Onpedesenue 5 Coburusi X H Y Ha3blBalOTCA npoTuUso-
NOAOXKCHbIMU APYT APYTY, €ClH J1I060A HCxol G6JaronpHATEH OAHOMY
H TOJBKO OJHOMY H3 HHX.

Hanpumep, npoTHBOMOJOXHL COGHITHSI «BHINAJO YETHOE YHCJIO
OYKOB» H <«BbINAJI0 HEYEeTHOEe YHCJIO 0YKOB». COGHITHA «YHCJIO BhHINaB-
IIHX OYKOB MeHblle YeM 3» H «UYHCJIO BhINABUIHX OYKOB 6OJiblle
yeM 3» He SIBJSIIOTCA NMPOTHBOMOJIOXKHHIMH, NOCKOJIbKY BhINafeHHe 3
OYKOB He siBJIsieTcs1 GIarONPHATHBIM HH AJIs1 OfHOro U3 HUX. He siBastiOT-
csl IPOTHBOMOJOXHLIMH H COOGLITHAA «COHTHIA cCaMoJieT MopaXKeH mep-
BHIM OpYyIHeM» H «COMTHI/i caMoJieT MOpaKeH BTOPbIM OpPYAHEM>»,
MOCKOJIbKY MOXKET CJYYHTbCSl, YTO B CaMoJieT nonajH o6a BhICT-
pena. ,

B Teopun BeposiTHOCTE# NMPHHATO 0603HauaTh COGHITHE, IPOTHBO-

nonoxHoe co6uiTHiO X, uepes X.
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Onpedenrenue 6. CobutHe Y HasnBaercs caedcTéuem cobbi-
i X, ecau MoGo# Hcxol, 6JAaronpusTHEA co6uiTHio X, Glaronpusi-
TeH H COGHITHIO Y.

Hanpumep, BbinafeHHe NpH GpOCaHHH TpPeX KOCTEH HEYETHOro
YyHCJIa OYKOB fIBJIIETCA CJIEACTBHEM TOTrO, UYTO YHCJIO OYKOB MPOCTOE
(smo6oe mpocToe YHCI0, KOTOpPOEe He MeHblle ueM 3, ABJASAETCA Heyer-
HbiM). Co6uiTHe «dyT6oNbHAsi KOMaHAa OCTajlaChb B BHICIIEH JiHre»
SIBJASIETCA CJeACTBHEM cOOHTHA «(yT60/IbHaA KOMaH/a BEIHTpaJia YeM-
NIHOHAT CTPaHBI».

Ecin co6uiTHe Y sIBIsieTCsl CI@ACTBHEM COGHITHSI X, TO MHOXKECTBO
HCXOJO0B, 6JIarONPHATHHIX COOLITHIO X, fIBAAETCS MOAMHOXECTBOM B
MHOXKeCTBe HcXoAoB, GnaronpusitHhiX Y. Ilostomy B Takom cayuae
mumytr XY.

Mbl BBeJIM OCHOBHbIE Onepaudd Haj cOGLITHAMH. C HX MOMOLIbIO
MOXKHO omnpefenuTb Apyrue onepauud. Hanpumep, coGuitne XNY
MOXHO Ha3BaTb PA3HOCTbI0 COOLITHA X H Y (OHO HMeeT MeCTo, ecJH Co-
6niTHe X Tpon3ownio, a coGuTHe Y Her).

Ho B nanbHefiiem Mbl GyieM 10Jb30BaThCs JHIIbL ONpeeeHHbIMH
Bhillle onepauHsiMH. [ToCKOILKY onepalHH Hal COGLITHAMH CBOASATCA K
COOTBETCTBYIOLIHM ONEepPalHAM HaJ MHOXeCTBaMK 6J1aroNpHATHLIX HM
HCXOJIOB, TO BCE YTBepXKAeHHS ajare6phbl MHOXKECTB, OTMEYEeHHHIe B 1. 2
§ 1 raaBu XI, ocralorcsa cnpaBeJJIMBBIMH H JJISl onepalui Hal cOGLI-
tusimu. Hanpumep, ass coGuiTHii BepHBI paBeHCTBa

XNY=XyY, Xyr=Xxny,
onepauHH 06’belIHHeHHﬂ H NepeCeYeHHsA o6.nana|m CBOHCTBAMH KOM-
MYTaTHBHOCTH H aCCOLLHATHBHOCTH, npHYeM Kaxaasi H3 HHX AHCTpPH-

GyTHBHA OTHOCHTEJbHO BTOpo#l omepauuu. Jas moGoro cobbitus X
BHIMOJIHSIIOTCSL paBeHCTBA

X=X, XnX=g, XN@ =0, XnU=X, XY@ =X,
XUU=U.

Kpome TtO0ro, eciu YcX, 10 XnY=Y, XyY=X, a mnoromy
XNX=XyX=X.

YnpakHEeHHS

533. IIpu Kakux ycinoBusAx Aas coGuituit A u B BepHH paBeHCTBa:

1) A=(AUB\B, 2) AU (B\C)=(AUB)\C; 3) A\B=A; 4) A\B=g;
5) A\B=B? OTBern NOSICHUTE Ha PHCYHKaX.

534. Bepuo au yTBepxuenue: eciu AYB=C, o A=C\B?

535. [lokaxkute yrBepxaenue: eciu B A, to A=B| (A\B).

536. Pacummdpyiite KpaTKHe 3aMHCH:

7 s 7
1) UA:, 2) NA;3) UAn-i;4) NAx+.
s=3

i=5 j=2 k=1
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537.

538.

539.

540.

3ammuTte Kopoue (cM. Ne 536) coGuiths:

1) A1UAz2U ... Udsy; 2) AiNA:zN ... NA4r; 3) AsUA7U ... UAss;
4) AsNAsN ... NAror.

Bpocuan menHylo H cepe6psiHylo MOHeTH H PACCMOTPEIH COGLITHS:
A — «rep6 BuNajx Ha MelHON MOHeTes,

B — «undpa Bunajsa Ha meaHOR MoHeTes,

C — «rep6 BHNaj Ha CepeGpPAHON MOHeTe»,

D — «uudpa BHnasa Ha cepeGpsiHOR MOHeTe»,

M — «Bunan xorsi 6 ofiuH rep6»,

F — «BHmana xots Gn ofHa umgpas,

G — «BHMaM OfliH rep6 M ofiHA UH(pa»,

H — «HeBHNasieHHe HU oaHOro rep6as,

K — «BHmnano nBa repGa».

KakuM cOGHITHSIM H3 3TOrO CNHCKa PaBHH COGHITHS:

1) AUC; 2) ANC; 3) MNF; 4) GUM; 5) GNM; 6) BND; 7) MyK?

[To MHweHH mpousBoisiTcAi TPH BHCTpeNa. PaccMvarpuBaiorcs coGuitus A, —
«nomafieHHe MpH k-M BucTpenes, k=1, 2, 3.

IMons3ysich RefictBusiME Uu ) Hazi cobutHaME Ay U Ay, 3anmMmHTe COGHTHA:
A — «Bce TpH nonafaHus»,

B — «Bce TpH nmpomaxas,

C — «x0ts 6H OJHO MOMafaHHED,

D — «xotsi 66 OAHH NMpPOMax»,

M — «He meHee AByX monanauii»,

F — «He Gosiee OfHOTO MOMafaHHNA>,

G — «nonajanHe B MHLIEHb He PaHbllle TPETHErO BHCTPENa»,

H — «poBHO 0HO MomafaHHe»,

K — «poBHO ABa monanauus».

B nose na6GmioneHHss MHKPOCKONa HaXONATCA YeTHpe KJAeTKH. 3a BpeMsi Ha6io-
ACHAs KaXKasi W3 HHX MOXET KaK pa3lieJIHThCsA, TaK H He pasfenntscs. Pac-
CMaTPHBAIOTCA COOLITHA:

A — «pasfieinnach POBHO OAHA KJETKa»,

B — «pasmennnach xoTsi 6H OAHA KJeTKas,

C — «pa3jieInfinCh He MeHee ABYX KJIETOKS,

D — «paznenniuce poBHO ABe KJAETKH»,

M — «pa3genHinCh POBHO TPH KNETKH»,

F — «pa3nenniuch Bce 4YeThlpe KJAETKH».

3anuuwKTe CAOBAMH, B YeM COCTOST COOGWTHs B |—7 W BepHH JIH paBeHcTBa
B8 9:

1) F; 2) AUB; 3) ANB; 4) BUC: 5) BNC; 6) (DUM)UF; T7) BNF;
8) BNF=CNF; 9) BNC=D.

. HasoBure 14191 yka3aHHHX COGHTHA NMPOTHBOMOJNOXKHLIE:

A — «BHNaNo 1Ba rep6a», onuT: 6POCOK ABYX MOHET;

B — «puiynu Genuil wap», ONHWT: BHHAMAIOT OXHH WIAP W3 SIIHKA, B KOTOPOM
JAexat Gesble, KpacHHE H CHHHE LIapH;

C — «TpH monajaHHsA», ONHT: c/eJIalH TPA BHCTpeaa Mo MHLIEHH;
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542,

543.

544.

545.

546.

Puc. 81 Puc. 82 Puc. 83 Puc. 84

M — «ne Gonee nByX nonmajaHuii», OMHT: MATH BHCTPEJIOB MO MHLICHH;

D — «xorsi 6 oAHO NonajiaHWe», ONHT: NATh BHCTPENOB M0 MHIIEHH;

F — «BHIHrpHII IlerpoBa», onut: naprus B waxmatu Ilerpos — Bachy.

Ha pucynkax 81—84 n3o6paxeHH 3/eKTpHYecKHe cXeMH. BhKiouaTenn H3o-
6paxkeHH KPYXKKaMH, B KOTODHX yKa3aH HoMep BHKJlOYareasi. 3aNHIIHTe Yepe3
coGLITHA A, — «BHIK/JIOYaTeNb C HOMEPOM R BKJIIOYEH» IS KaXKJOH CXeMH Co-

6uTHS A — «TOK HAeT» H A — «TOK He HHET».

ITpu6op cocrout H3 AByX GiokoB. [lepBuifi GJIOK COCTOHT H3 JBYX OAHOTHIHBIX
Aerajiefi H paGoTaeT NPH HCMPaBHOCTH XOTA OH onHOM M3 HHX. Bropo#t 6Jok co-
CTOMT M3 TPeX OJHOTHIHHIX JeTaJjell H paGoTaeT NPH HCNPABHOCTH XOTA GHl ABYX
u3 HHX. Becv mpuGop pabGoraer, ecan paGoraior o6a Gioka. Bhipasurte uepes
co6nitHA A, — «HcnpaBHa k-1 leraab nNepBoro Gaoka», k=1, 2, B, — «Huc-
ApaBHa n-g JeTaldb BTOPOro Giokas, n=1, 2, 3, u A, B, coOuTHS:

A — «paGoraer nepBHii 6JI0K»,

B — «paG6otaer Bropoit 60K»,

C — «nepBuii 610K He pa6oTaers,

D — «BTopoi#t 6J0K He paboTaer»,

H — «npubop paGotaers,

K — «npu6op He paGoraers,

M — «npuGop He paboraer, HO, AJsi TOTO YTOGH €ro HCNPaBHTh, AOCTATOYHO
3aMeHHTb OIHY AeTalib».

IIpu6op coctouT W3 ABYX G6nokoB. [lepBuifi 6/0K COCTOHT M3 UeTHPEX ORMHAKO-
BHX JeTaledl H paGoTaeT MPH HCIPABHOCTH XOTA Gu ABYX H3 HHX. Bropoit 610k
COCTOHT H3 NIATH OAHHAKOBLIX JieTaJsieli H pa6oTaeT NPH HCMPABHOCTH XOTA GHl Tpex
H3 Hux. Bech mpu6Gop paGoraer, eciim paGoraor o6a 6a0Ka. Bripasure uepes
co6uTHsi Ap — «HCpaBHa k- Jeralb nepBoro Giokas (k=1, 2, 3, 4), B, —
«HCTIpaBHa n-si AeTadb BTOpOro Gaokas (n=1, 2, 3, 4) u coburths A, u B,
co6urusi A, B, C, D, ykasanHue B ynp. 543).

PaccmorpuM coGuTHs A — «B3fiTasi Hayldayy AeTalb OKa3ajach NepBOro coprax,
B — «B3fiTan Haymauy AeTaslb OKasajlacb BTOpPoro copras u C — «B3fiTasm Ha-
yAauy AeTanb 0Ka3ajaach TPEThEro copras. 3anuiuieM CJIOBaMH, YTO MPEACTABASIOT
co6oft COGLITHSA:

1) AyB; 2) AUB; 3) AUC; 4) AYBUC.
Jlokaxxute paBeHCTBa:

1) AUB=AnB; 2) Ay (ANB)=A4;
3) (AUB\B=A\B; 4) AUYB=(A\B)U(B\A)U(ANB),
5) (A\B)UB=AUB; 6) (AUB)N(CUB)=ANC)UB.
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547. Ilpu KaKHX yCJOBHMSX CMpaBel/IHBH PaBEHCTBa:
1) AUB=ANB; 2) (AUB\B=A4;

3) Ayd=A; 4) AUA=A?
548. YnpocTuTe BHpaXKeHus:
1) (AUB)N(AUBY); 2) (AuB)nBUON(CUA);

3) (AUB\ANBHU(C\ANC): 4) (AUBNB)UANANB)),

5. Teopemnl caoxenus. [IpuBeseM Temepb TeopeMbl, ¢ MOMOILbIO
KOTOPBIX MOXXHO NI0 BEPOSATHOCTAM OAHHX CJNy4yaHHBIX COOLITHH BBIYHC-
JATb BEPOSATHOCTH APYTHX CAy4YadHBIX COOLITHH, KAKHUM-JH60 06pasom
cBsA3aHHBIX ¢ nepBuiMH. HauHeM ¢ TeopeM, KoTopule o6pa3yioT rpynmy
C OGLIMM Ha3BaHHEM <«TEOPeMbl CJI0XKEHHTA».

Teopema 1. Ecau cobbitua A u B necoemecTnbi, TO

P(AUB)=P(A)+ P (B). (1)

HJokasaTteabctso. O603HaYHM HCXOAn, O6JaronpHsiTHbeE
st COGbITHA A, uepes ay, ..., Gm, @ AJSA COGHITHSA B — uepes by, ..., b,.
BeposiTHOCTH 3THX HCXOA0B 0603HAaYHM COOTBETCTBEHHO uYepe3 pj, ...
vy Pm M q1, ..., gn. Toraa co6uTHIO A|J B 61aronpHATHH BCe HCXOHBI
ai, ..., Gm, by, ..., bp. B cHay TOr0 yto coGbiTHA A H B HEeCOBMECTHHI,
CpelH 3THX HCXOAOB HeT nosropsiomuxcsa. [lIosToMy BepoATHOCTb CO-
GuiTHst A(JB paBHa cyMMe BepOSITHOCTeH 3THX HCXOAOB, T. €.

PAUB)=pi+...+pnt+q1+...+Gn

Ho pi+...4+pn=P(A), ¢i1+... 4+ ¢.=P(B), a noromy
P(AUB)=P(A)+ P (B).

Teopema nokasaHa.

[Tpumep 1. Crpenok crpensier B MHILIEeHb. BepoATHOCTL BRIGHTD
10 oukoB paBHa 0,3, a BeposATHOCTb BHIGUTL 9 oukoB paBHa 0,6. Uemy
paBHa BepOSITHOCTb BHIGHTL He MeHee 9 OuKOB?

Pemenne. Cobuithe A «BHIGHTb He MeHee 9 OUKOB» ABJAsiETCA
o6beanHeHHeM cOOHTHA B — «Bui6HTh 10 0ukoB» H C — «BBIGHTL 9
oukoB>». [Ipx 3TOM coGuiTHA B ¥ C HECOBMECTHH, TaK KaK HeJb3fl ONHHM
BRICTPeJOM BbIGHTH cpa3y u 9, u 10 oukoB. [TosTomy no Teopeme 1
HMeeM:

P(A)=P (B)+P (C)=0,340,6=0,9.

Ecnu cobumtua A,, ..., A, nNonapHo HECOBMECTHH, TO COOLITHe
AU ...UA.— HecoBMecTHO ¢ co6uiTHemM A,. B camoMm aede,

(AU —.UAn— )N An=(AiN AU ... U(An—1NAn).

Ho npu s<<n umeem ANA.=@, u moromy (AU .. UA.—1)N
NA.= @. [lonb3yscb 3TUM 3aMeuaHHeM, NojJydyaeM H3 TeopeMmbl |
CJIeICTBHE:

CnencrBue. Ecau coboitus A,, ..., An nONapHo HECOBMECTHbL, TO
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8epOATHOCTb 06Be0uHerun 3Tux cobbiTUll pasHa CyYmme ux 8epPOATHO-

cred:
P(A\U ... UA)=P(A)+...+P(A,). (2)

HokasarteabcTBo. Kak 6bj0 OTMeYeHO Bhille, COGHITHSA
A1l ...UAn— 1 A, HecOBMEeCTHB, a NMOTOMYy Mo TeopeMe | HMeeM:

P(AU ... UAn1UA)=P (A1U ... UAs_1)+P (A).

ITpumeHsisi 3T0 e paccyKAeHHE K IEPBOMY CJlaraeMoMy H NpoAoJKas
Jlajee, mojydaeM nocje n — | mara, 4ro

P (AU ... UA)=P (A)+ ...+ P (4.

ITpumep 2. B uexe paGoraer HeCKOJbKO CTaHKOB. BeposTHoCTh
TOro, 4YTO 3a CMeHy norpe6yeT HaJaJlKH POBHO OJHH CTaHOK, paBHa 0,2.
BeposiTHOCTB TOrO, YTO 32 CMEeHy NOTPe6YyIOT HaJlalIkH POBHO JBa CTaH-
Ka, paBHa 0,13. BepositHoCcTb TOro, 4TO 3a CMeHy noTpe6yloT HajJlaAKH
Gosibllle ABYX cTaHkoB, paBHa 0,07. KakoBa BepOsAITHOCTb TOTO, 4TO 3a
CMeHy NMpPHAETCS NMPOBONHTb HaJaAKy CTaHKOB?

PemweHnune. B 3TOM npuMepe ONBIT COCTOHT B TOM, 4TO NpollJa
CMEeHa H OTMeuYeHO, CKOJIbKO CTaHKOB 3a 3Ty CMeHy norpe6oBajio
Hasazku. B 3ToM onbite co6uiTHsA: A — «3a CMeHy norpe6oBaj Hasak-
KH POBHO OJIHH CTaHOK», B — «3a cMeHy norpe6oBaJ/iH HaJlalKH POBHQ
ABa craHka» H C — «3a cMeHy norpeGoBajiH HajsalKu GoJiee ABYX
CTaHKOB» HecoBMeCTHH. Hac ke HHTepecyeT BepOSITHOCTb COGHITHS
AUBUC. Tlo Teopeme 1

P(AUBUC)=P (A)+P (B)1-P (C)=
=0,2+0,13+0,07=0,4.

BriBenieM Tenepn CBsi3b MEXAy BEePOATHOCTAMH NPOTHBOMOJIOXHBIX
COOLITHHA.
Teopema 2. [Jaa a106020 coboitua A umeem:

P (A)=1—P (A). (3

Has AokasaTeabcTBa BCIOMHHM, YTO AYA=U, PWU)=1 n
ANA=@. Toraa no Teopeme | moayuaem:

1=P (U)=P (AYA)=P (A)+4 P (A),

OTKyla chaeayer Tpebyemas ¢opmyJa.

ITpumep 3. Bepercsa Haynauy Tpex3aHayHOe HaTypaJibHOE YHCJIO
ot 100 no 999. KakoBa BeposiTHOCTb TOr0, YTO XOTs 6nl ABe ero uudpu
COBNaAAIOT?

Pewenue. Onur 3gech COCTOHT B TOM, YTO HayAauy BuIOHpaeT-
¢l HaTypaJbHOoe yHcJa0 oT 100 mo 999 H CMOTPAT, eCTb JIH y HeEro
coBnagapomue uHppbu. Co6biTHs «B3AJH HayAady uuciao N» (N=
=100, 101, ..., 999) paBHOBepoAITHH (B 3TOM CMBHIC] CJIOBA <«Ha-
yaady») H o6pa3yloT MHOXKeCTBO HCXOLOB 3Toro omnra. Yucao Hexo-
noB n=900. Hac uHTepecyer cobniTHe A — «y BHOGPAHHOrO YHCJIa

259



coBnanaiT Xots Ou ABe uudpwu». ITpoute, oanako, moacuuTaTh

BEPOSITHOCTb NIPOTHBOMOJIOXKHOTO COGHITHSI A — «y BBIGPaHHOTO YHC/a
Bce UH(}pH pasnHyHbl». Kaxaoe Takoe yHCIO ecThb pa3MelleHHe Ge3
nosropeHHil H3 10 uudp no 3, He UMeloee NEPBHIM 3JEMEHTOM HYJIb.
CnenoBaTenbHo,

m=A},—A§=10.9.8—9.8=9°.8

(u3 uHCJIa BceX TpeX3JIeMEHTHhIX pa3MmelleHHi 6e3 MOBTOPeHHH Hamo
BbIYECTb YHCJO TeX, Y KOTOPhIX Ha MEPBOM MeCTe CTOHT HYJb) H

98
P(Ay=— 550 — O 72.
Toraa no Teopeme 2 P (A)=1—P (A)=0,28.
B psine cryyaeB NIpHXOAUTCA BHIYHCJATL BEPOATHOCTb 06'beIHHEHHSA
COOLITHH, KOTOpble MOryT GhiTb COBMECTHLIMH.
Teopema 3. [las nio6uIX ABYX COOHITHHA CnpaBelJHBO PaBEHCTBO

P(AUB)=P (A)+ P (B)—P (ANB). (4)

JokasatTeabcTBO. Co6huiTHe A COCTOMT H3 KOMIIOHEHT

ANB u ANB, a cob6uthe B — u3 KommoHenr ANB u ANB.
[TosTomy

AUB=(ANB)U(ANB)Y(ANB)UANB)=
=(ANB)U(ANB)U(ANB),

K NMOCKOJIbKY BXOAsILIHE B 3TO Pa3Ji0O’k€HHe KOMIIOHEHTH! MOoltapHO He
nepecekalTrcsd, TO

P(AUB)=P (ANB)+P(ANB)+ P (ANB). (5)

C npyro#t croponn, umeeM P (A)=P(ANB)+P(ANB) u P(B)=
=P((ANB)+P(ANB), a noromy P(A)4+P(B)=2P(ANB)+
+ P (ANB)+ P (ANB). CpaBuuBasi 3TH paBeHcTBa ¢ (5), mojyyaem
JloKa3piBaeMylio popmyay (4).

PaBencrBo (4) nanmomuHaer ¢opmyay (3) n. 2 § 2 rnasu XI (oHO
MOKeT GHITb MONTyYeHO H3 TOA (OpPMYJIHl B Ciy4ae, KOria BepPOSTHOCTH
3JIeMEHTapHLIX HCXOJO0B OJMHAKOBHI). AHAJIOroM OTMeYeHHOH TaM Xe
¢$opMyJIbl NEePEeKPHITHI SIBJISETCH PaBEHCTBO

P(A\U ..UA)=Z (— D' P(A,N ... NA,). (6)
3liecb CyMMHPOBaHHE PacHpOCTPaHEHO HA BCe KOMOMHAUMH COGBLITHI

i, ..., Ax MO OHOMY, MO ABa, O TPH H T. A. N0 n. B wacTHocTH, npH -
n=3 uMeem:

P(AUBUC)—— (A)+P( )+P(C)—P(ANB)—
P(ANC)—P (BNC)+P(ANBNC).
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YppaxHeHnus

549. Crtpenok nonanaer B AeCATKY C BeposAtTHOCTbIO 0,05, B IeBATKY C BEepOATHOCTHIO
0,2, a B BocbMepKy ¢ BeposiTHocTblo 0,6. Caenan onun Bectpen. KakoBa Beposr-
HOCTb CJIefylIOlHX COOHTHA: A — «BHIGHTO He MeHee BOCbMH OYKOB», B — «BH-
6uTO0 GoJiee BOCBMH OYKOB»?

550. Busennre popmyay nas P (AYBUC) B o6mem cayuae.

551. B nenb ¢pu3kyabTypHnka CH30B nolues Ha CTalHOH. MOXHO GHJIO KymHTb GuJer
Ha ¢yt6oa ¢ BepostHocTbio 0,3, WJIH KynuTb GujieT Ha 6acker6os C BeposiTHO-
creio 0,4, HaM Kynutb GHaer Ha BoJjefiGon ¢ BepostHocThlo 0,2. KakoBa Be-
posTHocTb Toro, uro: 1) Cu30B moman Ha copeBHOBaHHe; 2) CH30B momaa Ha
COpeBHOBaHHe, B KOTOPOM 3ampellleHa Hrpa HOTOH?

552. B macrepckofi paGoraloT TPH CTaHKa. 3a cMeHy NepBblli CTAaHOK MOXeT MOTpe-
6oBaTh HaJalKH ¢ BepoaTHocTbio 0,15. IliA BTOpOro CraHka 3Ta BepOSITHOCTb
pasHa 0,1, a nas Tperbero craHka — 0,12. Haiiaute BeposiTHOCTb TOro, 4To 3a
CMeHY XOTb OHH CTaHOK notpe6Gyer HaJaJKH, CYHTAfA, YTO OJHOBPEMEHHO CTaH-
KH HaJaJKH noTpeGoBaTb HE MOTYT.

558. Maecrna BepostHocts P (A) u P (AN B). Hadaute P (A B).

§ 2. HE3ABMCHMMBIE MCNBbITAHMA

1. He3aBucumbie cayuafinnie cobutns. Popmyaa (4) n. 5§ 1 ceo-
JAUT OTHICKaHHe BEPOATHOCTH OOGbeJHHEHHS] HECKOJbKHX COGHITHA K
OTHICKaHHIO BEPOSITHOCTH NepecedeHHH pa3niuyHuX cobuithi. [locaen-
HAS 3ajaya He HMeeT ONpejAeNeHHOro peileHusa: ecaiu AcB, To
ANB=A, u noromy P(ANB)=P(A), a ectn ANB=@, T10
P(ANB)=0. Bo3MOXHH H pa3jiHYHble INPOMEXYTOUHble CJy4YaH.
OnHako ecTb cayyalf, KOTAa MO 3aJaHHHIM BEPOATHOCTAM COOHITHH
A ¥ B MOXHO BHIYHCJIHTb BEPOATHOCTb HX NepeceyeHHsi,— 3TO CJaydai,
KOrZla JaHHble [Ba COGLITHS He3aBHCHMBIL.

B n. 3§ | Mbl rOBOpH/IH O HE3aBHCHMALIX HCIIBITAHHAX H OTMETHJIH,
YTO €CJIH NepBoe HCMbITAHHE HMEeT /M PaBHOBEPOATHBIX HCXOAOB, a
BTOpO€ 7 PaBHOBEPOSITHHIX HCXOAOB, TO Jio6as napa HCXOAOB 3THX

o 1
HCIIBITAHHH HMEET OAHY H TY K€ BEPOSITHOCTb mn " Paccmm‘pnm Tenepb

ABa co6uiTus A u B, Takue, 4TOo nepBoMy H3 HHX 6/1aronpHATCTBYIOT k
HCXO/IOB NIEPBOr0 HCHLITAHHS, a BTOPOMY — [ HCXOJ0B BTOPOTrO HCHhI-
taHus. [lycTb ana onpenesneHHOCTH 3TO GYAYT HCXOAH @y, Qg, ..., Gk
u by, by, ..., bi. Toraa cobuthio A B 61aronpHATCTBYIOT BCE€ HCXOAB!
(a;, bj), Takue, uro 1 <<i<<k, 1 <<j<</. Ux yncno no npaBuay mpo-
u3Be/ileHHs] B KoMGHHaTOpHKe paBHO k/. [TocKoabKy KaXKAbA H3 3THX

HCXOJIOB HMEET BEPOATHOCTh m—ln TO BepPOATHOCTb coGniTHa ANB

paBHa %’. 3ameTHM Tenepb, YTO BEPOSITHOCTb COGHITHA A paBHa

La , BEPOSAITHOCTb cOObITHA B paBHa l—, afl_k L IMpuxonum K
m n mn m n
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caelyiolleMy BHIBOJYy: B pacCMaTpHBaeMOM NpHMepe He3aBHCHMOCTb
HCTIBITAHHA NPOSIBHAACH B TOM, YTO BEPOATHOCTb co6nTHSA A() B oKa-
3ajacb paBHOH NpPOH3BENEHHIO BeposiTHOCTeRA cobuitHA A H B:

P(ANB)=P (A) P (B).

O6o61HM Tenepb NOHATHE HE3aBHCHMOCTH Ha G6oJiee IIHPOKHH
Knacc coGLITHE.

Onpedearenue 1. Cobutuss A ¥ B H3 ogHOrO H TOro Xe
BEPOSITHOCTHOrO TPOCTPAHCTBA HA3HIBAIOTCA HE3ABUCUMBIMU, €CITH
BHIMOJIHAETCA PaBEHCTBO

P (ANB)=P (A)-P (B). (1)

3TO0 paBeHCTBO HaBePHfIKA BHINOJHAETCS, €CJIH OJHO H3 COGLITHA
A unu B HeBO3MOXHO (B 3TOM cjayuae oGe yacTH paBencrBa (1) o6-
paliaioTcsl B HyJb) HJIH AOCTOBepHO (eciH AocToBepHo A, To o6e
yactH paBeHcTBa (1) paBHn P (B), NOCKOAbKY B 3TOM CJyyae
ANB=B u P (A)=1).

[Mpumep 1. lokaxeM, yTo npn 6pOCaHHH KOCTH COObITHA A —
«BBINAJ0 YETHOE YHCJIO OYKOB» H B — «4HCJIO BHIMABIUHX OYKOB Je-
JHTCA Ha 3» SIBAAIOTCA HE3aBHCHMBIMH.

PemeHnune OueBugHo, uro P (A) =%, P (B) =%. CoG6niTHe
A B COCTOHT B TOM, YTO YHCJO OYKOB YETHO H ACJIHTCA Ha 3, a MOTO-
My oHo paBHo 6. Ero BeposTHocTb paBHa —é—. Tak kak —(li—=—;—-%,
co6uiTHt A H B He3aBHCHMBI.

ITokaxeM, 4TO ecyin co6bTHA'A H B He3aBHCHMBI, TO HE3aBHCHMBI

co6utHs A u B, a Takxke co6utus A u B, paBHo Kak u A u B.
B caMoMm jefe, Mo npaBHJaM anre6pnl MHOXECTB HMeeM:

(ANB)U(ANB)=A, npuuem AN\B u ANB wuecoBmectnn. Ilo-
sromy P (A)=P (AN\B)+P (AN\B). Ho B cuny He3aBHCHMOCTH
co6uituit A u B Bbinonusiercss paBeHcTBo P (A\B) =P (A)-P (B),
H NOTOMY
P (ANB)=P (A)—P (ANB)=P (A)—P (A)-P (B) =

=P (A) (1—-P (B)). (2)
IMockoasky P (B) =1—P (B), To paBeHCTBO (2) MOXHO 3amHcaTh
B BHlE

P (AnB)=P (A)-P (B).

3Hauut, A U B He3aBHCHMHI _
AnanornuHo Aoka3niBaercsi HesaBHCHMOCTb A u B. TloBTopHO npu-

MeHsisi IPOBEIEHHOE BHILUE paccyXAeHue, NojayyaeM, yro P (AnB) =

=P (A)-P (B), 7. e. uTo u co6uTHan A U B He3aBHCHMHL.
ITyctb cobuitua A u B He3aBucumu. M3 ¢popmyan P (AUB) =
=P (A) +P (B) —P (ANB) BHTeKaeT, uTO

P (AUB) =P (A)+P (B)—P (A)-P (B). (3)
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Hrak, npu He3aBHCHMOCTH co6uithii A H B BepHo paBeHnctBo (3).

Mpumep 2. JlBa 3eHHTHHX OPYAMS CTPENSIOT ONHOBPEMEHHO
H He3aBHCHMO ApYr OT Apyra no camoJery. CamoJser COGHT, ecjiH B
Hero nomnaJ XoTb OAHH CHapsii. KakoBa BeposiTHOCTb COHTbL camoJer,
ec/li BepOSITHOCTb NonajaHusi nepBoro opyaus pasHa 0,8, a Bropo-
ro — 0,75?

Pemenune. O603nauuM uepe3 A coGuniTHE «B CaMOJeT MOHas
CHapsiii nepBOro opyiaus» H 4yepe3 B — «B caMoJsieT nonaJj CHapsii
BTOporo opyaus». Ham Hago Haiith BeposiTHocTh cobmtusi Al B.
B cuny He3aBHCHMOCTH 3THX ABYX COOHLITHH MOXKHO BOCNOJIb30BaThCS
¢opmysoit (3). Ho P (A) =0,8, P (B) =0,75, u notomy

P (AyYB)=0,840,75—0,8-0,75=0,95.

OnpenenuM Tenepb NOHATHE HE3aBHCHMOCTH [J151 HECKOJIbKHX COOBITHH.

Onpedesrenue 2. Cobutua A, B, ... Ha3HBAIOTCA He3adu-
CUMbIMU 8 COBOKYNHOCTU, €CNIH IJs JI06GOro NoAMHOXKECTBAa 3THX CO-
ObLITHI Beposrmocn HUXx nepeceqemm paBHa nponaaeneﬂmo HX Be-
POSATHOCTEH.

[Tpumep 3. UeThipe 0XOTHHKA CTPEJSIIOT OXHOBPEMEHHO H He-
3aBHCHMO APYT OT Jpyra mo 3aiuny. 3asil NOACTpe]eH, eCc/qH nonaJ
xoTs1 66l OHH OXOTHHK. KakoBa BepOSITHOCTb NOACTpPEJHTD 3afila, ec-

2
JIH BE€POSATHOCTb NMoNajaHus MJs KaXXJA0ro OXOTHHKaA paBHa —3-?

[lepenyMepyeM OXOTHHKOB M pPaccMOTpPUM coluiTHa A, — «mnona-
ZIaHue k-ro oXOoTHHKa», k=1, 2, 3, 4. 9TH cOGHITHSA MO YCJIOBHIO 3a/1a-

4H He3aBHCHMH U P (A;) =% npu Jio6oM k. Hac uHTEpecyer BepoAT-
HOCTb COGBLITHSI «3asill moicTpesen», T. e. A|JA:UAsUAs:

P (A\UAUA3yA) =1—P (A1UAUAsUAL) =
=1—P (AiNA:NA:NAL) =
=1—P (A)-P (Ay)-P (A5) - P (A)) =1_(%)4=1—E:—1z0,988.

3nech, Kak H paHbllle, Mbl BOCMOJIb30BAJNIHCh TEM, YTO NIPH 3aMeHe
He3aBHCHMbIX COOLITHH NMPOTHBOMNOJIOXKHBIMH HE3aBHCHMOCTb COGLITHH
He HapyuaeTcs (HOKaXXHTe 3TO CaMOCTOSITENIbHO).

[IpuMeHeHHBIH NPH pellleHHH NpHMepa 3 mpHeM Mepexoja K Apo-
THBOMOJIO)KHOMY COGBLITHIO OYeHb NOJie3eH NMPH BHIYHCJIEHHH BePOAT-
HOCTeH 0ObelHHEHHS] He3aBHCHMBIX COOBITHH.

[Ipumep 4. CobniTie A MOXKeT NMPOU3OHTH B ONLITE C BepoOAT-
HOCTbIO p. OMBLIT NOBTOPHJH He3aBHCHMbIM 06pa3om n pa3. Kakosa
BEPOATHOCTb TOr0, YTO NpPH 3TOM coGbiTHe A NPOU30ALET XOTb OAHH
pas?

PaccmoTpum co6biTHSI A — «CO6GHITHE A NPOH30IIIO NMPH k-M
MOBTOpeHHH onbiTas, k=1, 2, ..., n. Co6bITHsA A, HE3aBHCHMBI, TaK KakK
OMNBLITH NOBTOPSIOTCA He3aBHCHMHIM o6Gpa3oMm. P (A.) =p anda Bcex k.
Hac untepecyer co6biTHe «ONMBIT NOBTOPHJIH HE3aBHCHMBIM 06pa3oM n
pa3, 4 NpH 3TOM coObiTHe A NpOHM30ULI0 XOTA Obl OXHH pa3» —
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[’]A,,. 3amerus, uto A, HesaBHCHMH H uT0 P (A;) =1—p=g, nO-
k=1

Jydyaem:
P (0A)=1—P (JA) =1—P (AA) =
R=1 k=1 k=1
=1—P (A))-P (A2)-....P (A)) =1 —g".
HHrepecHo oTmeTuth, uto lim P (fJA,.) = lim (1—¢") =1 (mo-

n—-oo k=1 n— oo
ckoJbKy 0<<g<<1), T. e. npH ROCTaTO4YHO GOJIBIIOM YHCJE MOBTOpE-
HHA onbiTa CoGbiTHe A NMPOHM30MAET MOYTH HaBepHSIKa (C BEPOSATHO-
CTbIO, KaK yrofiHo 6su3ko#t kK 1) xotb oaun pa3. IIpo cobuitus, Ko-
TOpPble NMPOHCXOAAIT NMOYTH HaBepHAKa, NMPHHATO FOBOPHTb, YTO OHH
npaxTu4ecku QOCTO8EepPHbL.

3ameuaHue. M3 nonapHoii He3aBHCHMOCTH COGHTHA He cCJleLyeT HX He-
3aBHCHMOCTb B COBOKYIHOCTH.

YnpaxXHeHHA

554. Bpocuan MoHeTy W urpajibaylo KocTb. [TokaxmuTe, uT0o cOGHTHS «BHMNaa rep6»
H <«BHINAJO YETHOE YHCJIO OYKOB» HE3aBHCHMHI.

555. 3 nosnnoro HaGopa KocTefi ZOMHHO BHIHHMAeTCi Haylady KOCTOYKA H ORHO-
BpeMeHHO 6pocaercs HrpaJbHas KocTh. JlokaXHTe He3aBHCHMOCTb COGHITHIA «4YHC-
JIO OYKOB Ha KOCTOYKE JOMHHO KPaTHO TpeM (XOTb OJHO)» H «Ha HrpaJbHOH
KOCTH BHINAJIO MPOCTOE YHCJIO OYKOB».

556. JIBa cranka pa6GoTalOT He3aBHCHMO Apyr oT aApyra. BeposrHocTs TOro, uro
nepBH# CTaHOK npopaGoraer cMeHy 6e3 Hahjaaxku, paBHa 0,9, a Bropoit — 0,8.
KakoBa BeposiTHOCTb TOro, uro: a) o6a craHKa npopaGoraloT cMeHy Ge3 Ha-
JAankH; 6) o6a CTaHKa 3a CMeHy MoTpe6GylOT HaJajAKH?

557. Co6LTHS A H B He3aBHCHMH. [[OKaXHTe, YTO He3aBHCHMH A H B.

558. Cobutusi A, B, C HeaaBHCHMH. JloKaXKHTe, YTO HE3aBHCHMH TPOMKH COGHITHI:
a) A,B,C;6) A,B,C;8) A, B,Cur. n

559. Tpu cTpesiKa He3aBHCHMO IpPYr OT Apyra CTpeJsioT no uiejqH. BepostHoctb mo-
nafiaHHsa AJa nepBoro cTpeika pasHa 0,8, ajas Broporo — 0,75, pis Tpetbero —
0,7. KakoBa BepositTHOocTb: 1) x0T GH ORHOro momajaHusi; 2) POBHO ONHOrO
nonafasus; 3) poBHO ABYX monajauuii; 4) Tpex nonajaHHf, eCHH KaXAbif
cllejiajl mo ofHoMy BHicTpeny? KakoBa BeposiTHOCTb, YTO BCe MPOMAXHYJHCH?

560. MoryT JH GHTb ABa HECOBMECTHHIX COGHTHSI He3aBHCHMBIMH?

561. B macrepckoii paGoTaloT TpH CTaHKa. 3a CMeHy NepBHIfi CTaHOK MoOXeT MOTpe-
GoBaTb HalalKH ¢ BepositHOCTbio 0,15 (M mocsie 3TOro A0 KOHIA CMEHH HaJallKH
He norpeGyercsi). Jlns Broporo craHka 3Ta BepositHOCTb paBHa 0,1, a /13 Tpe-
Thero — 0,12. KakoBa BeposiTHOCTb, UTO XOTb OAHH CTaHOK 3a cMeHy mortpebyeT
HaJlaJlKH, €CJIH CTaHKH TPe6yloT Ha/lalKH He3aBHCHMO Jpyr OT Apyra?

562. IMpu6op, paGoralouuii B TeueHHe CYTOK, COCTOHT H3 TPeX y3JjIOB, KaXIHf H3
KOTOPHX HE3aBHCHMO [Pyl OT APYra MOXeT 3a 3TO BpeMs BHATH M3 CTpoA.
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HencnpasHocTh XOTb OZHOrO y3jia MPHBOAMT K OTKa3y mpuGopa. BepositHoctb
6e3oTka3Hodl paboTnH B TeueHHe CyTOK mepBoro yana paBHa 0,9, Broporo —
0,95, Tperbero — 0,85. Hafinute BepoATHOCTL TOTO, YTO B TeUeHHE CYTOK MpHGOp
6yner paborath 6e30TKa3HO.

563. 3aBoa HaroTaBIHBaeT H3JENHSA, KaXJ0e H3 KOTOPHX C BEPOSITHOCTBIO p HMeeT
nedexr. B nexe Tpu Konrposepa. IonanaHne H3AeNHA Ha KOHTPOJIBb K MePBOMY,
BTOPOMY HJIH TpeTbeMy KOHTPOJiepy PaBHOBeposiTHO. BeposiTHocTh oGHapyxe-
HHA NedeKra (ec/H OH uMeerca) AJiA k-ro KOHTposepa paBHa pi (k=1, 2, 3).
Ecan uagenne ne 6ul1o 3a6pakoBaHo B Lexe, T0 oHo nonagaer B OTK 3apona,
rae Nedekr (ecqH oH HMeeTcsi) o6HapyXKHBaeTcsi C BepPOSITHOCTbIO po. Hadnute
BEPOATHOCTH CJERYIOWHX COGHLITHH:

A — «u3nenne Gyzer 3a6pakoBaHO»,
B — «u3nenne Gyner 3a6pakoBaHO B Lexes,
C — «n3pienne 6yner 3abpakoBaHo B OTK 3aBoaa».

564. BulunciaHTeNbHA# MalllMHa COCTOMT H3 n GJoKoB. Hanexuocts (BeposiTHOCTh
6e30TKa3HOA paGoTH B TedeHHe BpeMmeHH T) k-ro 6Joka paBHa pe (k=1, 2, ...

. n). Broku BHXONAT H3 CTPOsl He3aBHCHMO APYr ot apyra. KakoBa Hanex-
HOCTb MalIHHL?

2. Ycaosnan seposTHocTb. Popmyaa ymuoxenus. [Toayuenue no-
6aBo4HOl HH(GOPMALHH MOXET H3MEHHTb 3HaYeHHe BepOsITHOCTeH Tex
HWJIH HHHIX HCXOJOB HcnuiTaHHsA. Hanpumep, ecaH u3BeCcTHO, 4TO BhHI-
najo HeyeTHOe YHCJO OYKOB, TO BEPOSITHOCTb BLIMAJEHHS 5 OYKOB,

1
KOTOpasi 10 MOJyYeHHs! 5TOA HH(OPMALHH PaBHANACh ——, CTAHOBHTCS

paBHoO#A L, NOCKOJIbKY 06lliee YHCJO BO3MOXHBIX HCXOAOB YMEHbIIH-
Jocb ¢ mectd (1, 2, 3, 4, 5, 6) no Tpex (1, 3 u 5). BepoaTHocTb ke
BhilaleHHs1 2 OYKOB NpPH NOJy4eHHH 3TOH HH(OPMALHH CTaHOBHTCS
paBHOH HYy.JI0.

[Monyuenne HekoTOpO# HMHPOpPMAUHH O pe3y/ibTaTe HCNBITaHHSA
O3HayaeT, YTO BMeCTO BCero MHOXecTBa HcxofoB U Hano 6paTb ero
4acTb, KOTOPYIO Mbl 0603HaunM Yepe3 X. Ecain ucxon x He npuHamie-
XHT X, TO ero BeposiTHOCTL oGpainaercst B Hyab. Ecau ke oH mpu-
HaJeXHT X, TO ero BeposATHOCTb yBeauuuBaercsi. [Ipu 3ToM sicHO, uTO
BCe BEPOSITHOCTH TAKHX HCXOHOB YBEJHYHBAIOTCA B ORHO H TO Xe
YHCJIO Pa3; MOCKOJbKY OTHOILEHHSI HX BEPOSITHOCTEH He MEHSIOTCA NMpH
noJiydeHHH HOBOH HH(popmauuH. O603HAUYHM HCXOAbI, 6JaronpHATCT-

ByloliHe coburthio X, uepe3d X;, .., Xp, a HX BEepPOATHOCTH — ue-
pes p, ..., pr. [locsie nosaydyennsi HoBo# HHPOPMALHH 3TH BEPOATHOCTH
CTAaHYT PaBHBLIMH YHCJIAM Ap), ..., AD;. 3HaueHHE A JIETKO ONpeaesHTh

H3 TOro, 4TO CyMMa HOBHIX BEepOSITHOCTEH JOJI)KHA paBHATbCA 1.
IMostomy Api+...4+Ape=1, 1. e. A (P1+...4+p:)=1. Ho p,+...
w.+pe=P (X), u noromy 7L=P—(7)-.

Mu ackasadu ciepyiollee yTBepkKIAeHHe:

Ecau ussecrno, uto npousowsro cobeitue X, T0 8epOATHOCTL AlO-
6020 ucxoda, He 6aazonpusarcraywezo sromy cobuiTuro, obpawaercs
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8 Hyav, a ucxoda, OaQ2ONPUATCTBYIOWEZO €EMY, YMHONAETCA Ha
.
P(X) "

_Pe
=5

Hafinem Tenepb HOBYIO BepOSAITHOCTb HeKoTOporo coGuitusi A. Emy

6J1aronpHATCTBYIOT HCXOAB ABYX BHIOB — 6JIaronpHATCTByloliHe X

H He 6aaronpusitcTByioulde X. Kak Mbl BHAENH Bhillle, €CAH NPOH3OLLIO

co6uiTHe X, TO BEPOATHOCTH HCXOHOB MEPBOro BHAA YMHOXAIOTCS Ha

1
m)—, a HCXoAbl BTOPOTO THMA I[10JY4aloT HYJEBYI0O BEPOSITHOCTD.

Ho ucxoan nepBoro Buia cocraBasior co6uitua A X. Takum o6pa-
30M, MHl Jl0Ka3ajiu CJeAyiollee yTBepKAeHHe:

Ecau ussectno, uro npousowno cobvirue X, T0 8epoATHOCTL AI0-
P (ANX)

P(X) -

Onpedeanenue. Uncno, Bhpaxaiouliee BepPOSATHOCTb COObI-
THAI A NPH YCJIOBHH, YTO NMPOH30LLIO cOGbiTHe X, Ha3LIBAETCSA YCA08-
HOU 8epoATHOCTbI0 COGBITHA A OTHOCHTeJbHO COGBITHA X H 0603Ha-
uyaerca P (AlX).

[TpoBenenHbie BhIlle paccyK/AeHHSI NMOKa3biBalOT, YTO

P (AlX) = ”%’(‘-})l S

6020 cobbituss A npunumaer Hoeoe 3Ha4eHue:

U3 ¢opmyanl (1) BbiTeKaeT paBeHCTBO
P (ANX) =P (X) P (AlX), (2)

Ha3bBaeMoe (hopmyaol YyMHONEHUS.
Mensis poasimu A u X, mosyyaem, YTO BEpHO H PaBEHCTBO

P (AnNX)=P (A) P (X|A).

CpaBuum dopmyny (2) c¢ ¢opmyaos P (ANX)=P (X) P (A),
BEPHOH AJs1 He3aBHCHMbLIX COOGLITHH. BuauMm, uto mjaa Takux coGuTHi
BepHo paBeHCTBO P (A|X) =P (A). OHo o3HayaeT, YyTo AJ/isl He3aBH-
CHMBIX COGBHITHH HaCTyIJIeHHe OJHOIO M3 HHX He BJHfIET Ha BepoAT-
HOCTb JpYroro.

[Tpumep l. ITycth HMeeTcs a GenbiX H b YepHHX MEILIKOB, NMPH-
4eM B KaXxJIoM 6eJlOM MellKe JIe)KHT X KPAacHHX H Yy CHHHX IIapoB,
a B KaXX/JOM YepHOM MelllKe — 4 KPacHHX W v CHHHX mapoB. CHaua-
Ja ciayvyaiiHbiM 06pa3oM BHIGHPAIOT OJHH MEMIOK, a MOTOM H3 Hero
BoiHHMaloT map. Haiinem Beposithoctn P (B), P (U), P (BNK)
u ycioBHbie BeposatHocTH P (K|B), P (K|Y).

Pemenmne. OquunHo, yto P (b)=

P(KIB)=

B TOM, 4TO Bu6paﬂ Gennlit Memox a H3 HEro M3BJleueH KpPacHHIH map.
ITo dopMysie yMHOXKEHHSI BEPOSITHOCTb 3TOTO COGHITHSI paBHa:
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P (BNK) =P (B) P (KIB) =55+

AHanornuso HaXoOAHM, 4YTO

p (qu) a+b u:-v
P(Bnc)—a+b x+y’

[Tpumep 2. HalineM B npumepe | BepOsITHOCTb BHITALUHTh B
pe3y/bTaTe HCNLITAHHA KpacHHIA miap.

Pem e Hue CoburHe K — «BhiTallleH KpacHHA map» fABJAAETCSA
o6belHHEHHEM TONapHO Henepecekaiomuxcsa cob6utiit BNK 1 UNK.
[TosToMy no TeopeMe CJIOXKEHHSI BEPOSAATHOCTEH HMeeM:

P (K)=P (BNK) +P (UNK).

Ho 3nauenusa P (BNK) u P (UNK) Hafipenn Bumime. Orcioga no-
JyqyaeMm:

X b u
P (K)= a+b x+y+a+b'u+v'
AHaJIOTHYHO [OKa3hIBAeTCs, UYTO
P(C)= y_y b, 2o

a+b x+y ' at+b utv’
HHbiMH caoBamH,
P (K)=P (B) P (K|B) 4P (4) P (KIY)

P (C)=P (B) P (CIB)+P (Y) P (CIU).

Pa3o6paHHHi npuMep fIBJAsieTCA YAaCTHBIM Cjy4yaeMm CJjeRyloued
O6leH TeopeMbl, Ha3hiBaeMOH TeOpPEMOA O IOJHOH BEPOSITHOCTH:

Teopema 1. ITycre sepoarnoctnoe npocrpancreéo U npedcras-
A€HO 8 Bulde 00BeOUHEHUA NONAPHO HecOBMecTHuix cobeiTuld X,
veey Xnt

U=X\U...UXa, (3)

ede XiNXj=@ npu i#j. Tozcda Orn a106020 cobuitua A eepro
pasexcrsao

P(A)=P (X)) P (AIX))+... 4+ P (X)) P (Al X»). 4)

JokasdateabcTBO. B cCHIy AHCTPHGYTHBHOCTH ONepalHH
nepeceyeHHsi COOLITHA OTHOCHTENLHO OOGbeAnHeHHsA H3 (3) HMeeM:

A=ANU=AnXiU...UXs)=
=(ANX1) U--U (ANXa).
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IIpn stom u3 Xi1X;= caenyer, uro
ANXINANX)=ANKXN X = B.

3uauHt, co6nTHe A sBJsgeTcA 06beHHEHHEM MONAapPHO HECOBMECTHBIX
co6utuit ANX,, ..., AN X,, U NOTOMY €ro BepOSITHOCTb MO TeopeMe
CJIOXKEeHHS1 paBHa:

P(A)=P(ANX\)+...+ P (ANX).

Octanoch 3aMeHHTb B 3TOM paBeHcTBe No ¢opmyse (2) P (ANKXe)
Ha P (X:) P (A|X:), uto6H noayuutb (4).

OnHolt u3 ¢opm (GopMy/bH NOJHOA BEPOSATHOCTH SIBJSIETCS PaBeH-
CTBO

_ P (Xe) P (A1 Xe)
P(XklA)"'p(xl)p(A|x,)f|__,.+P{X”)P(AIXn)' ©)

Y1o6H JAOKa3aTthb ero, 10CTaTo4yHoO 3aME€THTb, UTO
P(ANX)=P (X) P (A1 Xs)=P (A) P (X:| A).

ITosTomy
__PXy)P(AlX:
P(x,,m)_—Pm—l.
Ecau X, ..., X» — nonapHo HecoBMeCTHble COOLITHSI, OGbefHHEHHE

KOTOPBIX COBNajaeT CO BCeM BEPOSITHOCTHHIM mpoctpaHcrBoM U, TO
B 3TOM DaBeHCTBe MOXHO 3aMeHHTb P (A) no ¢popmyne nonHo# Bepo-
AITHOCTH H MOJIYYHTb pPaBeHCTBO (5).

PaBeHcTBo (5) Ha3niBawoT ¢popmyrod baideca. OHa HCTONKOBBIBA-
eTcA CAeAYIOIHM 06pa3oM: eCJH CYIIEeCTBYIOT MONAapHO HCKJI0Yalo-
He APYr Apyra runoresn X, ..., X,, 0XBaThiBaloL{HEe BCEBO3MOXKHbIE
CJy4yaH, H €CJH H3BECTHhl BEPOATHOCTH COGHITHA A NpH KaXao#h H3
3THX THROTE3, TO Mo ¢popmyJe (5) MOXKHO HaHTH BEPOATHOCTb Crpa-
BeJJIHBOCTH THmoTe3nl X, NPH YCJOBHH, YTO NMPOH30LLI0 coGhiTHe A.

[Mpumep 3. [NTaprusa snekrpuueckHx jsamnodex Ha 20% H3ro-
ToBJIeHa 3aBojoM I, Ha 30% — 3aBonom II u Ha 50% — 3aBogom III.
Jas 3aBona | BepoATHOCTb BhiNyCKa 6pakOBaHHOH JaMNOYKH paBHa
0,01, ans sasoma Il — 0,005 u aas 3asoma III — 0,006. KakoBa Be-
POSITHOCTb TOrO, YTO B3fiTasl HayAayy H3 NapTHH JlaMNno4yKa OKasajachb
6pakoBaHHOMH?

Hac unrepecyer co6uitie A — «B3siTasl H3 apTHH JaMno4yka 6pa-
KoBaHHasi». PacCMOTpHM TpH coObiTHA: X| — «B3fiTad JlaMNO4Ka H3-
roroBsieHa 3aBoJoM I», X, — «B3fATasA JlaMIOYKa H3rorobJjieHa 3aBoO-
nom II» u X; — «B3fATas saMnouyka u3rorosjeHa 3aBojom III». dtu
co6uiTHsi nomapHo HecoBMecTHH H X UX:UX3=U. Kpome Toro,
B YCJIOBHH 1npHMepa cKasaHo, uto P (X,)=0,2, P (X3)=0,3,
P (X3)=0,5, P(Al1X,)=0,01, P(A|X;)=0,005 u P (A|X3)=0,006.
[ToacraBasia 3TH 3HaueHHs B (OPMYJy TMOJHOH BEPOSITHOCTH,
noJiyyaem:

P (A)=0,01-0,240,005-0,3+ 0,006 -0,5=0,0065.
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3ameuanue PopMyra nNoAHOH BepOATHOCTH COXPaHAETCH, €CJAH BMeCTO
n n

ycaoBusi | Xp=U BunoaseHo ycaoBue A< | Xi.
k=1 k=1

[IpumMep 4. B uexy CTOAT a SILHKOB C HCNIPABHBIMH AETaJNAMH
H b ALHKOB ¢ 6paKOBaHHBIMH AeTaasAMH. CpelH HCNpaBHBIX AeTajed
p% OTHHKENIHPOBAHB, a H3 YHCJIa OGPAKOBAHHHIX HHKEJIHPOBAaHbHI
JHIIb ¢% netaneli (B KaXAOM siuKke). BolHyTasi Hayraj aerasb
OKa3aJlacb HHKeJTHpoBaHHOA. KakoBa BepoATHOCTD, UTO OHA HCNIPpaBHA?

Peumenne Hmeem cobuithsi X; — «aerajb HCpaBHa» H X —
«fertajsb GpakoBaHHasi», a TakXe co6unrTHe A — «aeTalNb OTHHKEJH-
poBana». Ham Hapno HafiTu 3Hauenue P (X,|A). [lo ycroBuio umeem:

P (X))= P(A1X)=1£=, P (Al X)=r .

+b’ )= +b’ 100 °

INoncrasnsisn 3TH NaHHBle B (hopmyay (5), moayuaem:

a

P(X\|A)=

a+b
3HauyuT, HCKOMas BEPOSITHOCTb paBHa ———. Hanpumep, ecin a=
=50, b=3, p=90, g=5, T0

P (X, |A)=m—_§9%-5-=0,9967.

.£_
a+b 100
P b 4
To"'+ 100
_a
+

Ecan xe a=b=50, p=75, ¢=15, 10

5075 __
P (X, IA)—m—O,S%.

YnpaXxueHHus

565. Bpocuan HrpaibHylo Kocth. Haiiure yciOBHYIO BEpPOATHOCTb TOro, 4TO BHI-
naJI0 NPOCTOe YHCIO OYKOB, MPH YCJIOBHH, UTO YHCJIO BHIMABIIHX OYKOB HEYETHO.

566. B amuke Jjexar 12 KpacHhX, 8 seneHnX W 10 CHHHX 1apoB, OIHHaKOBBHIX
Ha omymb. Haynauy BuHHMaercss ofuH map. KakoBa BepoSITHOCTb TOTO, 4TO OH
KpacHHf, ec/ii U3BECTHO, YTO OH He CHHHMA?

567. B amuke aexar 12 kpacuunix, 8 3eqeHnXx H 10 CHHHX 11apoB, OAMHAKOBHX Ha
omynb. Haynauy BuHHHMalOTcA ABa wapa. KakoBa BepOATHOCTb TOFO, 4TO:
1) oHH 3eseHble, ecIH H3BECTHO, YTO NIPH 3TOM HE BHIHYT CHHHil W1ap; 2) BHHY-
Thi€ 11apnl Pa3HOIBETHHE, eC/1H H3BECTHO, YTO He BHHYT CHHUHA map?

568. ITocTynaiomue B Mara3Wd uach H3rOTOBJASIOTCA Ha Tpex 3aBogax. IlepBHit
3aBoj npousBogur 409% mnpoaykuuu, Bropoit — 45%, Tpernmit — 15%. B mpo-
AyKUuH nepsoro 3aBoga 809 uacos crmemar, Broporo 3aBoga 709 uacoB cme-
war, Tperbero — 90% uacoB cnemar. KakoBa BepOSITHOCTb TOro, 4TO KYIUIEH-
Hble HayRauyy 4achl cheinar?
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569. Jleraan Ha c60pKy momajaloT H3 Tpex aBToMaroB. MaBecTHo, 4TO mepBH#i aBTO-
mar paer 0,3% G6paka, Bropoii — 0,2%, tpernii — 0,4%. Haifinure seposr-
HOCTb NONajgaHHsl Ha c60pKy GpaKOBaHHOM Je€TasH, eCIH H3 NepBoro aBTOMara
nocrynuio 1000 nerane#t, u3 Broporo — 2000 H u3 tperbero — 2500.

570. Tlo camonery mpou3BOASITCS TPH BHICTpesa. BepoAiTHOCTb MOMajaHHA NMpH nep-
BoM BuicTpene paBna 0,5, npu Bropom — 0,6, mpn tpernem — 0,8. Ilpun oaHom
nonajaHHH camoJer cGHBaeTcst ¢ BeposiTHOCThIO 0,3, NpH ABYX — C BepOATHOCTLIO
0,6 m nmpH Tpex cGHBaercd HaBepHsAKa. KakoBa BepoAITHOCTb COHTb ca-
MmoJjer?

571. Tlpn BKJIIOYeHHH JBHraTesb HauHHaer paGorath ¢ BepositHocTbio p. KakoBa
BEPOATHOCTb TOrO, 4To: 1) ABHraTtesib HauHerT PaGoTaTh CO BTOPOTrO BKJIOYEHHS,;
2) nna 3anycka jaBHraress norpeGyercs He Gojiee JBYX BKJIIOYEHHH?

572. JlokaXuTe, YTO YyCJIOBHHE BEPOATHOCTH COGHTHA 06JajalOT OCHOBHHIMH CBOHCT-
BaMH BEPOATHOCTH COGBITHA:

a) 0P (A|B)<| npH 106uX co6uTHAX A H B;
6) ecin A\B= @, 10 P(AUB|C)=P (A|IC)+ P(BIC).

573. O6oGmurte TeopeMy yMHOMeHHs (TeopeMa 1) Ha cayualt Tpex, uernipex, ..., R
COGHITHA.

574. loxaxwure, uto eciu P (A|B)> P (A), ro P (B|A)> P (B).

575. B Genom simmke Jexart 12 KpacHHX H 6 CHHHX ONHHAKOBLIX Ha OLLYNb INapOB.
B xentom simuke Jexar 15 KpacHHX H 10 CHHHX OAMHAKOBHX Ha OLYNb HIApOB.
Bpocaercsi HrpaibHasi KocTh. ECAH YHCIO BHNABIIHX OYKOB KPaTHO TPEM, TO
Haylady BHIHHMAOT wap H3 Gejoro simuka. ECIH yHCIO BHNAaBIIHX OYKOB He
KpPaTHO TPeM, TO HayAayy BHHHMAIOT liap H3 Xeatoro simuka. Kakosa Beposit-
HOCTb BHIHYTb KpacHH# wap?

576. PaGounii o6cay>XHBaeT TPH CTaHKa, Ha KOTOPHX 06pabaThBAlOTCS ONHOTHNHLIE
nerajin. BepositHocth 6paka njisi mepBoro craika pasna 0,02, aas Broporo —
0,03, ansa Tperbero — 0,04. OGpaGoTaHHnle feTalH CKIAAHBAIOTCA B OfHH AILIHK.
TpoHsBoAHTENbHOCTb MEPBOro CTaHKa B TPH pa3a Gojblue, YeM BTOPOro, a TPeThb-
ero B /iBa pa3a MeHblie, yeM Broporo. Onpenennrte BepOATHOCTb TOTO, YTO
B3fiTas Haynauy Aerajb 6Gyner GpakoBaHHOM.

3. dopmyna Bepuyaan. 3akon Goabmux uucen. [Ipu BBenenuu
MOHATHS BEPOSITHOCTH OTMEYaJioCh, YTO €CJIH BEPOSITHOCTb HEKOTOPOTo
co6uiTHS1 A paBHa p, TO BepOsiTHEe BCEro, YTO NPH NOBTOPEHHH HCIIbITA-
HHSl MHOI'O pa3 OTHOCHTEJIbHAfA 4acToTa 6/1aronpHATHLHIX 3TOMY COGHI-
THIO HCXOROB GyJeT MaJjlo OTJIHYAThCA OT 3HA4YeHHS p. ITO yTBEpXKJe-
HHe, Ha3biBaeMOe B TEODHH BEPOSAITHOCTEA 3aKOHOM Goabuiux uucea,
JIeXXHT B OCHOBe BC€X NPAKTHYECKHX NPHIOXKEHHHA 3TOH TEOPHH —
OHO MO3BOJIAET C MOMOIULIO BHYHCJIEHHHX BEPOSITHOCTEH MNpelacKa-
3bIBaThb YacCTOTY HACTYIVIEHHSI NAHHOrO COOGLITHSI B JIJHHHOH CepHH
He3aBHCHMbIX HCIbITAHHH.

BuiBeneM ¢popmysy Bepryasru, no3BOJNSIOULYI0 BHIYHCIHTD BEPOAT-
HOCTb TOrO, UTO B CEDPHH M3 N1 HE3aBHCHMbIX HCNbHITaHHA coGhiTHe A,
MMelolllee BEPOSITHOCTb p, BCTPETHTCA m pa3. Pe3yabTaT CepHH H3 n

MCMbITAHHA MOXHO 3aMHCaTh B BHAE KOpTeKa 3 6ykB A H A, HMelo-
wero ajauHy n. HanpuMep, ecsin npoBeaeHO ceMb HCMLITAHHA, NPHYEM
co6hTHE A NMPOH30ULIO BO BTOPOM, TPETheM H MSATOM HCHBITAHHSAX,
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TO 3amMilleM pe3yJbraT naHHOH cepuH B BHAe AAAAAAA. Ycaosue,
YTO HCNBITAHHS AAHHOK CEPHH He3aBHCHMBI JPYT OT Apyra, O3Hauaer,
4TO JJISl BRIYHC/IEHHS BEPOSITHOCTH JaHHOTO HCXOJa HCNHITAHHHA Hano
3aMEHHTb B 3alIHCH 3TOA CEPHH KaXAylo 6YKBY A ee BEpPOSITHOCTHIO P,
a Kaxaylo GykBy A ee BepOSITHOCTBIO | —p H NepeMHOXHTb 3TH
4HCJIa.

[Tpumep 1. ITpoBomuTCs cepHsi H3 8 HE3aBHCHMBIX HCMLITAHHM.
Co6uitne A nMeer BeposiTHocTb p =0,7. UeMy paBHa BepOATHOCTb

TOTO, 4TO MOJNYYHTCH HcXoA cepun Buaa AAAAAAAA?
Pem e n ue 3amensem Kaxayio 6yksy A na 0,7, a kKaxnayio Gyk-

By A ua 1—0,7=0,3. [Tonyuaem npounsseaenne 0,7-0,7-0,3- O7><
X07 0,3-0,7-0,3, KOTOpoe MOXHO 3amHcaTh Kopode B Buie 0,7°X
X0,3°. BbluHcAsis, HaxXOMMM, 4YTO HMCKOMasi BEPOSITHOCTb paBHa
0,00453789z0,005.

Boo6uie, ecnu co6uiTHe A HMeeT BEPOATHOCTb P, TO BEPOSITHOCTH
NOSABJICHHS] KOHKPETHOH CepHH M3 n HMCIBITaHHA, B KOTOpOH 3TO CO-
6uiTHe MpoH3oLLIO m pa3, paBHa p™q"~ ", rae g=1—p.

HlokaxkeM Tenepb ciaeAyioOLLyi0 TeOpeMY:

Teopema 1. [Tycrs seposarrocTs cobbitTus A pasHa p, u nycro Pnn —
BEPOATHOCTb TO20, YTO 8 CEPUU U3 N HE3AB8UCUMBIX UCNLITARUL 3TO
cobuirue npousoiider m pa3. Tozda cnpasedausa opmysra bepruyaau

Pnn=Crp™q"~". (1)

JokasarteabcTBo. BiaronpHATHHMH CEPHAMH HCHBITaHHH
AABJSAIOTCA B JIaHHOM CJlyyae Te CepHH M3 1 HCNIBITaHHH, B KOTOPHIX CO-
6niTHe A npoHn3omio m pa3. Kaxaas Takasi cepHs 3aiaeTcsi KOprexem

3 m 6ykB A u n—m Gyks A. [TosTomy oblee YHCIO TaKHX CEpHH
paBHo P (m, n—m), 1. e. C7' (n. 6§3 . XI) IMockosbKy, Kak 6blN0
MoKa3aHo BhlIlIe, BEPOATHOCTb KaXK10H TaKOH cepHH paBHa p"q"~ ™, a
Jio6ble ABe pasjiHyHble CEPHH HECOBMECTHH, TO paBeHcTBO (1) no-
Ka3aHo.

[Ipumep 2. KakoBa BepoSITHOCTb TOro, UTO NpH AecATH 6poca-
HHAX WrpaJbHOM KOCTH 3 OukKa BHIMAAyT POBHO 2 pa3a?

Pe m eHHe. Bepo;mlocrb Bunaneunﬂ 3 ouxkoB npH oaHOM Gpocke
paBHa —. [loatomy p_T, g=-——. Tak kak, Kkpome Toro, n=10
H m—2, To mo opmyne (1) umeeM.

2 8 8
2 (1 5 10-9-5
Prv=Ch(g) (§) =Tz
Boiuncaenus no ¢popmyae (1) npu 601bIIHX m U n 3aTPYAHHTEb-

Hel. B MaTemaTHKe ycTaHOBJIEHH NPHGIHKEHHBIE OPMYJIHI, 103BOJISIIO-
LLlHe HAXOAUTb NPUGIHIKEeHHble 3HAUEeHHA 1S Py, H, UTO €llle BaXKHee

o m
AJISi IPAKTHKH, CYMMbl 3HaueHHA Pn,, TaKHX, 4TO APOGh —~ (OTHOCH-

TeJIbHAasl 4acTOTa MOSABAEHHA COOHTHSA A) JIEXKHT B AaHHLIX IPaHHLAX.
[To ¢dopmyne BepHuynau BeposiTHOCTb TOro, uro B cepud u3 100
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. 100
noa6pacniBaHHit MoHernl Bce 100 pa3 Buinager rep6, paBHa (%) ,

1. e. npuMepHo 10~%°. He croab Mana, HO BCe XKe HHYTOXKHA BEPOSAT-
HOCTb TOro, 4To UH(pa Bunaaer He 6osee 10 pa3. HauGosee BeposiTHO,
4TO YHCJIO BhinafieHHA rep6a Gyaer maJso otiHuathbes ot 50.

BooGuue, npH GoJsbIIOM YHCJIE HCIIBITAHHA OTHOCHTEJNbHAsi 4acToTa
NOSIBJIEHHS COGBITHS, KAK NPaBHJO0, MaJIO OTJIHYAETCH OT BEPOATHOCTH
3TOro coGnTHA. MaTeMaTHYeCKyI0 (pOPMYJIHPOBKY 3TOr0 KauyeCTBEHHO-
ro yTBepXKJeHHs AaeT npHHamjexauui f. BepHyann 3akoH 6onbuHxX
yHces, KoTopulii B yrounenHo#t I1. JI. Ue6nimeBniM ¢opMe raacur:

Teopema 2. [Tycre 6epoATHOCTb COObITUR A 8 UCNBITAHUU S PABHA P,
U nYcTb NPOBOOATCA Cepuu, COCTOAUUE U3 N HE3ABUCUMBIX NOBTOPEHUL
arozo ucnwranusn. Yepes m o603navum 4ucao ucnoiranud, 8 KOTOPbHIX
npoucxoduno cobuirue A. Toe0a 0as 2106020 NOAOKUTEALHO20 HUCAG G
BLINOAHAETCA HEPABEHCTBO

P(l —':——pl >a <%’n—. (2)

[MTosicHum cMbICa 3TOro HepaBeHCTBa. BhipaxkeHue —"':- paBHO OTHO-

CHTEJ/IbHOM 4acToTe COGLITHS A B CEPHH OMBITOB, a I —':—-—-pl — OTKJIO-
HEHHIO 3TOA OTHOCHTEJbHOM YaCTOThl OT TEOPETHYECKOro 3HAUYEHHS p.
Hepagencrso | %—pl >a 03HayaeT, 4TO OTKJOHEHHE OKa3aJ0Ch

6osbiie yeM a. Ho npu nocTosHHOM 3HAYeHHH @ C POCTOM n NpaBas
4yacTb HepaBeHCTBa (2) ctpeMHuTcs K Hy 0. UHHIMH ciioBamH, cepHH, B
KOTOPBIX OTKJIOHEHHE 3KCIIePHMEHTAJbHOH 4acCTOTh OT T€OPeTHYECKOMH
BEJIHKO, COCTABJSIIOT MaJyIO J0J1I0 BCEX BO3MOXKHBIX CEpHH HCNBLITAHHH.

M3 nokasaHHOH TeopeMbl BHITEKaeT YTBEpPXKAEHHE, MOJydyeHHOe
Bepuyanu: 8 ycaosusax reopemol npu aobom 3navenuu a>>0 umeem:

lim P( | £—p| >a)=o0.

n—» oo

Ilns noxasaTelbCcTBa AOCTATOYHO 3aMETHTb, uTo lim f;j;:o.

n—oo
ITpumep 3. CKONMBKO JOCTAaTOYHO MPOBECTH OMBLITOB, YTOGH H3
HHX MOJYYHTb BEPOSITHOCTb COGLITHSA C TOUHOCTLIO A0 0,1 H uTO6H p =~

z% C 3TOH TOYHOCTBIO H C BeposiTHOCThIO 0,9?
Jasa peleHHsi JOCTaTOYHO HAATH TaKoe 7, YTOGL (CM. HEPABEHCT-
BO (2)) OblIO BHINMOJHEHO HEPaBEHCTBO 6%727<0,1. A Tak Kak ¢=

=]—p, 10 pq=p(1—p)<:— H MOTOMY AOCTAaTOYHO YKa3aTh n,

YAOBJETBOpSIOIlee HEPABEHCTBY mﬁgo,l, orciofa n=>250.
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D O - - D G D ND e I W -t gl

Kak BuauM, Ra)ke mojyuyeHHe BEPOSATHOCTH COGHITHSI H3 ONBITa C

TaKOA He3HAYHTeJIbHOA TOYHOCTDbIO TpeGyeT GOJIBIIOro YHCJIa SKCIEepH-
meHToB. [IpaBna, 6oaee ray6okue TeopeMhl MOKA3LIBAIOT, YTO MOXKHO
OrPAHHYHTLCS MEHLIIHM YHCJIOM OMBITOB.

5717.

578.

579.

581.

582.

583.

585.

586.

587.

588.

YnpaxHeHHn

Pa3bepute n0Ka3arteincTBO (popMysn BepHyaniu Axf yacTHoro ciywas n=f¢4,
m=1, BHNHCHBaf NOJHOCTbIO hopmyay (1).

KakoBa BeposiTHOCTb TOro, uto mpH 10 Gpockax HrpajibHOR KOCTH NMATb OYKOB
BHIMAJAYT POBHO: 1) TpH pa3sa; 2) oAuH pa3s?

KakoBa BeposiTHOCTb Toro, 4ro mpH 10 GpocKax HrpajibHOM KOCTH OLHO OYKO
BHNajer He Gosee Tpex pas?

. KakoBa BeposiTHOCTb TOTO, 4T0o npH 10 6pocKax HrpajbHOM KOCTH YHCJIO OUYKOB,

KpaTHoe TpeM, Bumajer Goabwme 2 pa3, HO MeHbme 5 pas?

Yr1o BeposiTHee — BHIHIPaTh y PaBHOCHJbLHOTO MPOTHBHHKA (HHYeHHHH pe3yiib-
TaT HCKJAIO4Yaercsi): 1) TpH MapTHH H3 YeTbipeX HJH NMATh H3 BOCbMH; 2) He Me-
Hee TpeX napTHil H3 4YeTHpeX HJIH He MeHee MATH NMapTHH H3 BOCbMH?

B macrepckoit pa6Goraior 6 mMoropoB. [lis KaXXAOro MOTOpa BEpOSITHOCTH mepe-
rpeBa K o6GenenHomy nepepuiBy paBHa 0,8. Hafinure BepositHocTh TOro, uto
K oGefleHHOMY nepepuiBy: 1) neperpeBaioTcsi pOBHO 4 MOTOpa; 2) meperpeBaloTcs
BCe MOTOpPH; 3) HH OfMH MOTOp He Meperpeercs.

BepositHOCTb nosiBJieHHsi co6uitHa A B onurte paBHa 0,3. OnHT NOBTOPHJIH He-
3aBHCHMHIM 06pa3oM 5 pa3. KakoBa BEpOATHOCTb TOTO, YTO COGHITHE A MOABHTCS
He MeHee JIByX pa3s?

. B npu6ope croat 6 omMHAaKOBHX NpeloxpaHurtenedi. [IAs KaxXaoro m3 HHX Be-

POATHOCTL HCHOPTHTHCA mocie 1000 uyacoB pa6orn pasia 0,4. Ecim ucnopra-
JIoChb He MeHee NBYX MpeloXpaHHTeJeil, To mpHGop TpeGyer pemonra. Hahaure
BepPOATHOCTb TOr0, 4YTo MpHGop morpeGyer pemoHra mocie 1000 wacoB pa6oTH,
€C/IH NMpeJOXPaHHTENH MOPTATCA HE3aBHCHMO JPYT OT Apyra.

Co6rrtie A NPOHCXOMMT C BEPOATHOCTHIO 1/4. ONHT NOBTOPHAH HE3aBHCHMHIM
ob6pa3som 8 pa3. Hafinure BeposiTHOCTB TOrO, 4T0: 1) co6GuiTHe A MpH 3TOM mpo-
H3ofiler He Gosee ABYX pa3; 2) co6uitHe A MPH 3TOM MPOH30#AeT XOTHA 6b ABa
pa3a; 3) co6uTHe A nmpou3ofiner Gojee ueTnpex pa3; 4) coburTHe A mpoH3ofaer
XOTb OHH pa3, HO He GoJee TpPex pas.

m

CKOJILKO HaNo cAeiaaTh ONBTOB, YTOGH PaBEHCTBO pz—n ¢ TouHocTthio so 0,01
3

NOJMY4HTb C BeposiTHocTbio 0,95?

m
KakoBa BepofiTHOCTh paBeHCTBa pA—- € TOUHOCTLIO 2O 0,1 mpu 100 onnrax?

m
PaBeHcTBO p~—- moayieHO npH 40 onmitax ¢ BepostHocThio 0,9. Onennre

NPHOGIH3HTENLHO €ro TOYHOCTD.

4. TeomerpHyYecKHe BEPOSATHOCTH. MHOrHe NpakTHYECKHe 3ajauH

NPUBOAAT K BONPOCAM TEOPHH BEPOATHOCTEHA, KOTOpHE He YKJIalbl-
BAIOTCA B Pa306paHHYIO BHILIE CXeMY KOHEYHOro YMCJa MoMapHO He-
COBMECTHLIX HCXOA0B HcnbiTaHuiéi. [1ycTb, Hanpumep, crepxkeHb Ha-
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A 8  ynauy pa3naMmbiBaeTcsi Ha TpH uyactdH. Ka-

' KOBa BEpPOSITHOCTb TOTO, YTO H3 MOJNY4YHBIIHX-

Puc. 85 - C OTpPe3KOB MOXHO OylIeT mNOCTPOHTb
TPEYroJIbHHK?

B 3roit 3anaye Mbl HMeeM GeCKOHEYHOE MHOXKECTBO HCXOAOB, TaK
KaK pa3jioM MOXeT nmonacTb Ha Jio6yio TOYKY crepxHs. I[lostomy
IlaHHOE BHIIlie ONpe/ieJieHHe BEPOSTHOCTH COGLITHSI KaK CyMMBl BEpOSIT-
HOCTEH HCXOA0B He roguTcs. Mnl GyleM MOJb30BAaTbCA HHHIM OIpe-
NeJIeHHeM BEPOSITHOCTH, KOTOPOe Ha30BeM 2ceomerpuueckum. Pa3bepem
caenyoulyio Moaeib. ITyctb Ha oTpe3ok AB 6pocaloT HayAauyy TOUKY.
Ha3oBem BeposiTHOCTHIO mMomajaaHHsi 3TOA TOYKH HA 4acTb 3TOro OT-
peska (pHc. 85) oTHOleHHe JJIMHB ITOH YACTH K AJHHE BCEro OTpe3ka
(ecH 4acTb COCTOHT H3 HECKOJIbKHX KYCKOB, HAall0 CJIOXKHTb IJIHHBI
3THX KYCKOB). JTO eCTeCTBEHHO, TaK Kak, ueM GoJjbile LeJb, TeM
BeposiTHee ee mnopas3utb. OKa3blBaercsi, YTO CBOWCTBA BBEAEHHOTO
TaKHM 006pa3oM MOHSITHA BEPOSATHOCTH OY€Hb MOXO0XH Ha PacCMOTPEH-
Hele B MpeAbAYLHX MyHKTax. FiMeHHO crnipaBefIHBB yTBepXKIACHHSA:

1. Iaa mo6o# 4yacTH OTpe3Ka 3HauyeHHe BEPOSITHOCTH SIBJISIETCS
HeOTPHLLaTeNbHBIM YHCJIOM, He npeBocxoasiiuM 1. [las camoro oTpe3ka
3HayeHHe BEpOSATHOCTH paBHO l.

2. Ecan yacty X ¥ Y He vMeloT 06GIHX TOUEK (HECOBMECTHHI), TO
P(XUY)=P (X)+P (V).

Ha ocHoBe 3THX ABYX yTBepXKAeHHH IJisl T€OMETPHUYECKHX BEpOSAT-
HOCTEH MOXXHO OTpeNEJNHTb Te XKe MOHATHS, YTO H B CJlyyae KOHEYHOro
BEpOSITHOCTHOTO NMPOCTPAHCTBA, A0Ka3aTh aHaJIOTH GOPMYJ C/IOXKEHHS
H YMHOXKeHHs1 BeposiTHOcTeH, ¢popmyay DBakeca u 1. A.

BMecto orpe3ka AB MOXHO B3ITh HEKOTOPYIO FeOMETPHUYECKYIO (u-
rypy, HMeloulyl0 KOHEYHYIO IVIOILajb, H CYHTaTb BEPOSITHOCTLIO MNO-
nacTb B 4acTb X 310 (PHryphl OTHOIIEHHE MJIOLLafleH YKa3aHHOH YacTH
H Bced purypul. MoxxHO 6paTb H 06bEMBI Tell B TPEXMEPHOM MPOCT-
paHcTBe. Bce 3TH cayuaH, Kak M MHOrHe JpYrHe, OXBaThIBalOTCSH
aKCHOMAaTHYEeCKHM Ofpe/esiecHHEeM NMOHATHS BEPOATHOCTH, HA KOTOPOM
Mbl He GyleM OCTaHaBJIHBATbCS.

[TosicHhM cKa3aHHOe Ha pellieHHH 3aJayd O pa3jlaMbiBaHHH Ha-
yaayy OTpe3Ka, O KOTOpPOH rOBOPHJOCH B Hadaje MYyHKTa.

[Ipumep 1. Ha orpe3ok aauunl 1| GpocaloT nHayjaady ABe TOY-
ku. OHH pa36GHBAIOT OTPe30K HAa TPH oTpe3Ka. KakoBa BepOsITHOCTb,
YTO M3 MOJNYYEHHBIX TPeX OTPE3KOB MOXKHO CJIOXHTb TPEYroJIbHHK?

PemeHue 3ananHni OTpe30K paccMaTpuBaeM KaK OTPe3OK
[0; 1] uncaoBoit npsamoii. Torgza Haynauy GpOLIEHHble TOYKH HMeEIOT
KOOPAMHATH — YHCJIa X M y, NpHHagaexauiue orpesky [0; 1]. Ho Jio-
6yl0 mapy 4HCeJ MOXHO pacCMaTpHBaTb KaK KOODJAHHAThl TOYKH Ha
naockoctd. [Tockonmbky 0<<x<<1 u 0<Cy<Cl, TO 3TH TOUKH (X;y)
Haylauy 6poLieHn B KBajipaT co ctopoHodl 1. [TocmoTpum Tenepn, Ka-
Kyio (pHrypy o6pasyioT TOYKH, KOOPAHHATH KOTOPHIX YAOBJETBOPSAIOT
YCJIOBHIO NpPHMepa.

Ins Toro 4yTo6bl H3 TPEX OTPE3KOB MOXKHO GblIO MOCTPOHTH Tpe-
YrOMIbHHK, HEOGXONHMO H NOCTaTOYHO, 4TOObl IJHHB 3THX OTPE3KOB
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YAOBJIETBOPSJIH HepaBeHCTBY TpeyroybHHKa. [Ipu x< y mnoayuaem:

x<(y—x)+(1—y), y—x<x+(1—y),
l—y<x+(@y—2)

YTO nocjie npeo6pa3oBaHHil JaeT CHCTEMY HepaBEHCTB

x<<0,5,
y<<x+0,5,
0,5<y,
<Y,

KOTOPOH Ha IUIOCKOCTH olnpejeisieTca TpeyroibHHK (puc. 86, a).
Ilpu x>y aHanoOruyHO Mojsyvaercs CHCTEMa HepaBeHCTB

KOTOpPOH Ha IJIOCKGCTH ONpedensieTcsi elle OAHH TPeyroJibHHK
(puc. 86, 6). O6uwast owanb ¢uUryp, 3alUTPHXOBAHHHIX Ha PHCYH-
kax 86, a, 6, paBHa 0,25. CaenoBaTe/bHO, BEPOATHOCTb MOCTPOHTH
TpeyroiabHHK paBua 0,25,

[Ipumep 2 (3apaua Biop¢pona). Ha niaockoctn (GeckoHeu-
HOM) NPOBENEHO CEMEHCTBO MapajuieJbHBIX NPAMEIX (TOXe Gecko-
HeuHoe). PaccrosiHue Mexay coceHHMH NpsiMbIMH paBHo /. Ha sty
IUIOCKOCTh 6pocaeTcsi HayZauy OTpe3oK AJHHH [. KakoBa BepOSITHOCTD,
YTO OTPe3OK MepecekaeTcss XOTb C OJHOH H3 MNpPSAAMBIX ceMmedAcTBa?

Pew e Hue O6G03HayHM yepe3 y pacCTOAHHE OT BEPXHEro KOHua
oTpe3ska A0 Gauxkadmed cHu3y npsimod (puc. 87). IlpoBemem syu
C Haya/jioM B BepXHe# (JeBO/A) TOUKe OTpe3Ka, NapaJiieJbHbIA NPAMBIM
cemeficTBa M MAymHA HanpaBo. OGO3HayHM uepe3 x YroJ Mexay
3THM JIy4uOM H OTPe3KOM. Mbl NOJNYYHJH MNapy 4YHCeJ, YAOBJETBO-
pslouux HepaBeHcTBaM 0<Cx<<m, 0<Cy<<C/l Touka (x; y) ¢ TakuMH
KOOpAHHATaMH Hayaauy GpouieHa B npsAMoyroJabHHK (puc. 88). Has
TOro 4ro6bnl OTPE3OK nepeceKkascsi XOTA Ghl ¢ OfHOH H3 NPSAMBIX Ce-
MeficTBa, HEOGXONHMO H JOCTAaTOYHO BhLINMOJHEHHE HEePaBEHCTBa
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f y=Llsinx’
{

a3

Puc. 87 Puc. 88

y< lsin x, KOTOpbIM Ha pHCyHKe 88 onpeleseHa 3alITPHXOBAHHasA
¢urypa. Iloacuuraem ee miowanb:

o=S:l sinxdx=—Ilcosx |;=21.

Tak kak nJjouiafb NPpsIMOYroJibHHKa (B KOTOPHIH Hayaady GpoliueHa
TouKa) S=nl, TO HCKOMasi B NpHMepe BEPOSITHOCTDb

YnpaXxHeHnn

589. JlokaxHure, YTO reOMETPHUECKHE BEpPOSATHOCTH 06GJAafaloT OCHOBHHIMH CBOHCTBaMH
BEPOSAATHOCTH COGHITHSA:
I. 0<P(A)< 1 ana awo6oro cobuithsa A,
II. P(U)=1, P(2)=0,
III. P(AUB)=P(A)+P(B), ecnu ANB=@..

590. IlBoe nOroBOPHJHCh O BCTpeue Ha CJHEAYIOLHX YCJIOBHSAX: KaXJAHH# MPHXOAHT B
yKa3aHHOE MECTO He3aBHCHMO APYr OT Apyra H Hayaauy B JIIOGOA MOMEHT Bpe-
MenH or 13.00 no 14.00. Ilpunsa, oxunaer He Gojee moaydaca, a YXORHT He
no3gHee 14.00. KakoBa BepOAITHOCTb TOro, YTO OHH BCTPETATCHA?

591. B ynpaxsennn 590 Bpemsi OXHIaHHA cokpaileHo 10 20 muH. KakoBa BeposT-
HOCTb BCTpeyH?

592. IIpoTHBOTaHKOBHE MHHH MOCTaBIEHH Ha NpaAMol vepes 15 M. TaHk WHPHHOA 3 M
HIeT NeplneHAHKYAApHO 3ToH npsiMofi. KakoBa BepoATHOCTb, 4YTO OH MOAO-
pBerca?

593. Ha oxpyxuoctH paguycom R 3apukcupoBaHa touka A. KakoBa BeposTHOCTbL
TOrO, 4TO cay4yafiHO GpoLIeHHasi HA OKPYXHOCTb TOYKa B TakoBa, yro AB=R?

594. B OKpyXXHOCTb Hayna4yy BNHcaH TpeyroibHHK. KakoBa BeposiTHOCTB, 4TO OH
OCTPOYTOIbHH?

595. B okpyxHocTh BmHCaH KBajpar. B Kpyr, orpaHH4YeHHHH 3TOH OKpyX-
HOCTbIO, Haynauy Gpocaercsi Touka. KakoBa BeposiTHOCTb, YTO OHa Momajer B
KBajpar?

596. B oKpyXHOCTb BNHCaH NpaBWJbHHI TpeyroabHHK. B Kpyr, orpannuenHnifi sroit
OKPYXHOCTbIO, HayAauy Opocaercss Touka. KakoBa BeposTHOCTb, 4TO TOYKA

?
nonajer B TPEYyroJibHHK: N
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597.

598.

599.

601.

602.

603.

605.

606.

607.

608.

609.

610.

611.
612.

B okpyXHocTb Hayaauy BNHCHBaercsi TpeyroibHHK. KakoBa BepofiTHOCTb, uTO
oH: 1) npsamoyroabHH#; 2) paBHOOeApeHHHNA; 3) TYMOYroJbHHIH?

Y kBazpartHoro Tpexuaeda x’-px+g Ko3pHUHEHTH p H ¢ BHOpPaHH Hayha-
yy H3 otpe3ka [— 1; 1] KakoBa BeposTHOCTb, YTO KBaJApaTHHA TpexuJeH HMeeT
HNEACTBHTENIbHEE KOPHH?

B map Bnucan Ky6. Touka HayRauy 6pocaercs B wap. KakoBa BeposiTHOCTb, YTO
OHa monajer B Ky6?

B wap smucaHa npaBmibHas TpeyroibHasi nupaMuiaa. Touka Haynauy 6poca-
ercsi B wap. KakoBa BeposiTHOCTb, YTO OHA MoMageT B MHPaMHAY?

Pemnre caepyouue 3agaud, HCHOJb3ysi HEOGXORHMLIH TeOperH-
yeCcKUH Marepual.

B nocregosareapHocTd uncea |, 2, ..., n orMeueno uucao k. Haiitu BepositHOCTb
TOro, 4r0 H3 JABYX Haylauyy BHIOPaHHHIX YHCEJ 3TOH MOCJIEeNO0BaTeNIbHOCTH ONHO
MeHbllle k, a apyroe GoJblie. .

Bpocaercs n urpaibHHX KocTefi. HafiTH BepoOATHOCTb TOro, 4YTO BHIMAAET n,
€IHHHL, N2 ABOEK, ..., Mg LIECTEPOK.

MocnenoBateasvHocts uucesa 1, 2, .., 4N pa3GuBaercsi HayRayy Ha ABe paBHHE
rpynnu. Ha#iTH BepostHocTb Toro, uto: l) B kKaxpaoft rpynne Gyaer HOPOBHY
YeTHHX H HeueTHHX YHcesd; 2) Bce yHCAa, KpaTHHe N, OKaKyTcs B nepBO#l rpyn-
ne; 3) uucaa, KpaTtHee N, moxeaATcsi NOPOBHY MeXAY FPyNNmaMH.

. CKOAbKO pa3 HyXHO 6p0CHTb Hrpa/jIbHYIO KOCTb, 4YToGH NosiBaeHHe 6 OuKOB UMENO

BepoATHocTh: 1) Goabwyio 0,5; 2) Goapwyio 0,8; 3) Goabuyio 0,9?

CKO/IBKO pa3 HYXXHO MOBTOPHTb HCHHITaHHE, YTOGH C BEPOATHOCTHIO, HE MeEHb-
Wed r, yTBEPXKAATb, UTO XOTA GH OLHMH Pa3 Npou3oHer cobuTtHe A, BeJoATHOCTD
KOTOPOro B KaXXZIOM HCMIHTaHHH paBHA p?

JlaGopaHT MHOrOKpaTHO H3Mepser JHHY obpasila. BeposTHocTb OLIHGKH NpH
CYUMTHIBAHMH NOKa3aHu#i paBHa p. Kakoe HaHMeHblllee YHCJO H3MepeHHH HaN0
cleaaTh, YTOGH ¢ BEPOATHOCTHIO, Gosibiledl o, MOXKHO GHUJIO YTBEpPXKAaTb, YTO
XOTsl 6H ORHO H3 H3MEpeHHH HeBepHO?

Jeranu ynakosane B suHKkd, o 100 mTyk B Kaxauf. B kaxaoM simuke JAexur
no oxHo# 6pakoBaHHOM nerasn. KoHTpojep npoBepsieT Aerajn, BHGHpas Hayfa-
4y N0 OfHOM AeTaiau B KaxXaoM H3 100 sunkoB. KakoBa BepoATHOCTb TOro, 4TO
XoTl 6Hl OfiHA M3 H3BJeueHHHX Herajefi GpakoBaHHafA?

IIpn KakoM MHHHMaAbHOM 4HCJE Jiofefi B rpynne BepOSATHOCTb TOrO, YTO XOTH
6bl 1Ba H3 HHX POAHJHCH B OJMH H TOT XKe JeHb, He MeHble 0,5 (roabl poxaeHus
MOTYT HE COBNajfarh)?

Bam 3axorejoch HafiTH 4ejoBeKa, JeHb POXAEHHA KOTOPOro COBMajaeT ¢ Ba-
wHuM. CKOJBKO He3HAKOMIEB BaM MPHIETCA ONMPOCHTb, YTOOH BEPOATHOCTb BCTpe-
44 TAKOro 4esoBeKa Guijia G6bl He Menbine 0,5?

JiBoe nmoouepenHO BHIHHMAIOT mapH (6e3 BO3BpalleHHs1) H3 sLlHKA, COAepKalle-
ro M Geanx ¥ N—M uepHHX HIapoB (OTIHYAIOLIHXCA TONbKO UBeToM). Ka-
KOBa BEPOSITHOCTb BHHYTb NepBHIM Geinlii map Ajasi TOro, KTo HauuHaer? Pac-
cmorpetb cayuau: a) N=3, M=1; 6) N=4, M=1; B) N=6, M=2.

Ecin ANBNC<=D, 1o P(A)+ P (B)+P(C)<2+ P (D).

Kaxzayio ceKyHRy ¢ BePOATHOCTBIO p HE3aBHCHMO OT APYTHX MOMEHTOB BpPeMEHH
no jopore npoe3)kaer aBToMamuHa. IInsi mepexosla mopord nemexogxy Heo6xo-
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613.

614.

auMo 3 c. KakoBa BeposTHOCTb TOro, 4ro NojowiefmHii K Jopore neiwexon Gy-
JleT OXHIaTh BO3MOXHOCTH nepexona: a) 3 c; 6) 4 c; B) 5 c?

IMponaBoautcs cTpesb6a MO HEKOTOPOM LENH, BEPOSTHOCTb NONAafiaHHsi B KOTO-
pylo npH oaHoM BHcTpeie paBHa 0,2. Crpenb6a mnpexpaulaercs NpH MepBOM
nonajfiaiud. Ha#iTH BeposATHOCTB TOro, 4TO GyNeT NPOH3BeNeHO POBHO 6 BHICTPEJIOB.,
B npuGope 14 y3noB aByx THmOB: 6 — nmepBoro u 8 — Broporo. BeposarHocTh
BHIXOLa M3 CTPOs B TedeHHe BpeMeHH T JUIa KaXXIOro y3Jaa nepBoro THNa paBHa
0,002, nas Broporo — 0,004. HafiTh BeposITHOCTb BHIXOAa H3 CTpos NMpHGOpa B
pe3yJibTate BHIXOa H3 CTPOSi XOTS GH OHOTO y3Ja.

615*. HafiTH BepOATHOCTb TOrO, YTO HayjAady B3fiTOe ILeJioe YHCIO OKaXeTcs [Mpo-
yAauy

616.

617.

618.

619.

620.

621.

622.

623.

1
CTHM, npeanojyaras, 4YTo0 BEpOATHOCTb TOro, YTO OHO KpParHoO n, paBHa 7 .

B ycnoBusax npeanayumiefi 3afiayd HaHTH BEePOATHOCTb TOrO, YTO JBa Hayraj B3si-
THX HATYpalbHLIX YHCJIA OKAXKYTCA B3aHMHO NMPOCTH.

Ha 10 xaproukax nHanucaHd uucaa: 3, 3, 3, 4, 4, 5, 5, 6, 6, 6. BuHumaloTcs
Hayraj oiHa 3a Apyro# JBe KapToukH. UHCIO, HanmHcaHHOe Ha NepBOA Kap-
TOuKe, Gepercsi 3a YHCAHMTeNb, Ha BTOPOH — 3a 3HaMeHateqab Jpo6Hu. Kakopa
BEPOATHOCTb TOrO, YTO MoJy4yeHHasi Apo6b NMpaBHJIbHasA?

JlBa maxmaTtHcta A B B Hrpaior MaTd Ha CJELYIOHMIHX YCJIOBHAX: A A0JKeH Ha-
6path pas noGeabl 12 OYKOB (BHIMIpHILI — OAHO OYKO), B — 6 OuKOB, HHYbH
He cynralorcs. O6HYHO A BJBOe Yaule BHHTPHBAeT y B, eciH CYHTATh TOJIBKO
pe3yJbTaTHBHHE MapTHH (TaK YTO BEPOATHOCTb BHHrpHma A y B B oaHoit map-
THH MOXXHO CYHTaTh paBHO# 2/3). HUrpy npekpartHjn nocie Toro, Kak A Ha6pan
8 oukoB, a B — 4 ouka, H nMo6Gefy pelIHNH NPHCYAHTb TOMY, Y KOrO BEpPOSITHOCTb
Ha OKOHYaTeJbHH# BHHrpHi Goabwe. Kro moGennrenn?

A d B wrpaior psig naptHfi Ha caelyiOLIHX YCJOBHSX: 1) 3a BLIHIpHII 3acyH-
THBaercsi 1 o4ko; 2) A BHHIpHBaeT OTAEAbHYI0 MaPTHIO C BEPOATHOCTLIO a,
B — ¢ BepositHoCTBIO B<<@, @+ f=1; 3) BHHrpaBIIHM BCIO HIPY CYHTAeTCHA
TOT, KTO OGrOHHT MPOTHBHHKA Ha 2 ouka. HafiTH BeposiTHOCTb BHHrpHa Aaa A
H 1as B.

Pewntp 3agauy 619 npH H3MeHEHHOM YCJOBHH 3: BHIHIpaBLIHM BCIO HIPY CYH-
Taercsl TOT, KTO BHHIPaer JBe NapTHH MOAPSA.

TexHHuecKHH KOHTPOJb NMPOBepsieT B3fThe Hayraj JAeTajH H3 NMapTHH, coepxKa-
mei, Kak yKasaHo OTNpaBHTeNeM, a JAeTajefl nmepBoro copra H b neraneit Bro-
poro copra. [Ipeanonaraercsi, YT0 OT yKa3aHHOTO COCTaBa eCTb OTKJOHEHHS:
KOJIHYECTBO JleTasied MepBOrQ COpTa, BO3MOXHO, paBHO a—2, Wi a—1,
WIH a, HIH a4 1 Cc BepoATHOCTAMH, COOTBETCTBEHHO PaBHLIMH D1, P2, P3, Pa.
IpoBepka nepBHix m peranefi, m << b, oGHapyXHAa, YTO Bce OHH BTOPOro COp-
ta. C KakKoH BepPOATHOCTBIO TEXHHYECKHHA KOHTPOJIb MOMeT YTBepXKAaTh, 4TO
neraneit Broporo copra Gosbwe b? Paccmorperb cayuafi: a=5, b=25, p,=
=0,1, p2=02, p:=0,6, ps=0,1; 1) mnpoBepeno 40% Bcex JHeranefi H
2) mpoBepeno 509 Bcex Heraseii.

Kycok npoBosioku AanHo#t 20 cM corHyJH B Haylady BuGpanHoM Mecte. [Tocae
3TOro, NMeperHyB MPOBOJIOKY elile B ABYX Mecrax (He jJoMas ee), cAeNaiH npsi-
MOYro/ibHylo paMKy. KakoBa BeposiTHOCTp TOro, 4TO MJIOUWEAb MOJYYEeHHOro
NPAMOYTO/MbHEKA He mpeBocxonut 21 cm??

Ha#th BeposiTHOCTB TOro, 4TO H3 TpeX Hayldauy B3fITHIX OTPE3KOB, JVIHHA KaXK-
JIOr0 H3 KOTOPHX HE NMPEBOCXOAHT @, MOXHO COCTaBHTb TPEYTrOJIbHHK.
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624.

625.

626.

627.

628.

629.

630.

631.

Kpyr nnamerpom 25 Mm Haymauy 6pocaercsi Ha CTOJ, KOTOpHIi pacuepyeH Ha
KBaJpaTHHE KJETKH CO CTOPOHOH 50 MM, TO/HHA Pa3GHUBAIOLIHX JHHHA 5 MM.
KakoBa BEpOSITHOCTb TOrO, YTO MOHETa He Mepeceyercsi ¢ Pa3GHBAIOLIUMH JIH-
HHAMH?

B kpyre Haynauy npoeoauTcsi Xxopaa. KakoBa BepoITHOCTb TOTO, YTO ee MJIMHA
6oJibllie paguyca?

Kaxkoit Tonmu#n fo/KHA GHTL MOHeTa (MpaBHIBbHAs), YTOGH BEPOATHOCTH Ma-
JleHHs Ha pe6po paBHsaaach 1/3?

HeonHopoaHHi# npsMoll KpyroBof UHAHHAP ciayyafiHO Gpocaercsl Ha TOPHU3OH-
Ta/bHYIO MI0CKOCTb. PaHyc ero OCHOBAaHHS PaBeH r, €ro LEHTP TAMXECTH pac-
NOJIOXKEeH Ha OCH CHMMETPHH Ha pPacCTOAHHAX @ H b b>>a, OT ero OCHOBaHUMl.
Hajity BepoOATHOCTL MajileHHsl LUWAMHAPA Ha OJHO H BTOPOEe OCHOBaHHe.

Brons kaHana mupuHofi L upger cyaHo ¢ mocrosiHHofi ckopocthio V). Bropoe
CYIHO Kypcupyer Ge3 OCTaHOBOK MOMepek KaHajla C MOCTOSIHHOH CKOPOCTBIO H
ryauT. DTOT TYAOK CAHIleH HA paccrosHuH d<<L. Haiitu BepositHocTh TOTO,
4TO MepPBOe CYJAHO YCJAHIIHT 3TOT I'yIOK, eC/IH NepeceyeHHe KypCoB BO3MOXKHO B
Mo6of TouKke KaHaJja.

Hekoropoe co6uiTHe MOXeT NMPOH30ATH B JIOGOH U3 AHeA HeNeNH C OJHHAKOBBIMHU
BeposirHocTAMH. HaliTH BepOATHOCTH TOro, 4TO 3TO COGHTHE NpoH3ofiaer 12 pas
noAps/ TOJbKO MO BTOPHHKAM H dyeTBepraM. Corsacyercs Jd 370 C Npeanojoxe-
HHEM O DABHOBEPOSATHOCTH OCYLIECTBJIEHHSI COGHITHSA B J0GOA NeHb HexeNH?

B ycaoBHAX 3agaun 629 coGuTHe mpoHsounio 12 pa3 H HH pa3y He MPOH3OLLIO
B BockpeceHbe. Corsacyercst JM 3TO ¢ NpPEANOIOXKEHHEM O PaBHOBEPOATHOCTH
OCYLIeCTBJIEHHSI COGHTHS B Ji0GOH NeHb HeleslH?

Ha renedonnofi cTaHUHY B TeyeHHe ONpPefeJeHHOro 4aca JAHA BO3HHKaeT B cpel-
HeM n BH30BOB. HafiTH BeposiTHOCTL TOro, 4ro: 1) B TeyeHHe MPOMEXyTKa Bpe-
MeHH ! (HeKoTopasi JoJsi 4aca) BO3HHKHET POBHO m BHI30BOB; 2) B TeYeHHE 3TOro
NpoMeXyTKa [ BO3HHKHET XOTS 6Bl OAWH BH30B; 3) ABe TeJe(OHHCTKH C ONHHA-
KOBOH Harpy3koi (y Kaxxaoil B cCpefHeM n BBI30BOB B 4ac) OKaXyTcsl neperpy-
XKeHHBIMH BHI30BaMH B TeyeHHe HeGOIbIIOro MPOMEXYTKa BPEMEHH f, eCIH Kax-
Jlasi U3 HHX MOXET B 3TOT NPOMEXYTOK OGCAYXHTb He GoJlee k£ BH3OBOB.




OTBETbI U YKA3AHHSA

3
1. 4) -)—;——4x+C. 2. 2) YkasaxHue Hafitu npoussoguyio ¢pyskuun F nmo mpa-

BHAY JAHQdepenuupoBanns caoxuod ¢yskuun. 3. 1) —8cosx—9tgx+C;
2) 6 arcsin x4 3 arctg x+C; 3) 6 sin x—4 arctg x+ C; 4) —5 ctg x—3 arcsin x+C;

5) i‘73——x+arctgx+C 6) —2ctg2x+4C; 7) ——-£+x+C 8) arcsin x+C.

4. 1) ———x+C 2) tgx —x+C; 3) —cosx+C; 4) +C 5. 1) arcsm—+C

2) ?arctg ?+ C; 3) arctg x;/_ +C; 4) —4—arcsin 4x+4C; 5) ?sin 3x+C;

5w/§
6) —gcig(Br—6)+C. 6. 2) 3x3ﬁ+%x2ﬁ+6ﬁ+24%/}+c; 3) 5~

sm 6x

+C;5) ——-—cos 4x4-C; 6) — (cos 2x——;— cos 14x)+C. 7.1) %(4x—7)9+
+C; 2) 3(6x+11)\/6x+11+C; 3) %%}(8x—15)’+6; 4) —;-sin5x+C;

6) % tg (6x—1)4C;7) —ctg4x+4C;8) YKk a3 aH He. Bo3BecTH BupaXKkeHHe B CKOG-

Kax B KBaApaT H BOCNOIb30BAaTbhCsi OCHOBHHIM TPHrOHOMETPHYECKHM TOXAECTBOM,;

l+3x

9) L arcsin

+C; 10) arctg (x+—3)+C.8.1) L arctg (x*)+4C; 2) L arcsin (x*)+

+C;3) -—-—cos (x*)+C; 4) sin (K> +x—1)+C; 5)—arcsm x+C; 6) arctg (2xH

+C. 9. 1) — °tg 3x

LB e 9 ——%cos @x)+C. 11. y'=k(a—?)(b—%).

12. mx’ = —mg+k (x. 14. Yk a3 aH u . BHUHCIHTL BTOPYIO H TPEThIO MPOH3BOL-

af 2 C
ste Gynkumn f(x). 18. 1) y=21g @c+C); 2) y=\ =gz 3) y=l"—j‘—67;

7
4) y=—;— arccos( —% x‘+C) ; 5) y=sin(x7+C) ; 6)y=(arcsin x4 C)%. 85. ¥ k a-

3 a H H e. CpaBHHTb MepBOO6GPa3HyI0 QYHKIHH f(x), ofpaianouylocsi NpH x=a B HyJb,

3 —
¢ F(X). 2) %+x—12; 4) sin x. 87.2) 1"-; 4) . 39. 1) s'"‘/’_‘, 2) 2°°”2x°°s‘/’—‘.
40.2) x=2 x=—2, x=1, x=—1 41.2) 3 3) 5:: 5) 1 42. A_2 , B=0.
43.A=% B=0, C=—% . 19— 46. 2. 48. 1% 60. 1) 3347. 64. Yk a-

280

-
s
13

%

,g.



sanue TouxH (y,f), yIOBNeTBODSAIONIHE yPaBHEHHIO y=+/a’— ), JeXaT Ha MOMy-
oxpyx(uoc'rn palHyca a ¢ UEHTPOM B Hauaje KoopAuHar. 66. 1) 6<sm xdx< e

3) o<§(x —4x+12dx<18. 73. 2) Pammw; 4) (\2—3)*>(/2—3)"%

75.. 3v3>3’V‘2’ 77. 1) a<0; 2) a—l>0 79 YKasal-lne Bocnoab3aoBatbesi TeM,

. cos (In x) _

yro sin x<<1, a sin®x>0. 80. 2) x+1 ; 4) (l+x2)arctgx 6) p ;
4 arctg® (In x) 5In x . . .
7) PIENTr e 8) P 86. 4) ?, 5) 3. 87. 1) x>0; 3) npu x>1;

5) npu x>1. 88. 2) IogaN<logaNl; 4) log. N>log,,NL. 89. 1) x>2; 5) @&.
96. SdBasercs ToxZecTBoM mpH x>2. 97. 1) %—+%logab+-é-log¢m—

—%—loga(b2+cz); 4) %(4—3logab+2log,,c-§—é—log,.(m+n)+3logad+-;—logay) .

7

y : z 1
99. 3) x= t—;——,—; 102. 1) Yka3aH H e. BocnoabaoBathes Q)opMleoﬁ m—N
=klogya.3) Yka3aanue. [lepefith k ocHoBanHio N. 103. ¥ K a 3 a H H e. [lepeiith

K ocHoBanuo 2. 107. 1) log, (n+1); 3) log, a. 108. 2) %; 4) % 11l.Yxa3aHne

Ilpu x=0, y=c; npu x=1, y=ca. 113. 5) x=%. 114.1) —2%53) 0.115.3) 1; 4) %

2 3
119. 1) €% 2) %; 3) 1;4) e % 5) %;6) %7; 7) %; 8) % 9) e?. 121. x=—4.

122. 3) x<%. 123. 2) x=3; 4) x1=4, xo=4—logs 5; 5) x=0; 6) x=logz, 564;
8) x—— 9) x=3, x=11; 10) x=9. 124. 1) 1<|x|<3; 2) x<<log:3, x>2;
4) x<logz 3. 126. 2) x>%; 4) 0<x<<10. 127. 1) x=1,5, x=3; 2) x=6;
4) x=1000, x=0,1; 5) x=—: 6) x=a?, x—=—; 8) x—4, x=36; 9) x=10;
§3°
10) x=18; 11) x=4; 12) x=%; 13) ner pewenud; 14) x=26; 15) x=+/2;
— 1417
16) x=a 8 : 17) x=a, x=a?/a; 18) x=1 (upu bcs=1), ToxnecTso npu bc=
l 10523
=15 19) x=— x=—t— 128. 1) 0<x<<2' B3, 9) x=3 mpm a>1,

Va o aifa

0<x<3 mpu O<a<l; 3) O<x<l; 4) O<x<l, x>2; 5) 3

2
, x>3; 7) 0,1<x<<100; 10°<x<<10% 8) npu O0<a<l

<x<—t:
5

6) l<x<<l+

1
2472
a?<x<a "V npua>1l O<x<a Pux>a"%9) x< —2; 10) 0<x<1, 1/§<x<9;
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12) x>2; 13) x<—2; 0<x<<l, x>1; 14) 1<x<+2, x>

345 1
5 15) —5<

3 3x? 3 sin® (In x) cos (In x)

<r<—p, S <L 120, 1) i 3) #(BInxt 1) 4) ;

x
2 2 2x
snae’ O o D e
1
TpeMyMa; 4) x=e 2 — TOyKa MHHMMYMa; 5) Her 3KkcrpemyMa; 6) x=2nk (k — ne-
In cos x

Noe) — Touka sKkcrpemyMa. 132. 1) (y)'=(—1)""'(n—1)!x"" 133. 3) (m——

6) 131. 1) x=0 — Touka MHHHMYyMa; 3) HeT 3Kc-

—tgzx) (cos x)'€ %, 5) (%+(l+lnx)lnx) #7134 2) %ln |[4x—5|+C;

3) jll—ln(x‘+l)+C; 5) —%ln |cos 7x|+C; 7) Inarctgx{+4C. 136. %

1 I x—2| _ 1 2x+1|
137. 1) In |x+'\/x!+4|+c. 138. 1) Tln P +C; 4) —4—111 23 +
+C. 189. Yka3anue BHUHCAHTL BTOPYIO M TPETHIO MPOH3BOAHHE QYHKIHH f(x)
H NOJACTABHTb B JaHHOE ypaBHexme 140. 1) & (¥ +3x+17); 3) 3x%"; 4) " Fcos x;
& (x—1)?

: 9)
x2+% e"+1

5) &* coseé*; 7) 142. YKk a3 a H He. BUunciHTh MPOH3BOAHYIO

(yHKUMM H NOACTABHTDb B ypaBHeHHe. 143. y=% — ypaBHeHHe Kacare/lbHOH. 144. 1) x=0—

V2

2
TOYKa MMUHHMYMa, x=2 — TOUKa MaKCHMyMa, 3) x—_\/?——- TOUKA MaKCHMyMa, ¥ = — o~ —

TOUKa MHUHHMYMa; 7) x=2nk (k — uenoe) TOYKH MakCHMyMa, x=ax(2k+ 1) — Tou-

KH MHHMMyMa; 9) Her 3Kkcrpemyma. 147. 1) In2+c 3) ——%e‘s"+C;

i
6) ges"(Bx—l)—l—C; 7) xlnx—x+4C. 151. 3e~! <§xse_"dx<818_3.

154. 1) y=C\é*+Cae*; 4) y=Cie >4 Ce~*. 156. ﬁ; 169. ~2,738 «r.
k

m ' gm
160. 0,32 m/c. 161. v=(?g+vo)e % 175. YkasaHnne. Bocmoab

2 2n—1
3yfitecb HepaBeHCTBOM l+x+—;—' +,..+(x—1)—'\e' cnpaaezumaum A x<<0.

177. Y K a 3 an u e. Bocnoab3yfitech HepaBeHCTBOM, CBSI3HBAIOIIHM cpeJHee apH(pMe-
2

THYECKOe H CpeliHee TeoMeTpHYecKoe ABYX MOJOXMTEIbHbX 4Yucea. 182. 2) 3

4) %. 185. 3) 1; 4) 1. 186. 1) 0; 3)0; 5) 1; 7) 0. 190. S (x)=x VART— £*. 191. S (h)=

=%h—2—lph3, S (y)=0,5y \p*— py. 195. 2(i+—i—) npu x>1, y>1 u 1. I

6,13 17

198. 1) a) 2x:(144%); 6) —2x:(1+x?); 4) —,, \/C ;”:3 : 5) x {/x; 6) '3/2a%°%°
199. 1) 0, ecaiu x>0, U x, ecqiu x<0; 3) —2x—5, ecan x<<—3; 1, ecan
—3<<x<<—2; 2x+5, et x>=—2. 200. 4) x<< —2, x>=4. 201. 2) Tlpu x<<0.
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202. 3) Hanpnmep, y=;3. 208. 4a? [b] *4/C. 206. 1) —2a, ecnn a< —3:

— —

6, ecni —3<<a<<3; 2a, ecnin a>=3; 3) %; 4) 2ab+2+(@®>—1)(°—1); 5) a+b;

6) n*:m?% 8) (Wr—vVy)iyix 9) x4 'Ya; 10) 19x>°426a%%):19a7%5. 0%
207.1) Yk a3 anne. JJoMHOXbTe 06 uacTH pasenctsa Had/2+4-1. 210. 3) (a+ 5] —

—+Va—18D):+2. 5) 2+a+b npu a4b>=c; 2+/c npu a+b<<c. 212. sin 15°=
=34—§(w/§—1), cos 15°=‘/T§(v5+1), sin 22°30" =0,5 2 —+/2. 213. 2) 9-(/7T—B)X

X (3—2):2; 5) WE‘*‘VEH"{Z""/;). 214. 2) —1; 3) %; 7) 0.5. 216. 4) x=5;
5) x=16; 6) x=++2; 9) 21 —5; 11) x=7+4+3; 15) 10 u —6; 17) [% 3]
217. 1) x>2; 3) x<—2;, 4) —1<x<1; 5) 0<x<5%; 6) 0,75<x<C2;

7) —0,5<x<0,25 (11 —+/153), 0<<x<<2. 241. 2) x=a+/3:2;

a*+2d°+2a+2—a(at+2)2a+3 : _ _ 63
3) x ICE , rie a>+/2; 5) x=0, r=g5 0
_ (a®—b%)\3—2ab 1 / 13a* 4 130?674 26* \
242, 1) x= :tv 3 7 2) x—?(Ba;{; ICE ) ),

3) x=(c+@—DPT0=P. 5) x—a+b. 263. YKkasanne. YMHOXBTe 06e uacTn
paBeHncTBa Ha (a—b) (b —c) (a—c). 264. Sy=0! —40l02+20%, Ss=0}—5ol02+ 50103,
Se=0%—66t0:+90103—203, S7=0]—T70l02+ 140l08—7010}, Ss=0l—80ofc.+
+2006t03 — 160703 4204, 265. x> —36x+41000=0. 267. 1) o} 40,0, 268. 55+ 6x—

—8=0. 271. 1) (@ +xy+2¢>) (2x*+xy+y?). 275. 1) Yka3anue. CpaBHaTe Kax-
1 1 1 1
Jloe cjaraemoe ¢ o’ 2) wucnoib3ydATe COOTHOILEHHS: E,—<W_—l)=k—_—l-——k-,
6) ncnonpsyfite HepaBencrBa (8) n. 3 ra. V; 8) packpoiite cKOGKH, BhIENHTE
kBaapate; 10) paccMoTpHTe a—b Kak pa3HOCTh KBajparoB; 12) packpofite cKoG-
KH H BbjeqnTe KBajparh; 14) Bo3BesHte 06e 4YacTH HepaBeHCTBA B KyG;

17) MoxHO rlrcno.nbaona‘rb METO MaTeMaTHUYeCKOH HHAYKIHH; 21) Hccaenyiite QyHK-

HIO (l+c‘)x, rae c=-i-:-; 25) noMHOXKbTe Ha 2 H BHAeAHTe KBajpare; 28) Boc-

noJb3yATeCh HEPAaBEHCTBOM, CBSI3HBAIOLIHM CPejiiee apH(METHYECKOE H CPelHee reo-
MeTpHuecKoe IBYX uncen. 280. 2) (x+4)° +(y—3)°=100. 281. 1) {4; 2), (2; 4), (—2; )};
2) {7, 3), (7, —3), (—7, 3), (—7, —3), (5, 1).. 282. Yk a3 auue Hafith pemenue
CHCTEMH NEPBHIX IBYX YPaBHEHHH H NOJCTaBHTh B TpeThe ypaBHerue. 284. [1pu C= —21.
286. x= ;t‘\/ 20—_71—32', y=;|;‘\/ “-;-32, —%gzg%. 290. EnauucTBeHHOe

peineHne npu C5£4; f6ecxoue!moe MHOXecTBO peuiennii mpn C=4. 291. Her.
203. 1) (3, 4), (3, —4), (—3, 4), (—3, —4); 2) (5, 3), (2, 6)} 4) x=0,5a, y=0,5b.
204. 1) {3, 5), (—3, —5), (—8, 5), (8, —5); 3) {6, 3), (6, —3), (—6, 3), (—6, —3)i.
325. 12) '\/3+1,5\/§+i'\/l+0,5\/§; 14) 184-26i; 16) —14. 326. 2) Ilpn x=1,

y=2. 327. Tlonp3ysick' YCJIOBHEM PAaBEHCTBA ABYX KOMILIEKCHHX WYHCEJ, COCTaBbTe

cuctemy. 328. 7) i; 13) 3";3‘/5; 15) 1; 17) 8. 332. 1) (1; 4); (4; 1)) 333. 2) (2a—
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—3+bi)(2a+3+bi); 4) (x—3—4i)(x—3+44i). 334. 2) (¥*+5+412)(x>+1).
335. 3) Hanpumep, x*—4x+4+5=0. 339. 1) 2=2, 2=i. 343. 4) z=cos (—60°)+

+isin (—60°); 7) z=3(cos( -—%) +isin( —%)) 345. Ykaszaunue He-

NOJb3yATe reoMeTpHuecKHil CMBIC MOAY/AS KOMIJIEKCHOro uHcia. 351. YKasaHue.
Hcnonbayiite reoMeTpPHYECKYIo HHTepIpeTanHio KOMIIJIEKCHOTO LUV ER

356. 1) cos Bn-}—i sin —:—g-:u) . 859. 4) sin 6¢==6 cos® ¢ sin p— 20 cos® ¢ sin® p+

1
75( 12
+6 cos ¢ sin® . 360. 2) sin 0,52¢ cos 0,5 (n+ 1) :sin 0,5¢. 366. 3) z=2( cos (2k+

+1)%+isin(2k+1)%), rme k=0, 1, 2, 3, 4. 367. 2) woi==l,

w2s=405(14+i3), wg5==+05(1—iV3), 0g7==+2 wog9==(1+i3),
w10, 1= %(1—i~/3). 370. (x*—4x+5f-(x*41)=0. 872. 1) Ykasanune [Iloka-
KHTE, YTO KOPHH AByusieHa x4 | ABIASIOTCS KOPHSAMH AaHHOrO MHOTouleHa. 373. Cym-
Ma paBHa 0, ecsiu p He JAEJIMTCA Ha 1, H PaBHa 1, ecJIH p AeanTcs Ha n. 379. 1) Bc A;
2) A=B; 3) AcB; 4) A=B; 5) A€B; 6) B€A, BcA; 7) BcA; 8) B A, BeA.
380. 1) Mla; 3) na. 381. 3) {2, 3, 4, 5, 6, 7). 384. 3) Yxa3aHHe Bocnoabs3yiitech
nuarpammamu Jitiepa — Benna. 385. ¥ k a 3 a H H e. [lokaxnre, 4To ec/iH HEKOTOPHI
NIEeMEeHT NPHHA/NeKHT JeBofl (MpaBoil) 4acTH, TO OH MPHHAJJIEKHT H NpaBoii (AeBoit)
yacTd. 386. Y K a3 a 1 ue. Bocnoapsyiitech onpenejieHHeM CHMMETPHYECKOH Pa3HOCTH
H yKa3aHHeM K 3agaue 385. 387. 3), 4) A A B. 393. 1) Her; 2) na. 395. MuoxectBo N.
396.2) n4).399. [1a.401. (a, 6, &, Xk, #i, 0, O, b, 10, 1A}; {a, &, 10, 51}. 405. 2) x—ﬂ/2 ++14x
406. 1a. 407. YK a3 anue. [IpAMOyrosbHHK 3aKpHBaeT OfHy Geayio KJIeTKy H OLHY
4yepHYyl0. YT/I0BHIe XKe KJIeTKH OfHoro useta. 412. 11; 1; 4. 414. 26. 416. 20. 417. 9; 8.
418. 1024; 2016; 496. 419. 768. 420. 126. 422. 52488; 32768; 1024. 423. 3'%
425. 22~ 4 mapn. 427. 336. 429. 3024. 431. 6! 433. 60; 24. 434. 3003. 436. (—,—13?)!&.
437. 75075. 438. CS. 442. Y ka3 an u e. Bocnoavayiitech popmyJiofi nepecTaHoBokK
5 15!

%" 314181
(R1, ko, ka3, k4), TakHX, uTO By +ko+ ks +Ri=4, ki=0, 1, 2,3,4. 448. Ykaszanmue.
Koappuuuents pasnoxenns — uucna Py, 4, ko, k) TA€ Ri+ke+ks+ki=11. Hail-
JMTe HaHMeHblllee 3Ha4yeHHe k! k! k3! k! 451. 16 665; 12 444. 452. 293 930;
24 310; 45. 453. 20. 457. 7 054 320. 458. 1560. 459. a) Ct,; 6) C1,-8!-12!; B) Ct;-12!.
460. C3-C3-6!=28800. 461. C3-Cio-C3. 462. 9-9! 463. C3-C}-6!=4 838 400.
464. 2) 469200. 465. 1944. 466. 70. 488. Yka3aunue. B onHom pAxy MOXHO
m-+1 n+ 1]

c nostopenusimu. 444. Cj . 447. Yk a3 anne. Ilocuurafite yncno Koprexed

MOCTaBHTb He Go.nee[ 5 )

] Koposieii. MOXHO 3aHSiTb PAAOB He Gojee [
(mnst mocku mX n). 469. Y k a3 a Hue. Tlokaxure 4TO 8 CIOHOB MOryT AepXath noj,
6oeM Kaxaoe novie AOCKU. [Iasi MX 3amMTH J0CTaTOYHO elle 4 caoHa. 470. Oana aaabs
IepKHUT NoJ 60eM OAHY BEePTHKa/lb U OAHY ropu3oHTadb. 471. JlaMKH He MOTYT CTOSATH
Ha KpafHHMX TOpH30HTaJAfiX W BepTHKaaAx. 472. Y ka3 aunue HauGoabllee yucao
IOJKHO HaYMHAThCA ¢ HanGonbied nuppH. 473. Y Ka 3 a H H e. 3anyMmepyiiTe CeKTOpH
1,2, 3, 4,5, 6. Ilpociegure nu3aMeHeHHe YeTHOCTH CYMMH MECT NIPH ABHXXEHHH H B HTOre.
479. 784. 480. Cto-Cis-Cti-Cf. 482. 2. 484. 1560. 486. 144. 487. 60. 488. 84.

490. C'3; C'3. 499. 2) Huubs, pe3yALTaTHBHHHA MaTy. 500. 1), 4).
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501. 2) (Ao, A), As, A3, A4, As), rae A;— rep6 Bumnaa i pas. 505. O6pasyior.

1 60 1 2 2 i

510. pn—z n, pp= 147'7 511. {Buv H, H 3 3, ?}, BM’ H, HM—
BHHUIDHII, HHuYbf, nopaxenue (Macrepa). 512. Ykasanue Haftnure cymmy
BepositHocTe#t mcxomo. 514. 1) —1, F—2, .., I—6, L —1, U-2, .., LI—6}

2) TTTT, UFTTT, TUTTT, ..., UUULL. 515. 1) Ia; 2) ser; 4) ma. 516. 2) —

1 1 5 2 1 1 1 3
4) 7 518. 2) 5 189’6 9 18 519. 0,3. 520. 0,104. 521. 7 -
522, % 523. 0,05. 524. 0,1. 525. 3% 526. 3) gg. 528. 1) C33-C%y- C3: Cho; 2) Clo %
XCi3-C§:C%. 529. 1) % 530. p=%, OT MecTa B oOuepellH He 3aBHCHT.

531. 1—( | —%)“. 582. 1) Chi: i 2) (Chi - Ci+Chi- Cl+Ch): Chr. 538.2) ANC=K;

7) MUK=M. 549. P (A)=0,85 P (B)=0,25. 551. 1) P=0,9; 2) P=0,6. 552. P=0,37.
554. Yka3anue [lposepbre, 4T0 BepoATHOCTb COOHTHSA «BHNaJ rep6 W BHNaJO
YeTHOE YHCJIO OYKOB» paBHA NPOHM3BEIEHHIO BepoATHOCTeR 3THX coOurtuil. 555. Cwm.
ykasande K 3agaue 554. 5569. 1) 0,985; 2) O, 14' 3) 0,425; 4) 0,42. BeposTHocTb

Bcex npomaxos pasHa 0,015. 562. P~0,7. 565. '§ 566. 0,6. 568. 0,77. 569. =~ 0,003.

k 10—¢%
570. 0,504. 575. 20 576. ~0,024. 579, P=Z Cho i) (3) . 581. 1) Tpu
5 2, 6 6

napTaM M3 4YeThipex; 2) He MeHee nATH naptHi 43 BocbMmH. 582. 1) =~0,25;
2) =~026; 3) 0,000064. 583. =~0,472. b584. =~077. 585. 4) =~0,8.
587. zi 592. 0,2. 595. — . 598. 13 600. P=2—v§—. 601. 2i—M
4 24" 9n n(n—1)
602 — ™ 60s. 1) C ety _ (@M Ciyy o) CLCATE
nilng!...ne!6" C?,’,Vv (N (4N) C4N Cuv
5

,, . ) In(1—r)
604. 1) 1"(?) >05=>n>4 2) n=9; 3) n>13. 605. ">m(1_p)

606. [11—29——)]4-1 607. 1—(0,99)'°°~ 0,634. 608. 23. 609. 253. 610. a) —, 6) 2 ;

B) —.612. a) pg®; 6) (1—¢° pq®; B) (1 —g* —pg® pqg®; g=1—p. 613.0,8°-0,2 ~ 0,066.
614. ~0,044. 615. 0. 616. —q, 617. ~0,411. 618. B, BepoATHOCTb €rO BHHUIPHILA ;i’;

o’ B’ a’(14+8) B*(1+a) .
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MPEIMETHBIA YKA3ATEJ/Ib

Aure6pa coGuthit 252
apryMeHT KOMILIEKCHOro yucaa 191

Baiteca ¢opmyna 268
Bepuyasn ¢opmyaa 270, 271
GoJIbIIAX 4HCeN 3akoH 270

BeposiTHOCTb reoMerpHueckas 272
— MareMaTHYecKasa 243

— cobuitus 247

— ycnoBHasi 266 .
Buipaxenne ainre6panueckoe 104
— dppaunoHaabHoe 104

leomerpuueckoe H306pakeHHE KOMIIEK-
CHHIX uHcea 188

Ruddepenuuansioe ypaBuenune 16

——C pa3’feJfOMHMHCA [epeMeHHH-
mu 23

—— pelieHne 17

—— nopsiiok 16

—— NpPOUECCOB OPraHHYECKOro H3MeHe-
Hus 87

IuddepenuupoBanue Jorapupmuueckoe 81

Iuddepennnpyemas GyHKUHS KOMINIEKC-
HOro mepemenHoro 206

3akon Goabwiux yncen 271
3ameHH MmepeMeHHHX Mertox 156

Hurterpan seonpenenenHuft 8
— onpegenenHn 37
HHTerpajbHasi KpuBas 17
HHTErpajbHoe HCYHCIeHHe 7
HHTErpHpOBaHHe 7

— Henocpencreensoe |1

HHTErpHPOBaHHA NOCTOAHHaA 8

KBaapatHufi KOpeHb M3 KOMMJIEKCHOrO
yncaa 186

KBaapupyemas ¢urypa 30

KI4CCHYECKasi CXeMa TEOPHH BEpOSTHO-
creit 244

KOM6GHHaTopHKa 219

KOMOHHaTOpHHe 3afaun 219

KoMmJIekcHoe 4Hci1o 180

—— aprymenr 191

—— monyab 191

—— conpsixkenHoe 18

—— TPHroHOMeTpHuYeckas ¢opma 192

—— ¢asa 192

KoHdpopMHoe npeo6pa3oBanue 206

Koop/iHHaTH mossipHuie 190

KOpeHb n-# CTeNeHH H3 KOMIJIEKCHOro
yHcaa 197

Koprex 214

Ko3(¢pHIHEeHTH GHHOMHANbHHe 232

KpHBOJIHHeiHAs Tpanenus 32

Jlexcukorpaguueckusi nopsinok 135
Jorapupm uucaa 60, 64
Jorapupmuyeckas pynkuua 60, 63
—— BHINyKJaOCTb 62

—— npon3BofgHas 60

Meros ajare6panyecKoro CJIOXKEHHs ypas-
HeHHA 155

— 3aMeHH nepeMeHHHX 157

— HCKJIoYeHHs 154

— NOACTaHOBKH 12

MHHMOe uyucio 180

MHOrOWJIeH opHopoanui 136
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— OT nepeMenHux 135

—— cUMMeTpHuecKH# 138

——— OCHOBHO# 138

-—— cradpaprHuil Bug 136

MHOXecTB oToGpaxenue 266

MHOXX€CTBO 3HaueHHH oroGpaxkenus 217
— n-3nemenTHoe 209

— mycroe 208

— ynopsigoueHo 209

Myaspa dpopmyaa 196

HeBo3moxHoe coGuirie 253
HepaBencTBo ['esabnepa 144

— 15 JorapupMuueckoil GyHkuHH 95
—— nokasaTesibHOf QyHKIHH 92

— HppanHoHaJbHoe 115

— Kown 144

— sorapudpMuueckoe 75

— nMokKasaTejbHOe 72

Hbylorona — Jleit6uuna reopema 34

O6aactb onpespenenns oroGpaxenus 217

o6pa3 aneMenra 216

ob6patumoe otoGpaxenue 217

obiiee peiiende AU epeHHaNbHOrO
ypaBHeHHs 18

ob6bexuHeHHe MHOXecTs 209

OKPYXHOCTH ypaBHenue 145

onpejfeseHHHA HHTerpan 38

OpraHH4ecKoro pocra mpouecc 55

— y6niBaHHA npouecc 56

OCHOBHasi TeopeMa aareGpnl MHOrouje-
HOoB 202

OoTOOpaXeHHe B3aHMHO OAHO3HayHoe 217

— MHoOXecTB 216

——X Ha Y 217

OTPe30K HHTerpHpoBaHus 38

Mapamerp 121

[NepBooGpasuasn 7

nepeMeHHast HHTerpupoBaHus 8
nepecedesve MHOXecTB 209
nepecTaHoBKH 6e3 moBTOpeHH# 229
— C MOBTOpeHUsIMH 234

niomank ¢purypu 29, 30
nogMHoOXectBo 209
noaWHTerpaabHas ¢pyHkuusa 8, 38
NOoJHHTErpajbHoe BHpakeHue 8, 38
nokasateabHas ¢yHkuus 68

—— BHNYKJAOCTb 86

—— nuddepenunpoBanne 86

—— npou3BonHas 86

NO/MHOH BEPOSITHOCTH TeopeMa 267

nomoc 190

nojsipHuie KoopaHHatH 190

noAsipHuf Jayd 190

— yroa 190

NOCTOSIHHAS HHTErpHpOBaHus 8

NPaBHJO NPOH3BEAEHHS B KOMGHHATODH-
Ke 224

— CyMMH B KoM6GuHaTOpHKe 221

npenensl MHTErpHpoBaHHsA 38

npeoGpa3oBanHe KOH}popmHoe 206

NPOH3BOAHAsT JorapupMuuecko QyHK-
nuu 81

— MOKa3sareJbHOH QyHKUHU 86

npooGpa3 sJjieMenra 217

npoo6pa3 sjeMeHTa MOAHHA 217

NPOCTPAHCTBO BEPOSTHOCTHOE 243

PaBHocHAbHHE CHCTEMH ypaBHenuit 152
——— Ha MHOXecTBe 152

pa3melenns 6e3 nosropenuit 228

— ¢ noBTopeHusiMu 226

Cucrema KoopamHar nosaspHasa 190

— ypaBHeHu#t 147

—— peitenue 147

——— rpaduyeckoe 188

cropapHuit nopsimok 135

C/IOXKeHHsA TeopeMa 258

co6uitHe 247

— rocroBepHoe 253

— HeBO3MOXHoe 253

— caencrsue 255

— cayuyaiiHoe 242

cOGbITHSI He3aBHCHMBE 262

— HecoBmecTHbie 253

—-—nonapso 254

— o6 beuHeHHe 253

— nepeceyerune 253

— MPOTHBONOJIOXKHKHE 253

COBOKYIHOCTb ypaBHeHHH 150

codyeraHusi G6e3 nosropenuit 235

— ¢ noBTOpeHusAMH 238

CTaTHCTHYECKHH TNOAXOA B TEOPHH Be-
posiTHocTel 244
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creneHHas ¢yHkuua 97 — TNoKa3sateJpHOe 72

—— BHINyKJ0CTh 98 ®opmysa BKIOUEHHH H HCKAIOUeHHHA 222
—— npousBoAHas 98 — nepekpHTHH 222
crenenHbie cyMmMu 139 — Tpaneuuii 53
¢yukuus anre6panveckas 105

Teopusi BeposiTHOCTell 242 — KOMIUIeKCHOro nepeMexHoro 206
YMmuoxenuss popmyna 266 YacrHoe peiieHne aHddepeHHaNLHOrO
YHHUYTOXKEHHE MPPAHOHAJBHOCTH B 3Ha- ypaBHenusi 19

meHarese 110 uncino e 62
ypaBHeHHe HppanHOHaabHoe 111 — KoMmaekcHoe 180
— auHuu 145 — myumoe 180
— Jorapupmuyeckoe 75 — 4ucro Maumoe 180

YuebHoe usganue

Buaenkun Haym SlkoBaesuu
Heames-Mycaros Oaer Cepreesny
liBapub6ypn Cemen Hcaaxkosuu

AJITEBPA
W MATEMATUYECKHA AHAJIH3

ans 11 knacca

Yue6Hoe moco6ue ANs yuaumMXcsl WIKOJ
H KJaccoB
C yray6aeHHbIM H3y4YeHHeM

MaTeMaTHKH

3asB. penakuuest T. A. bypmucrposa
Penaxroppl JI. M. Korosa, H. Bb. I'puasrosa
Mnanwnit penakrop 0. B. Azanosa
XynoxecrBeHHu#l pegakrop E. P. Jawyx
Xynoxuuku A. A. Tepenrsesa, E. I1. Turkos
Texuuueckuit pegakrop JI. M. A6pamosa

Koppekropu O. Hsawnxuna, H. H. [lanxosa

HanoroBasi sbrora — O6wepoccuiickuit Knaccudukatop npoayxuun OK 005-93—

953000. M3n. anu. JIP Ne 010001 or 10.10.96. [Mognucano Kk neyatu ¢ AMANO3UTHBOB

03.12.97. ®opmat 60X90'/,s. Bym. oc. Ne 1. Tapuurypa Jluteparypuas. [Teuats od-

cetHas. Yca. neu. si. 184-0,31 dops. Yea. kp.-orr. 19,06. Yu.-u3a. a. 16,9040,36 dopa.
Tupaxk 30000 ak3. 3axk. Ne 820.

Opnena TpynoBoro Kpacxoro 3namenu uaparenbctBo «[Ipocseweunue» Tocynapcr-
BeHHOro komurtera Poccuiickoit Penepauun no neuatu. 127521, Mocksa, 3-it npoean
Mapbuuoit pown, 41.

CapatoBckuit opaeHa Tpyaosoro Kpactoro 3Hamenun nosurpaduyeckuit komMOGHHAT
locynapcrBeHHoro komutera Poccuiickoii ®enepaunn no neuatu. 410004, Caparos,
yJt. Uepubimenckoro, 59.
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npeagaaraer:

y4e6HO-MeTOoAHYeCKYI0, Pa3BHBAIOILYIO,
Hay4YHO-TIO3HaBaTEAbHYIO AMTEPATYPYy
10 BCEM IIIKOABHBIM IpeJMeTaM

Q xowreiinepHyro otrpysky Bo Bee pernonbt Poccuu u crpan CHI
Q) xuura KPYIHBIM M MEAKHM OITTOM CO CKAAZOB H3AATeAbCTBA
QO posuuunbIM MOKynaTeAIM — KHHIH M3 Hallero KHOCKa

Tenedonbi: otaen peanusoumn 289 44 44
289 60 44

orgen peknams 289 52 84

¢daxkc otaena peanusoumm 289 60 26

E-mail: textbook@glasnet.ru
uim
textbook@glas.apc.org

Hamu KHHTH ONITOM U B PO3HHILY
MOJKHO IPHOOPECTH B M3AATEABCTBE
o ajppecy:

127521, Mockea, 3-i npoesn Mapburon powum, 41.

Mpoesa: cr. metpo «benopycckas», ganee Tpon. 18 no
oct. docmumua «CesepHasy; 1. meTpo «Puxckas», aanee
Tpon. 18, 42, asT. 84 no oct. «[octuHnua «CesepHasny.

Toprosuii agom «lpocseuierues:
129626, Mocksa, yn. Hosoanekceesckas, 8.
Cnpaskun no tenedony: 2870869
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